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The four basic steps

S1. Develop mesh-dependent variational formulations with an underlying
space V, allowing interelement discontinuities.

S2. Choose a trial subspace U, with good approximation properties.
S3. Approximately compute optimal test functions.
S4. Solve a symmetric positive definite (SPD) matrix system.
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A Model Problem

A convection-diffusion model problem

Classical Form

Find u s.t.,
—div(eVu) +B-Vu=f in Q,
U = U on 0f2.
Mixed form
Find u, o, s.t.,
1 .
-oc—Vu=0 in ,
€
—dive+8-Vu=f in €,
U = U on 0f).
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A model problemn
1D - One Element (Spectral Analysis)

A 1D model problem

Consider the following problem: find u, o, such that (s.t.)

1
Zo—u =0
€

_O_l+ul — f
u(0) = up,u(1) =0
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A model problemn
1D - One Element (Spectral Analysis)

The variational formulation

Find o,u € L»(0,1), 6(0) € R, &(1), s.t.
1 1 1
/ ade—i-/ ut' dz = —uo7(0)
€Jo 0

1 1 1
/Oav dfn—/0 U dx—I—cr(O)v(O)—cr(l)U(l):/o fvdz —wugv(0)

for all 7,v € H'(0,1).
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Calclating the optimal test functions
The choice of (., . )y

We choose (., . )y associated to the norm
I(r,0)[I* = (1 = @) |I7II* + allv]]?,

with @ € (0,1) a scaling parameter and
1
el = [ 12 dat )

1
an=Arﬂ%u+qu.
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1D - One Element Calculating the optimal test functions

Two equations

We insert (d.,0) and obtain,

1 1 1
(1—a)(/ 7' ol dx—i-T(O)(FT) :1/ o, dx—i—/ udl du.
0 €Jo 0

Vice versa (0, d,)

1 1 1
a</ V' ol dx —l—v(l)&,(l)) :/ oo, dx —/ ud, dz
0 0 0

+6(0)5,(0) — 6(1),
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1D - One Element Calculating the optimal test functions

Reformulate

We have two equations for 7 and v,

November 14, 2017
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1D - One Element Calculating the optimal test functions

Solving for 7 and v yields
1 1
(l—a)T’:/ ods+u,
11}
(1— a)r(0) = / o ds,
0

and

a’U/ZO'—U—

av(1) = 6(0) — o(

respectively.
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1D - One Element The inf-sup condition

The final result
Explicit form

1 1 /1
0ds—i—u”2—|—|/adxl2
T €Jo

+Hlo —u = (0)|* +15(0) — 6(1)[*.

(o 0), 1) )l = 15 [

Theorem

There exists a constant C' independent of €, such that

1
maX{HUH,el/QHuII,eWH1/ o(s)ds|, '/?6(0)], '/?(1)]}
6 .

< Cl[(0,6(0),6(1), u)| &-

Proof.
On the blackboard. ]

4
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A model problem
1D - Multielement (Composite DPG)

The variational formulation

Foreach k=1,..., N, find o, ux € Lo(xk_1,2k), 0(zr) € R, u(z)) € R,

with 4(0) = up and 4(1) =0 s.t.

1 Tk Tk ,
/ adex—i—/ up 7 dx
€ Jap_q Th—1

—ﬁ(.%'k) T(ka) + ﬁ($k_1) T(xk_l) =0

Tk Tk
/ /
/ Ok v dx—/ up v dzx
Te—1 Tk—1

—6(xp)v(xg) + 0 (xp—1)v(TK—1)

+a(zg)v(zk) — w(rp_1) v(zp_1) = /m fvdo

for all (1,v) = (7g,vx) € H ()1, 21).
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Calclating the optimal test functions
The choice of (., . )y

We choose (., .)y associated to the norm

(7 0)]* = ZHTMV + floxll?,

with
2 Tk 2 2
Imll? = / 7P de + ()P,
Te—1
2 Tk 2 2
lowll? = / o2 da + or (zi)
Tp—1
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1D - Multielement Calculating the optimal test functions

The local problems

We insert (-, 0) and obtain,

ok
/ 6, dx + 7(xk_1) 67 (Tp—1)
T

k—1

1 Tk Tk
= / o 0y do + / ug 0 dz — (k) 6, (zx) + @(Tp—1) 07 (Th—1)
T-1

Tp—1

Vice versa (0, dy)

Tk
/ V') dx + v(xk)dy(Tg)

k—1

T Tk
:/ chﬂ)dx/ u 0, dx
Tp_1

Tr—1

+—&(xk4¢)5v(xk,1)——&(mk)év(xk)%—ﬁ(wk)5v(xk)——ﬁ(xk,l)év(xk,l)
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1D - Multielement Calculating the optimal test functions

Local Reformulation

For each k =1,..., N, we have two equations for 7 and v,

1
n_ 1
T = Cok
() = up(er) — a(xr)

—T/(l‘k_l) + T(l’k_l) = uk(ﬂjk_l) + fL(:L’k_l)

v = —crfC + u;C
v (xg) + v(xg) = op(xr) — up(zr) — 6 (xg) + a(zk)
V' (zp-1) = —og(zh-1) +up(zr—1) + o (rp—1) — W(zp_1)
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1D - Multielement Calculating the optimal test functions

The optimal test functions |

For each k =1,..., N, we obtain

(a) =< /;kgk(s) ds + ug(x) — (ar)
(rpon) = /mj:ok(s) de + iwp_1) — i)
(z) = L(s o 1)ow(s) ds + (z — 1) /:kak(s) ds
+ /m:_luk(s) ds+ - /Ij:crk(s) de + iepr) — dan) (@ — 2oy + 1)
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1D - Multielement Calculating the optimal test functions

The optimal test functions Il

and

V' (2) =0k (x) —up(x) — 6(xp_1) + W(rK_1)

v(zg) =6(xk—1) — 6(xK) — W(TR_1) + T
v(z) :/ or(s) ds+/ ug(s) ds + o (vp—1)(1 —x 4+ T—1)

+a(zp—1)(x —xp—1 — 1) — 6 (k) + a(zk).

