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Ezlntroduction :
: :

A model problem

We consider the convection-diffusion (" confusion”) problem

—aAu+V - (Bu)=f in £,
u=20 onT,
with its first order reformulation
alo—Vu=0 in Q,
—V-o+V-(Bu)=f in Q,
u=>0 onT.
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Ezlntroduction :
: :

Special case V-3 =10

Strong form

Note that V- (Bu) = 8- Vu+ (V - B)u, hence, for V-8 =0, we

obtain
ale —Vu=0 in Q,
~V.-o+B-Vu=f in Q,
u=20 onT.

|
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Ezlntroduction :
. :

Special case V-3 =10

Ultra-weak form

Find (u,o,4,6,) € U, s.t.
b((u,o,0,06y), (v, 1)) =1l(v,T),
with

b((u,o,,06y),(T,v)) :(oflo',‘r)gh + (u,V-1)q, — ([t-nl,a)
+ (a—ﬁu, VU)Qh - <6'n7 [UD

where
on = ((6—PBu) -n)|r,
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Xlntroduction :
:

Some spaces & norms |

In the following, we need the spaces

U = Ly(Q) x Ly(Q) x HY2(Ty) x HY2(Ty,),
V= HY Q) x H(div,Qp,),

where
H'(Q) = {v € Ly(Q) 1 v|x € H(K) VK € O},
( n):={ve Hl(Qh) vl = 0},
H(div, Q) :={7 € La(Q) : 7|k € H(div,K) VK € Qu},
Hy*(Th) := Hy(Q)Ir,
HY2(1y,) o= {n: 37 € H(div,Q) : (r-n)|r, =7}
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Ezlntroduction :
. .

Some spaces & norms ||

Moreover, we need

[vll1/2,r, == weH&(}ll;iulrh:v |wll10,
1l -1/2,r, = TGH(divi,gf,(r-n)\rh 71l £ (div,02)»
and
e e

o2y [wll1/2,r,, weH(Q) w10

H[U]Hrh = sup M = sup M
ner-12wy) Ill-1/20, nerive) 1MllE@v.0)
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Ez:n extension to the convection diffusion equation :

] An extension to the convection diffusion equation

| |
A. Schafelner JKU Linz 9/34




Ez:n extension to the convection diffusion equation :
: :

The optimal test norm

Let U be the trialspace, equipped with the norm || - [|;7. Then the
optimal test norm in the DPG frame work is defined as

b((u, 0, i1, 6n), (v, 7))

(607 o o= s x
’ Voopt (u,0,4,6n)EU H (ua o,u, Un) HU

=lla”tr + Vollg, + IV - (7 = Bo),

+ I, + - nll,.
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Ez:n extension to the convection diffusion equation :
: :

An abstract result

Theorem (Abstract theorem, [DG11])

Let z and wy, be the exact and approximate solution, respectively.
Assume that b(-,-) is injective and that there are positive constants
C4, Cy such that

Ci| (v, T)llv < ll(v, 7)]

Then

Vopt < Coll(v, T)[ly Vv eV

Ce .
e —wpllv < == inf |l —wpllu.
1 wp€eUy

For the lower bound, we need two Lemmata.

| |
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Ez:n extension to the convection diffusion equation : Two important Lemmata
: :

Lemma ([DG11])
Let 7o € H(div, Q) and vo € H(Qy,) satisfy

a_lro — V=0 on K
V(10— Buv) =0 on K

for every element K in ;. Then

Imoll + IVwolle, < Cla, B)(lllro - nlllrg + ll[volllr,)

On the blackboard. O I
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Ez:n extension to the convection diffusion equation : Two important Lemmata
: :

Lemma ([DG11])

Let G € Ly(2 = and F € Ly(Q2). There is a 71 in H(div,2) and
vy in H(Q) satisfying the adjoint problem

a1 —Vu =G in £,
. (T1 — ,31)1) = in Q,

and
71l + IVl < Cle, B)(IG] + |1 FII).

