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Preliminaries
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Conforming Triangulation

B Q c R?: bounded, polygonal boundary

Conforming Triangulation

We say 7 is a conforming triangulation of € iff the following
properties hold:

B 7 is a decomposition of Q2 into a set of ;- open triangles T;,
_ N =
HQ= UJ-:T1 T;,

B 7,N T;is { empty, a vertex, a common edge }.
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Refinement of T

Refinement of 7

We say 7.1 is a refinement of a triangulation 7y iff

B we decompose a a subset of triangles in 7, into subtriangles,

B the resulting decomposition is a again a triangulation of €.
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Basis functions and FE Spaces

Basis functions and FE Spaces

Let AV, be the set of nodes in the mesh 7.
BV = span{{g}geni )
W Vo = span{{vg}qeniron}.
| wg(q’) = cqlqq for all g,q’ € Ni.
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Sequence of meshes property

Let {7« }k>0 be a sequence of meshes.
We assume that all triangles are of regular shape, i.e

<o
dT’ >~ 00,

independent of k > 0.
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The set of neighbours of a triangle T is given by
wr={T €Te: TNT #0}.
This implies that

do,y
dr

§0'1.
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L? Projection P}

Estimates for the L? Projection from H} to Vo«

There are constants Cp(wt) and Ci(w7) such that

lv = Pevllizry < Co(@7)dur IV i2(07)
IV(v = Pevdlliz(ry € Cm(@T)dS IV 2y m € {0,13.
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Poincare inequality

Poincare inequality

For u € H3(Q) it holds

lull 2@y < Cp(D)IVull2()
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The model problem
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The model problem

Find u € H} such that

—Au=f in H1(Q)
u=20 on 0N.
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The model problem

Find v € H& such that

/QVUV¢>:/Qf¢ Vo € Ha(Q).
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The discrete model problem

Find uy € V07k such that

/Vuka>k 2/ fdk Vo € Vo,
Q Q

where f, is some suitable approximation of . We assume
f(q) = f(q) for all g € Ny.
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Error reduction for linear finite
elements
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Solve — Estimate — Mark — Refine

To < T1 < T2 < Ts < ...

V(u— “0)”%2(9) > |V(u— ul)HiZ(Q) > |V(u— “2)||i2(Q) > |V(u— “3)“%2(9) >
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The goal?

A€ (0,1) : K[V — k) 22y = V(0 — ukst) 22y
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B 7, Ty conforming triangulations

B 7, refinement of Ty

B V, C V), the corresponding spaces

By, uy the corresponding solutions on V,, Vi

Me,=u—uy ey =u—uy
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Fineness of of the triangulation

Fineness of of the triangulation 7

We say a triangulation 7}, has fineness ;1 with respect to ¢ if there
are positive weights (wi, w») for the approximation fj, such that

max{wi||f — fw|l 2y, wallH fw || 2(0)} < pee,

for any refinement 7; of 7p,.
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If

B 74 has fineness ;1 w.r.t. ¢, w; = Cp (Poincare constant),
wy >0,

M 7, is a refinement of 74,
M there is a constant C. > 0 such that

€

IVenll2) > o

then

1
HVGHHiZ(Q) 2 ||Veh||%2(9)+§||V(Uh—UH)||%2(Q)—4Ce/~6(1+6ce/i)||V€'H||i2(sz)~

Proof: Blackboard
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Some blackboard computations ...
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Poincare inequality

Poincare inequality

For u € H3(Q) it holds

lull 2@y < Cp(D)IVull2()
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Fineness of of the triangulation

Fineness of of the triangulation 7

We say a triangulation 7}, has fineness ;1 with respect to ¢ if there
are positive weights (wi, w») for the approximation fj, such that

max{wi||f — fw|l 2y, wallH fw || 2(0)} < pee,

for any refinement 7; of 7p,.
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If

B 74 has fineness ;1 w.r.t. £, w; = Cp (Poincare constant),
wr >0,

M 7, is a refinement of T4,
M there is a constant C. > 0 such that

€

Ve > —,
IVenllz) > .

then

1
HVEHH%?(Q) 2 ||Veh||%2(9)+§||V(Uh—UH)||%2(Q)—4Ceﬂ(1+6ce/i)||VeH||i2(Q)~
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u HVQpIéHiz(Q) < oy

B &) 4 the set of interior edges in Ty

B R /> be the set of midpoints on the interior edges.
W R,C Ro,H/2 be the set of additional nodes 7j,.

B [0,vy]e be the jump of the normal derivative across the edge
E e 50,[_/.
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If
B R,C RO7H/2,
B for g € Ry let E; € &y with g € Eg,
then
de, | [Onunlelliae,) < 24051V (un — un)llfx) + CEllAfall}
E IOnUHIE2(E) = <404 ||V Un — UH)l12(q) 2111kl 12(q)>
qER
de, | [OnunlellFe,) < 24075 (| Venl|Fx) + CIIHFIIZ
ElllCntHlEl2(Ey) = <*TpllVeHlliz(@) T &2 L2(Q)’
GER0,H/2

where 2 = 12(1 + o3).
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For T4 it holds

A 1 ~
IVenllz) <CG( Y delllPaunlelize))? + CollHfull2(@)
EGSO,H

+ Cpllf — fHll2(@),

where C3 only depends on the shape of the triangles.
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Error Estimates
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An error estimator

Lemma 2 and Lemma 3 suggest the following error estimate:

0% = de|[[Onunle|22e)

for E € 507/-/ or

1
7727::5 Z dEH[anUH]EH%%E)’
ECOTNOQ
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Assumption on Refinement Strategy

B if a triangle is marked, then all 3 edges are divided!
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BACT

u ?7,24 = ZTGA 772T
B 7, is the resulting mesh by marking all triangles in A

2 2
W< qunh "E,

2 _ 2
u nr= ZC/ERO,H/2 "Ig,
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The goal?

