
4,1t,2, , ß YP
Thr.

ion ol t
e[adicil 'e[ lern ( see [ei{ul oa lqalhkrd T"rh ßec.

ial La» = H 15 Laut: e =0a

T o*a
(gc{aas r

0,r.. = ) J*r fr. + p( fs [ren[;t {rr)
wilh L^and rs Coatl )1p=cs.tf>o,
vtarc Ät ltx)t f+tt*) for hn.ut

for 2rl-Irdc EII {p{re P0E
Lrh e,r Elwif cf|g ?rohleut

@ FUJ dri plocenml fietJ ucx)a(u6xl,u2tx)FsutfeX:
a) efili briun of forcest a dcV f = f r

*& ?i'fu0.t) = {tk) {x=(ttrrtvdeaqi/'tü^z

@ "-- 
quitt'lorii-of aone,la": f=c?

r)

(tsome*ircoL Sfnqrh - 0 n ybcertan{ re["! e-- / U" * fr)
e,J = e.,(«) ,=rz(fr -#r) =r.ti {i,flT

4rl K*d i
tad Kütd ;

l,lcx) s O (0, q,l/=Ad )

t 6{0rr)\u)=+tcq
{xePa=G.t'u
-l/xeQ= ß=('*

u,hnc
f;{v=(vtlztvs)T:

vi e dtc»\ n d^ UtrQ) n
n C@r?a) r,'= fitJ

äp"t ola{q { 4rro, f,t,6,lltBrP1{21
s.iff.'c,'a.,{ ts inbo{ h !

ia ini{cale*{
etad , coefl. e[ 8t
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T»vb
E xet ckesl {on (r'c{. 4 - 2 , 2

Er 'l-? Shor.r *[al
" LLndto s

equi,takal lo
,f' ?PEs: ( üoro

(S) fs
clen

--
olbr
do+d 'Et 4,il = Exerc&se gt ,f Tt^{or iat 2

ffi.P, to, ih. firc* ttLt,t ehafu;! gu?(
{6e frllr*t pro4stlrcs hold I (r'P,1 , flee:)

,t) äC'l' ) it ämlr e*rtc., ir, acu$l *Q(ütu) l",neT,
l) Qc.l .) & wüt-ns3q*tte,i*. Q(vg)7o !n"V ,
Si at, ,.1 fs poeiliä üt Yo=tr.lhfH'(r)J8t vro ^ 41,

i.e. atvtY) > o {v e-V" : v * O,
?eogulras 4 *e » gield, +1"L quivo(a"ce of
+hz YF (9)utr a,',& {he HP CX)np,

E* ,1,8

6x rl.8 = Exercrse 08 "{ T*{or ra( 2
ffiutilotr $r4't^L fri.f lheae ebkcifu ßVp
(Pn=(r ),m fl^2 cqsz o{ ßcfrofo,d.b:or*ff
ueL,zls, (b q$er{?4ftus ,f Lar'ttlgeä.rGff
fioote,q aüe f"ff;tl;l :-G,1,"h /r.^ll ft ,'l

H,l&t fot ptovihg tL -f"'e[[,:p/Ltilgt 
r>.r' 4 &*t,n) f, zf t Z* ({ucd)24,r /W-

-> t) t(oou\ taeq*,(,ü, il a(qr(el) 
2d« 7 ittv tftrnt {te[o

V zl Ftielntä(r rlrcqef"lg. ''

) V div uct) = fC*.) , re 9,',
P{ a,tJ e'n=lonÜ,

t, fl frf, t= ( ts,lt,td" aal

| 
- vec$rr Lop lace,

zl;c*l , ddrr= Ä;ry

'14 Au(*) - (^rf)
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r^,tdft .ütea. f = ({0,

A - fa o o'l
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@ Vot=t , = (v,r,v21vsf6 V=En4crt)13 r v=(D * ri3

[f-ä ä3? vila,=lä*,2;dx vritl

i ** q, Hdr -l ää 4r no vdJ5= §{u&
LV:+J=l(I;I) \tv)ot, 

l'ki:::tr::'
l' vec*or

Q6 =(i;

It t* eunl 7

oohrl
33
ää firnc

T oVe

ivalbn th. VF in ana Sec*r?m 4,2.4 t

fds =
tl

Ja. Carf
e
re parc I

=sft V;ds +
§o

§i
fL"'

@ Yt'=t ve
t

= lrh . iüta"f fold

V: V,fr

eeren{&( bouneg e*dflia

t u;ds

o^Al
t, (E

Gllsaßc:

aV,
t: A=Q
houogonnöfi:*)

FfnJ alc;,r v) = 1Pt v) # v *V"".q :

-) Tov I

o( dulssible Jrs /eer<**
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I
(slr
I
tF
4
rr)

+ToYd
Var io*ional Forrna la{rbn ( VF)