A. Schafelner (JKU Linz) DPG meth. for conv. dom. diff. November 14, 2017

19/35



1 Multielement Calculating the optimal test functions

The optimal test functions IlI

—(l4x, %, 4 )

Figure: Optimal test functions for the unit flux 4(zy) = 1.

No inf-sup condition is shown!
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1D - Multielement Numerical realisation & results

Numerical considerations

Assume oy, ux, € PP(xk—1, k), then
T=14 € PP (xp_q,2) and v =w, € PP (1, 1)

When we choose the test functions as in the pure convection problem, i.e.
higher order polynomials, we would obtain

2N (p + 1) unknowns for oy, uy

— N(2p + 4) unknowns
+ 2N unknowns for the fluxes

but
N(p+ 2+ p+ 3) unknowns for 7,v — N(2p + 5) unknowns.
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1D - Multielement Numerical realisation & results

Numerical Experiment

Implementation details

O, u € PP(zp—1,2k)

standard H'-norm for the computation of the optimal test functions
Tk, Vi € Pp+3($k_1, :ck)

rhs f =0, ugp = 1, solution is
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1D - Multielement Numerical realisation & results

Plot of the analytical solution
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1D - Multielement Numerical realisation & results

Numerical Results |

GCase e=1 , Case £=0.01
10° 10
10™"
2 -2
2 10° g 10
5 - 8
B . &
Nj S ~, 10 . L
—8—p=0 b —&—p=0
1070 = p=2 1 P
p=3 =3
10' 10° 10' 10°
Number of elements Number of elements
(a) Casee=1,p=0,1,2,3. (b) Case ¢ =0.01, p =10,1,2,3.
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1D - Multielement Numerical realisation & results

Numerical Results Il

Case ¢=0.0001
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(c) Case e =107, p=3,4.

A. Schafelner (JKU Linz) DPG meth. for conv. dom. diff. November 14, 2017 25 /35



Numerical realisation & results
Numerical Results Il

Error in energy norm (squared)
o

Convergence in energy norm (e=0.0001)
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Convection-Dominated Diffusion in 2D
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A= T
A 2D model problem

Classical (mixed) form

Find u, o, s.t.,

éU—Vu:O in Q,
—dive+8-Vu=f in €,

u = Uy on 0f).
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A= T
A 2D model problem

Variational Form

For each element K in the mesh, find o € Lo(K), ugx € Lo(K) and
fluxes @, € Ule),d. € Lo(e), s.t.,

1/ / ' A
- | ogTde+ [ ug divr dx — /Tnuedsx:llT,
€ JK K Z e )

€K \OQ

/O'K-Vvdx—/uK,B'Vvdx
K K
+ Z B tev dsg — Z Ge sgn(ng) v ds, = la(v)

ecdK\N ¥ ¢ ecdK V¢

for all 7 € H(div, K) and v € H'(K).
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Convection-Dominated Diffusion in 2D A 2D model problem

Some remarks |

Sign of the flux

Each edge ¢ has normal n., then

1
—1, if NKg = —MNe.

if Ng = Ne

)

sgn(ng) =

The space U.(K)
T € H(div,K) = 7, € H'/?(0K)
Ue € La(e) is not enough

vy

» we assume well posedness (no theory provided)
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Convection-Dominated Diffusion in 2D A 2D model problem

Some remarks Il

Figure: We allow one hanging node per element.
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(CDLWVEIS R DT T ET MD{VS I M WAl Calculating the optimal test functions

The optimal test functions

Variational form
We choose the standard scalar products associated to H(div, {2) and
H!(2). Then we solve: find 7 € H(div,Q) and v € H'(), s.t.

1
/diVTdiV(S-,-—‘rT(s,- dx Z*/O'K(S-,- dx+/uK divd, dz
K K

€ K

- Z 57’ nﬂe dSa:

e€dK\ON " ¢

for all 8- € H(div,Q2) and
/VU~V5U+U(5U dx:/aKV(Sv dx—/uKﬁ-Vév dx
K K K

+ Z Bt 8, dsg — Z Gesgn(ng)d, dsg
ecdK\ON " ¢ ecOK V€

for all 6, € H'().
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Convection-Dominated Diffusion in 2D Numerical Results

Numerical considerations & details

e triangular meshes with at most one hanging node per element K

o o, u, € PP(K)

e order of flux over an edge e is maximum order of adjacent elements
e for edges with hanging nodes, piecewise polynomials are used

e optimal test functions are approximated in PP3(K)

Numerical experiment

e 0=(0,1)
e c=0.01,08= (21"
e solution

ee'—l e e —1
wa,y) =2+ ——F (¥ + —F5
1—e=< l1—e< )
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Convection-Dominated Diffusion in 2D Numerical Results

Numerical Results

h-convergence plot

Relative L error

10_ . " A
4 8 16 32
1/h

A. Schafelner (JKU Linz) DPG meth. for conv. dom. diff. November 14, 2017 33 /35



Conclusions

© Conclusions
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Conclusions

Conclusions

e Boundary value problem is reformulated as a system of first order
PDEs

e mesh dependent (ultra-)weak formulation

e Variational equations for each element, connected via fluxes
e Exact optimal test functions give best approximation error
e Method gives Lo-stability regardless of ¢

e Resulting global stiffness matrix is SPD
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