Analysis of DPG for the Poisson problem

Martin Schwalsberger

Supervisor:
A. Univ.-Prof. Dipl.-Ing Dr. Walter Zulehner

December 13, 2017

Martin Schwalsberger (JKU)

Poisson Problem

December 13, 2017

1/

25



Overview

@ Poisson Problem
9 Tetrahedral Approximations
© DPG Guideline

@ Numerical Results

December 13, 2017

2/25

Martin Schwalsberger (JKU) Poisson Problem

/



Poisson Problem

Q simply connected, Lipschitz boundary
Qp a partition into elements K with Lipschitz boundary

—div(aVu) = f on Q (1)
u=0 on 00 (2)

Assumed for presentation aw =1, f € L2
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Ultra Weak Problem

Find (o, u, 0,6,) € U = L2(Q) x L2(Q) x HY?(0Q4) x H~Y/2(0Q4)
such that V(7,v) € V = H(div, Q) x HY(Qp):

(Qa I)Qh - (U, diVI)Qh+<ﬁ7 leI : ﬂ)BQh - (Q; VV)Q/, + <V7 6n>8§2h
= (f7 V)Qh

With element wise scalar products
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Appropriate Norms

For V we need broken/element wise norms:
o (v IR = V12, + 192 e,

° ||V||H1(Qh) %;2 ”VHHI(K)
h

2
° lallanan = 2 lallbai
h

For U we need some trace norms:
o |[(a,u, 0,8,)5 = llallZ. + llull?. + I\UI!21/2(8Q + 118all3,- 1/2(50)

= Inf{||w|lp(q)lw € H (), trace(w) = a}

o [l

(0%2h)
° ||a'n||H—1/2(aQ,,) = /”f{||q||H(div,Q)|q € H(div,Q), trace(q - n) = 6n}
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A Cea-like Lemma

Assume the following conditions for a bilinear form b:
o C1||v||V<sup bluv) gy e v

[uly

Q@ supt < G|lv||y, WveV
vey lullu
Q@ B:U— V*:kern(B) = {0}
Then there exists for a linear functional / a unique solution u € U to:

b(u,v)=1I(v) VYveV
and a solution u, € U, C U to
b(un,vh) = I(vh) Vvyn € Vi = T(Up)
With an estimate:

G .
HU—UhHUSawz'é@hHu—WhHu (3)
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Injectivity

We need to proof:
(Y(z,v) € V:b((o,u,d,64),(1,v)) =0) = (o,u,id,6,)=0 (4)

Idea for the proof:

Compactly supported test function on an element K
Find: Vu = dive = 0 in a weak sense

u € HY(K),o € H(div, K)

u=1id,0-n=5&,on 0Qy

u € HQ),o € H(div,Q)

u=20

Integration by parts: (¢,0)q, =0 = =0

000000
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Inf-sup Condition

Glviy < sup 2@ 8:60). (1))
" (ouaseu (e u,b,64)llu

V(r,v)eV  (5)
A Decomposition is the essential step:

(7, v) = (70, v0) + (71, v1) (6)

Into a broken harmonic part and a H(div, Q) x H3(Q) part,
each handled in a Lemma.
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We need (71,01) € H(div,Q) x H} such that:

71— Vvi=17—-Vv

divt; = divt
Then we get a decomposition:

T=1T1+7Tg

v=vi+ v

Existence and estimates follow on the next slides.
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Inhomogeneous Part

Ge 2N, Fel?(Q)

71—-Vvi=G on 2 (7)
divry = F on Q (8)

Then it has a unique solution and:

IT1lle2(0) + IVvalliz) < CUI1G I i2(0) + [IFlli2@)) (9)

Proof: Well known problem, Babuska-Aziz

Martin Schwalsberger (JKU) Poisson Problem December 13, 2017



Broken Harmonic Part

Assume (74, vo) € H(div,Qp) x HY(Qp) fulfills element wise:

To — VVO =0 (]_0)
divtg =0 (11)

Then:
I7olle2(0,) = IVWoll 2@,y < Cll[To - nllloq, + [Ivon]llag,) (12)

Proof: Blackboard
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Finishing Inf-sup Proof

Easy manipulations and previous results give:

I17ll2() < CUlIz = Vvlliz(@) + ldivzlliz) + [z - nlllo, + ll[va]llan,)
G F
IVvlliz) < ClIz = Vvlliz@) + ldivzlliz) + Iz - nlllo, + ll[va]llan,)
G F
S 2C sup b((gu u7 ua?n)v (I7 V))
(o,u,0,60)€U H(Q, u, u?‘jn)HU

\\divz||q,is part of the right side
IVliz@) < CUIVVile, + [lTvalllac,)

This proofs the inf-sup condition
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We need to proof:

IT = V|22 gy + ldivz |2 q) + Il - A3, + Ivilli3q,
< Gl a0, + VI,

First two terms are obvious, other two follow from element-wise
integration by parts.

All conditions for the Cea-like Lemma have been proven
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Approximation for Tetrahedrons

We now have:
o= wnllo < 2 inf flu— willo
C]_ €Uy
Uy C U contains piecewise polynomials of some degree,

only &I is approximated with continuous polynomials

Approximation estimates on a tetrahedral mesh for degree p on each
variable:

o "v’lfHU —whlliz < Ch°p~lulps@)  (s<p+1)
@ Same for 1

A A A
o lghf||u—zh||Hé/z(BQh) < CIn(p)2h*p~|u| s () (s < p)

o %”f||5’n — fnnllu-12000,) < CIN(P)?hp*|olps@) (s <p+1)
n,h
Sufficient regularity, degree p + 1 for i, p for the rest

— hP*L convergence
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DPG-Guideline Summary

Optimal test space norm:

b(u,v
Vllop v = sup 2L (13)
weu llullu
Injective trial to test operator T : U — V-
(Tw,v)y = b(w,v) VvevV (14)
For U, C U, V, = T(Uh)
Symmetric positive definite system:
b(uh, Vh) = /(Vh) Vv, € V) (15)
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Reinterpretation

The inf-sup condition and boundedness can be interpreted as:
Gliviiv < lvllope,v < Glivilv - Vv eV (16)

Replacing || * ||v by || * ||opt,v to compute T would be optimal, but is not
feasible.

No conclusions about approximating T in this paper,
however the numerical results already use an approximated T operator
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Numerical results uniform h-refin

Square: Convergence under uniform h-refinement (p=2)
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Figure: Square Case
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Uniform h-refin t

L-shape: Convergence under uniform h-refinement (p=2)
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Figure: L-Shape Case
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Uniform p-refinement

Square: Convergence under uniform p-refinement
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Uniform p-refinement

L-shape: Convergence under uniform p-refinement
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Adaptive refinement

L-shape: Adaptive convergence
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Error Estimator

L-shape: Energy error estimator vs. L2 error in hp adaptivity
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Effect of trace degrees

L-shape: Varying numerical trace degrees in h-adaptivity (p=2)
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Figure: Choosing inappropriate trace degree impacts approximation
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Thank you for your attention!
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