Al|Venlfaa) = [VenlFza
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If

B 74 has fineness ;1 w.r.t. £, w; = Cp (Poincare constant),
wr >0,

M 7, is a refinement of T4,
M there is a constant C. > 0 such that

€

Ve > —,
IVenllz) > .

then

1
HVEHH%?(Q) 2 ||Veh||%2(9)+§||V(Uh—UH)||%2(Q)—4Ceﬂ(1+6ce/i)||VeH||i2(Q)~
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If

B 74 has fineness ;1 w.r.t. £, w; = Cp (Poincare constant),
wr >0,

M 7, is a refinement of T4,
M there is a constant C. > 0 such that

€

Ve > —,
IVenllz) > .

then

1
HVEHH%?(Q) 2 ||Veh||%2(9)+§||v(uh - UH)||%2(Q)—4Ceﬂ(1+6ceﬂ)HV‘?HHi2(9)~
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If
B Ry C Ro w2
B for g € Ry let E; € &y with g € Eg,
then
de, | [Onunlel|Fo(e,) < 240751V (un — un)llZz) + CGlIAfIIE
E, nUH|E [2(E)) = 0 Up = UH )l 12(Q) 2 hllL2(Q)>
qER
de, | [Onunlel|Fo(e,) < 2407 | VenlZz ) + GIIHFIIZ
EolIlOntinlEllL2(£,) = <Hopll VRl (@) T 21T I 9)
GER0,H/2

where C2 = 12(1 + o3).
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BACT

u ?7,24 = ZTGA 772T
B 7, is the resulting mesh by marking all triangles in A

2 2
W< qunh "E,

2 _ 2
u nr= ZC/ERO,H/2 "Ig,
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If

B R, C RO,H/Zv

B for g € Ry let Eq€go7HWith g€ Eg,
then

7734 < Z qu”[an“H]EHiZ(Eq) < 24012p||v(”h - “H)”iZ(Q) + &22\\hfh||i2(n),

qGER
77%’ = Z qu”[an’-’H]EH%Z(Eq) < 24‘712/;HV6H||%2(Q) + 622”""’(“%2(9)7
q4€Ro,H/2

where C2 = 12(1 + a2).
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Marking strategy

na > (1—=60")nr
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Let us choose the previous marking strategy. If
M >0 and depends only on 0%, oo and Hpmax/Cp,
M 74 has finenAessAu < u* with respect to ¢, w; = Cp,
wy = max{ Gy, (2},
then there exists a x € (0, 1) such that for the resulting
triangulation 7}, holds

IVenlliz(q) < KllVenlizay,

ornr < e.
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If

B R, C RO,H/Zv

B for g € Ry let Eq€go7HWith g€ Eg,
then

7734 < Z qu”[an“H]EHiZ(Eq) < 24012p||v(”h - “H)”iZ(Q) + &22\\hfh||i2(n),

qGER
77%’ = Z qu”[an’-’H]EH%Z(Eq) < 24‘712/;HV6H||%2(Q) + 622”""’(“%2(9)7
q4€Ro,H/2

where C2 = 12(1 + a2).
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For T4 it holds

A 1 ~
IVenllz) <CG( Y delllPaunlelize))? + CollHfull2(@)
EGSO,H

+ Cpllf — fHll2(@),

where C3 only depends on the shape of the triangles.

www.ricam.oeaw.ac.at Endtmayer, A convergent adaptive Algorithm for Poisson’s Equation



AW RICAN

If

B 74 has fineness ;1 w.r.t. £, w; = Cp (Poincare constant),
wr >0,

M 7, is a refinement of T4,
M there is a constant C. > 0 such that

€

Ve > —,
IVenllz) > .

then

1
HVEHH%?(Q) 2 ||Veh||%2(9)+§||V(Uh—UH)||%2(Q)—4Ceﬂ(1+6ce/i)||VeH||i2(Q)~

www.ricam.oeaw.ac.at Endtmayer, A convergent adaptive Algorithm for Poisson’s Equation



sawriCAM Iy

| Theoem1

Let us choose the previous marking strategy. If

M >0 and depends only on 0%, oo and Hpax/ Cp,

B 7 has fineness ;1 < p* with respect to e, wy = Cp,
wy = max{Cy, (2},

then there exists a x € (0, 1) such that for the resulting
triangulation 7, holds

IVenlZ ) < 5l Venllfqy,
or nT < e.

Holds also for the residual error estimator
77? = (772T + SgHHfHH%z(T))i-
(R = (% + ||H(Aup + fH)HfZ(T))% for higher order elements)
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Locally equivalent error estimators

Locally equivalent

We say an error estimator is locally equivalent to the residual error

estimator if
W sets S7.,S7 C T,
B constants C}],Cf?’,
such that for all T € 7 holds
~ /. R

W )7 < Clijsy.
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Modified refinement strategy

B if a triangle T is marked, then all 3 edges of all triangles
contained in S’ are divided.

www.ricam.oeaw.ac.at Endtmayer, A convergent adaptive Algorithm for Poisson’s Equation



AW RICAN

Let us choose the previous marking strategy. If

M 7 is locally equivalent to 7

then Theorem 1 also holds for 7}, with different constants.
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Initial Mesh
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Construction of an initial mesh with fineness u

0% = max{wi||f — fulli2(7), w2l hfull 27y}

M use same marking and refinement strategy as for 7

M stop wenn 7). < jie.
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Thank you for your Attention!
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