See [DG11]. O I
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Ez:n extension to the convection diffusion equation : Two important Lemmata

The final result

Theorem ([DG11])

Suppose w and wj, be the exact and approximate solutions in U and Uy,
respectively. Then there is a C(«) > 0 independent of U, and the
partition 0y, s.t.

2 < C(a)d,
where
D = |lu—upl| + o —onll + |& = dnlli/2r, + 160 — Gnnll-1/21,,
o = inf lw —wrl + ...,

(Wh 020 Tm,n) EUR

are the discretization and best approximation error, respectively.

A. Schafelner JKU Linz

14/34




Ez:n extension to the convection diffusion equation : Two important Lemmata

The final result

Theorem ([DG11])

Suppose w and wj, be the exact and approximate solutions in U and Uy,
respectively. Then there is a C(«) > 0 independent of U, and the
partition 0y, s.t.

9 < Cla)d,
where
D = |lu—un| +llo — ol +|& = @nllij2r, + 160 = Gnnll-1/2,r,
o = inf lw —wrl + ...,

(Wh 020 Tm,n) EUR

are the discretization and best approximation error, respectively.

But what happens if a =€ < 1 or even aa = ¢ — 07

A. Schafelner JKU Linz

14/34




Ez:n extension to the convection diffusion equation : Two important Lemmata
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9 < Cla)d,
where
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are the discretization and best approximation error, respectively.

But what happens if a =€ < 1 or even aa = ¢ — 07

We need robust (in o = €) estimates!
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EZRobust DPG Method :

(] Robust DPG Method
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EzRobust DPG Method :

A model problem

Recall
elo—Vu=0 in ,
—V.-0+V-(Bu)=f in Q,
u=20 on T,

and its ultra-weak formulation with the bilinear form

b((u, 0,0, 6,), (v,7)) :=(a,e 7+ Vo)g, + (u,V-T -3 Vo),
- <[T ' n],ﬁ) - <&n7 [U]>a

with

on = ((o = Bu) - n)lr,.
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XRobust DPG Method :

The main idea

To obtain robust (in €) Cea-like estimates, we will make use of the
following fact:
Robustness in the norm relation

Moy S Ml < M1 e

imply robustness in the estimates

“u_uhHU1 5 inf Hu_whHEa (1)
wp €U

< inf — . 2

NwlllIéUhllu whllu, (2)

:
A. Schafelner JKU Linz 17 /34




EZRobust DPG Method :

Preliminaries |

A weight function

Let ¢ € C%(Q) be a fixed weight function, satisfying
0<p<1inQ, ¢=0o0nT_

where I'_ := {& € T": B(x) - n < 0} is the inflow boundary.

A formal extension of 3

In any point of 2, we extend B to an orthogonal basis
(8,81, B3 ) of R?, with

1B - ml? =181 -nll> + 1Bz -mll>, m € La().
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EZRobust DPG Method :

Preliminaries |l

Assumptions on 3

We require 3 € C%(Q) and B8 = O(1), V- B = O(1). Moreover,
we might require

(Al) VxB=0, 0<C<|BP+iv.-B, C=0(),
(A2) V(6B) +V(¢B)" =V - (68)I = O(1),

(A3) V.-B=0.

|
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EZRobust DPG Method :

Preliminaries llI

A dual norm

l(w, M)l == sup ([T - n],w) + (n, [v])
(v,7)EV\{0} (v, 7)lIr,

for all (w,n) € Hy/*(Ty) x H=Y2(Ty), with [|(v, ), = [|3]]-
Here (v, T) = (vo, To) + (¥, 7) with (v, T0) € H () x H(div, Q)
solving

6_17'0-|—V1)0:6_1T+v1),
V-to—B-Vyy=V-7—08-Vo.
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EZRobust DPG Method :

