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ooo Remark 1.2
A The solution u cFg of 6 is called weak
or generalized solution

2 The assumptions imposed on the data of 6
can beweakened 1 integralsmustexistE e.g
1 ay bi c E Locr or C Los B
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Further weakening of theassumptions D 12,3
e g bi CH1n1 bi E Ly r
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4 Ch 2 Embedding theorems
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3 Relations betweenclassical and weaksolutions

u CXiVgnH4r
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classical assumptions
imposed on the data in I

E Existence of the integrals and
feasibility of the partial integration
must be ensured 9
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in Exercises

IE x 1.1 I Exercises on 02 ofTutorial 1

Formulate the classical assumptions which we
have to impose on the data ay bi c r f girl
of 151 Provide sufficientconditions in order to
ensure that a weaksolution u cVgn t n ther of 161
is also a solutionof 5 in the classical sense
Consider first theDirichlet problem for the
Poisson equation as training

Find a ex G4h na't
5
Poisson Au f in R u g on f real

He 14
Find a E Vg is vet H Cr V g on P
Fu Tvd x f v dir FvEvo fMcr

E x 1.2 I Exercise 03 of Tl
Show that in cases a c the Ass of L M Th are satisfied
and compute penand fur We assume Lt and
a bi O Ccr 70 x Er 9CH70 EXEIT measd.nlTn O i
bI b E O c O dat g coasts0 VixcTy measae Tg 0 FOi
c bi O curl E coast70 it ER 17Tz i.e Tn Tz 07
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LEX 1 3 I Exercise 04 of T1

In addition to the assumption I 7 let us assume that
car 3 E coast so F X E R th Tz 0 bi 0
Provide sufficientconditionsfor the coefficientsbi
such that the ass of the LEM Th are satisfied
Hart For estimating the convection term

bifk i v d x make use of E inequality Youngb

I ab l E Zz a 2 t E b2 Ha b e IR f e O

Ex 1.4 Exercise 05 of T1

Derive the variational formulation of the pure
Neumann problem for the Poissonequation

Au f in th Fai Tu n O on T.IR
and discuss the question of the existence and the
uniquenessof the weak solution of 1
Hints Obviously UCH t C with an arbitraryconstant cart
solves A provided that u is a solution of the BVP 7
There are the followingwaysto analyze the soloabilityof
1 Set up the VF in F lMCR and apply Fredholm's theory
2 Set up the UF in V HMMIker with Ker Ic eeN'tR
and apply the Lax Milgram Theorem

qgtr3 Consider the VF Find a EV H Cn
Fu Tvd x t BSaudxSardi Safv dx AvEV B E RI
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t.EX 1TT Exercise 06 of Tl
Derive the VF of the Dirichlet problem for
the Helmholtz equation

Au ahu f in R u O on T
Then discuss the existence and uniqueness
of a weak solution of the BUP tax
where co2 is a given positive constant

Ex 1.6 Let us considertheDirichlet BUP for
determining theEdcomponentUclaKl Att yl AgCreek
of themagnetic vector potential for a planemagnetic
field problem e.g electrical machine

dir Fatu Js 9 9 in 5241224
H

u o one Eh

Derive the VE Find a EVg alum L F v fu Evo
of CA andshow thatthereexists a uniqueweaksolution
u CVgEvo provided that the following assumptions
are fulfilled
e pie th 0 a K Epearl E pi Ex E R
with positive constants A and pi

2 J z E LzCrl
3 HrcHz C Lz Cr
4 EL C 1122 and or C G'O l
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Sobolev's norm equivalence theorem is apowerful
tool forproving Fo ellipticity and Fo F of al 7

Theorem 1.3
Assi Let EdcIRD be a bounded tip domain i e deed

and let 1 E p ca ke 1,2 and let

f i Wp Ed IN l Eois is 1,2 l
be a system of semi norms sach that
a F CEconst O O E filu E cikullwp.ru

thecWpkR

b fi cul O fist
c Pre i EE so

V O

t Then F E E coast so

E Il u Hwpqq
E Il U Il

wpr.cn
E E HUH

pace
tu CWpk R

where
n u Iif EI f cut Iuliig.cn

P

I ulwpko.is EI 18ul Pd x
P

UHwpr.cm Fir 10 1Pdx
standard Wpk hours

Proof see Proof of Th 2.13 of these lectures
OR LN Numerik I Satz 3.1 p 69ft I
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LaoCorollary 1.4
If meass Tg so then I c const O

If ulhdxtfgu2dsscllullw.cn Hu cWild
HUD

Proof directly follows from Theorem 1.3
Indeed p 2 K 1 l

falu gyuZds

f WI n IRA is obviously a semi norm

a O E fila Hu Hyung E Kultur
E C Il U IlWien 1

due to trace theorem see Ch 2

b few Sgv'ds
o v2151

E Po IR recoup
V O

Th 1.3 delivers that Fe c const O

EZ Squids
wieldif a Hullwater E EZE J
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