Fhd re V*=V'.=l ,. f a[u'tcn)]3, v,0o,Pt
at{urV) = lFrrr) fveV

where 
b

a (uty) = I #,, qJ (urxl) a.(vrxl) d'=J o?, )€,u)dx

3ß=§E Z Dl,fi, ä D,6*. e,na)tuu)dr=ldl"f ecv)lr
t*tta * elqtllc
ea{6rifeuls

Ll{^ *r*d ä e;;u) +Jf#.t'tu)zUt,z)Jdr
hrr-\at-l
=drru qdivV

r tlinn(ta{frr prabteu (H P ) :

(F,r)={fi +,rt

wilh 6i{en f= (fi,fi

TX

,{r

-[* !rrs= Jf,'rx+[*r, ,

,f. [t tn)Tf *=(q,rrrt f"trrtrill

üolrop, 0,Jr. . ) [qüe* fr§"lirnd{-)

Ffnd u*\: J ct^) = ;:+rJtu)
wilü +le ß(ry enetftg {*r.lio,rtal t"'

3
:(.1

T
ä(v) = i I*, q{r; fu ( u)lx-§+?*{t r*)

ffi^ 'tl\ -- '' - .y ,

- d"{, (n*lin scrüg" = Plnlü Q.rcrr?
(intur e*efil o{ l+ocr}, loral,
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,1a.

3,,

T ot{e

We referto dhe Litet^olttrc ( ",g , 
[,Ciaile{l

OO. ii^ 2E or Le"furc Notes on '.§, l,'l Hec[o'l-)
.f-lo, hz d,t cugsion of eyßknCe and unifuenA!
of *f,e- Solu{fon of the rnircJ ßUP (""1 ln >.0

and rneas fL >O) outd of the Lnd 7UP (Pr,f),
The basi" toat fo, pfovtui 3 and ! rt agoin
the Lar^ H;lQron -Theofcn -

J* otder *oopto(e Vo-eltfp{rc,t f ue neel.
o Df.) ls unihrttq §P0:

inaJ- tiiri i 7ri a cv,,,) s ),o{ o) n;:,:#,,

,lrrh (o) = -t# Är* U) );.r r 'r-r7 tt .+ Au) '
ßouttts üre?ua!!(r'.

Uto) il v fi*rnrrr ( "rLI f ilr;ü,f

,

c
rilE0RtcH§ l fq ( nixcl BYP) |

the (aov t.?& "? l4ro 
^riEiJ 

ldJ no{aa
s+bspeu ( z"t ßV P)
K"r 4C't') s Ker Ato*i

'5.G

=spa,t(ä
3. lt holds (t*) 

'(^4) s(v)= @

[ar&+ä 'Qtbef4 I
),ü) ,(ä),[äi,ß);H

Yv e Y,= [ H4 0)T3,

4> ve V'.r4c*i :j;
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1 2.3 BVP for Scalar Elliptic PDEs of 4th Order
The First Bi harmonic BVP

TheclassicalformulationoftherstbiharmonicBVPI

121 Find a E X C 4 r na'VE

Euan Ht2 zCHttzH far fx thirder

Iain
with given f c G'Cr and

Edc 1122 T

T r sufficiently smooth I
112 is a model for describing the vertical bending u

of clamped homogeneous
inky and isotropic plates

Xz d under vertical loading ffun nonefnY Brp uz can beA derived from3d linear

KIRCHHOFF hypotheses
3 see also Braess ALA

thickness diam r Xp
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as Derivation of the Variational Formulation
To ve V H2Cr V E o on T3 19 1 Dice

A2u rdx f v dx Fv c Fo

2x partial integration

SeaatTEvdx Tau.tv dx iffenvdsn

gau.avdx f.FIoE.dstfiFIn.iIe
s

e

No natural BC Au ga and On Au gg da

5 Vg v EV V go O and dnv ga O oath Vo Ihr

aaresultiVariationalformulation
13 Fiend U CFg To 192Cr alum LF u HV C To

where accent Au Au dx and CF v f u dxLgeywygiuen.p.gqgcaa.ggaug p

Bra t.EA.to see TO 5 p L 04 09
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k 1.6

A Step of the derivation of the VF yields
the following possible BC as

S
essential a go on T O

essential Onu g z on A III ET

biz
222 possible BUP for the biharmanoC RDE AZu f

1st BV P i U go and dnu gy on P CpureDirichlet BVP
2nd BU P U go and A U g z on A

3rd BVP Onu ga and DaAu g ou h
4th BU P Au gz and On An egg on T parNeumann
mixed BUP u nu O ou th
E G Au du du a O ou th

33 The KIRCHHOFF plate bilinear form 4 c ca

acumieffauarterolkIIa.io oxz ooEiFEz oExioTIiTgdx
coincides with the biharmonrc bilinear form 113

alum Au Av dx

ONLY in the case of the 1st biharmonic BUP mass

Therefore there are other natural BC for the plate
bendingproblem cmm.gl Thematernal parameter record
is called Poisson's coefficient

Dad IEI.tn Derive the UF of the BVPs given in Remark 1.6.21

See also 505 on p I 04 09 next page
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AA in Tutorial 02