Preliminaries 1V

Some test norms

1w, P qopt =MVl + lle™ 7 + Vol + |V - 7 — 8- V||,

1
1, P)llvio s=elloll® + el Vol* + 118 - Vollg e + 118 - 7ll5-

1
TP+ 19 R

(v, ) llvix =ellvl|* + el Vol|* + 18 - Voll§ e + 7[5 4
+ ”v : T”i—i—e‘

The trial norms

b((u,0,4,6n), (v, 7))

(w,0,4,6,)||E+ == sup
e * (v,7)EV ”(’U’T)“V,*
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EZRobust DPG Method :

The main result |

Theorem (DPG method with quasi-optimal test norm || - || v, qopts | - |2 = I - | B,qopt )

If B satisfies (A1), then the norm relations (1) and (2) hold with

s o .. . A 1/2
1w, 0,8, 60)lluy = (w, 0,8, 60) v, = (lull+llo | +11(% 60) 1, )

If 3 satisfies (A1) and (A3), then the first norm relation (1) holds with

L . R 1/2
I, 0, 80)lloy = ([ull® + lol® + Elall} o.r, +eldnl-1/2r,) "

|
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EZRobust DPG Method :

The main result |l

Theorem (DPG method with weighted test norm || - [|v,0, || - ||z = || - [|z.0 )

The second norm relation (2) holds with
1(uy 0,8 60)llw, =(l1ull?)p1e) + 18- 1T /(10
1 1, . 1. 1/2
+ E||5L col* + g||u||1/2,rh < ;||0n||—1/2,rh) :

If 3 satisfies (A1), (A2) and (A3), then the norm relation (1) holds with

L . R 1/2
I, &, 60)lloy == ([l + lol® + e lallf 2, +eldnl-1/2r,) "
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EZRobust DPG Method :

The main result 111

Theorem (DPG method with weighted test norm || - [lv.1,[| - |z = || - || .1)

The second norm relation (2) holds with

L 1
1w, & 60) o =(lull?gre) + Z T/ p10
1, . 1. 1/2
+ =l + Zl6nll-1/2,m) "
If 3 satisfies (A1), (A2) and (A3), then the norm relation (1) holds with

L . R 1/2
I, 0, 60)llvy = ([l + lol* + e lallf o, +eldnll-1/2r,) "

Very technical, depends on the stability of the adjoint problem, see [DH13]. O I
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EZNumerical examples :

1 Numerical examples
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XNumerical examples :
:

Numerical examples |

Consider the model problem
—eAu+B-Vu=f inQ=(0,1)% u=wug onl

with 8 = V(e*siny) and f,ugp such that

u(z, y) = arctan (M) .

€

Here, (A1) and (A3) are satisfied, but not (A2). Moreover, the
inflow boundary is at x = 0 and y = 0, and the weight function is

o(x,y) = vy/(z +y).
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EZNumerical examples :
: :

Numerical examples Il

The test norm

with 8 := B/|3|.
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Numerical examples :

Numerical examples IlI
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Figure: Solution u and 3, for e = 1073,
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EENumerical examples :

Numerical examples |V

0.001
1000 10000 100000 1e+06 1000 10000 100000 1e+06

dof dof

Figure: Left: convergence of the energy norm error. Right: convergence
in relative Lo-norm for the fields variables.
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EzNumerical examples :

Numerical examples V
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Figure: Norm ratio between Ly- and energy norm.
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EZNumerical examples :
: :

Numerical examples VI

Ko

Figure: FE mesh and a zoom to the boundary layer after 35 refinement
cycles.
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EZConclusion :

(1 Conclusion
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E(Conclusion :
:

Conclusions

e analysis of the "confusion” problem is a simple extension of
the results for the Poisson equation,

e however, for robustness wrt the diffusion €, a more involved
analysis is required,

e with this frame work, we have robustness for three test norms,

e the quasi-optimal test norm is not practical,

e the rescaled test norm || - ||y1 is a optimal compromise
between robustness and practicality.
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Thank you!
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