
 

LO h OO

Nu E PDE

NUMERICAL METHODS FOR ELLIPTIC
PARTIAL DIFFERENTIAL EQUATIONS

Numerikelliptischer Probleure

Lecturer Ulrich Langer
Communication via Nu EPDE Homepage

http www.numa.uni linz.ac.at
Teaching LVA 2020s NuEPDE

CONTENTS
1 Variational Formulations OfMultidimensional
Elliptic BVP and their Analysis

2 Useful Tools from the Theory of
Sobolev spaces

3 The GALERKIN FEM for Elliptic BVP
4 Other Discretization Methods



LOT 01

1 Variational Formulation
of Multidimensional Elliptic Boundary
Value Problems and their Analysis

1.1 Abstract Theory
cam Repetition

Lectures PDEs Chapter 10
Lectures Nu PDEs i Sect 1.1 1.2 WZ Ch 31

Let us consider the abstract variational problem
1
g Find u cTg alum F V f V EFo

A f given
homogenization U g t w E Tg g To CT

Anunknown

G o Find w cTo a wer SEN Lev aegir
wig u C To alum LENS tf veto
where e sesquilinear form
al r Tx V R continuous bilinear form given
Fl et LF To IR cont linearform given

L e 7 To xTo sR duality product
T Hilbert space basicspace Il Il Il Kr

y
e y f

Tio CF closed non trivial subspace f test space
Vg gtfo ve V V gtw withwetoandgivenget

linear manifold hyperplane ofadmissible functions
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Ea The main result Lax Milgram's theorem lemma

see Th 10.1 in PDEs or Th 1.28 in NuPDEs
ASs O To CT with 11 It Cr e 2

seetable P 251

1 F eFo't
Q at Fox to s bi linear form
2 a To elliptic F µ constso µ KulikairDHEE
2 b Fo bounded continuous F µz const 50

alum l E RyHU k Il V Il HuiV EFo
St F u CTo alum Cfi vs theEvo 1 oA IF

2 Faa En ro't t Il U IlVo
a Fun In Vox

Proofim 1 o Avi F in Fo with A EL Vo Vo't

Au v alum Ha.VE fo
Banach's fix point theorem SE 0,2µmKE

3 Iii un g FA un If n ziti info
where 2 Not Vo Riesz isomorphism

SF v S J F V AveTo V FEVot
bs.tl IH

H U un n Il E g g Il u un 11

with gig fr 2gµ e g
2
pre s I
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Lai Min imitation problem see L 1.30 1.40 in NaPDEs

Assia 1 E e f
2 Bilinear form aC Tx V IRA

i symmetric alum alive Hui ve V
lignin'itineegative acv.us otveV ilo3 It

Sti Then the VP a is equivalent to the MP14

Find u cVg Find u cFg
1
g

a i 13cal winefog 3Cw 141g
H vETO

r

with the Ritz energy functional Jcv Zaw Leid
Proof hims or see proof of L 1.40 L 1.30 in Nappes

Question
Lax Milgram's theoremonly delivers tuffconditions
for 7 of the solution u cFoof the operatorequation
1 o Find u c To Au F in Fo't

Au v alum Few
Can we formulate sufficient andnecessary conditions

for A To To being an isomorphism Ciso
i.e bijective El A and A a continuous F
i e 1 o is well posed U T To b
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Laa Answer Bill B Theorem
Banach Ne Eas Babies ka As iz Theorem
1 et U and V be Hilbert spaces 11 Hi c x

The linear operator map A it it is an

isomorphism bijective A and A 1continuous
if and only if iff the corresponding
bilinear form al r TA now

UN IR't

fulfills the following three conditions
1 continuity t sup sup condition ie
F IUEconst 0 lacuV Is pykull.u.twHrHuettAveV

Z int sup condition i.e Fm const 0

Fazendadosed uieh.at
so so aualia ii lui So

fix
A inj 3 V VE'Ve 03 F U C It a cu v O

Proof see Lectures NUCM by WalterZalehirer LI

Lam Remark
1 In the case U V Vo the Ass La and 2b

of Lax Milgram's theorem obviously imply
ASs 1 3 of the BNB Theorem mms

2 BN B Theorem is also valid for Banach space
setting U Banachspace V reflex Banachspace
Find a C Et Au F in F't


