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Ideal Testfunctions

For the problem: find u € U satisfying:
b(u,v) =1I(v) YveV
the opterator T : U — V is defined as:
(Tw,v)y = b(w,v) YveV

for a chosen finite dimensional subspace Uy, of the trial space U the
corresponding ideal test functions are defined as follows:

Vi, = T(Up)
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|deal /Practical DPG Method

This leads to the ideal DPG method:

find up € Up: b(up,v)="rf(v) Vve V,=T(Uy

computing V}, leads to an infinite dimensional problem. A numerically
cheaper approach is to first approximate V by a finite dimensional
subspace V". We approximate T by T':

(T'w,v)y = b(w,v) Yve V'
now the corresponding nearly optimal test functions are
Vi = T"(Up)

And this leads to the practical DPG method:

find up € Up: b(up,v)=1I(v) VveVy=T"(Uy)
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Analysis in the abstract setting

Theorem Under the assumptions:

{we U:b(w,v)=0 VveV}={0} (1)
3G Glvllv < supweuw, VveV (2)
[lwllu

3G = b(w, v) < Gl[wllullv]lv (3)

and the existence of a linear operator 1 : V — V" such that:
b(w,v—Tlv) =0 Vw € U, (4)

IMvllv < Cnllvllv (5)

the problem is well posed and

infyeu,|lu —wlly
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Proof:logical structure

b(w,
Clvily < supwer 2D — cliwlly < supyey 20Y)
Wil vllv
b C b
C1||WHU < supyev (W’ V) and [l = 71||WHU < supve\/rM
Vil Cn vl]v
C b C
Ul < supuev 2D and 71 = Djwgly < supyey, 20
cn vl]v a vllv

With (1), (3) and the last line the conditions of Babuska Aziz are fullfilled
and the result follows.
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Some remarks

@ Under the assumptions of the previous theorem the operator
T": Uy — V7 is injective. That means:

dim(V}) = dim(U).

@ One can also think about the condition number of the stiffness
matrix. Let B; be a basis for U,. Moereover let X = ). x;3; the basis
expansion of any X. If now Ag, A1 are positive number such that:

Xollx[1E < Ix[lu < Mllx|[z Vx € Us
The spectral condition number x(S) can be estimated:

Wete:
< 22
R(S) ~ Ao C12
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Infinite dimensional spaces

For V =R", we denote L?(£2,V) the vector valued function whose
components are in L2(£2). We set the trial and test spaces as:

1
U= 12(Q,V) x [2(Q) x HZ(0Q) x H™2(0Q4)

V = H(div, Q) x H*(Qp)

where
1
HZ (09) := {n € MxH2(OK) : Tw € HA(Q) : nlok = wlox VK € Qu}

H2(8Q) = {n € NxH 2(dK) : 3q € H(div,Q) : nlox = g-nlox YK € Qp)
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Norms

2 2
o w.8.5)1 = llol3 + Nl + 12l o+ 11812, 5

Here the traces must come from a global H'(2) and the fluxes from a
global H(div, Q) function.

NIV = 1710, + HVH%—II(Q,,)
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Ultraweak formulation

Find & := (o, u, {,6,) € U such that:
b(a,v)=1(v) Yv=(r,v) eV
,with
b(a,v) = (o,7)a — (u,div T)q, + (0,7 - n)sq, — (o, grad v)q, + (v, n)aq,

I(v) = (f,v)a
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Finite dimensional spaces

We first define:

Po(OK) :={p: plr € Po(F) VYF € Ap_1(K)}

where A,_1(K) are the n — 1 dimensional simplexes of K

Po(0K) i= Po(0K) N C°(0K)
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Finite dimensional spaces

Now we can define Uy, := {(o,u, 4,6,) € U :

olk € Pp(K,V)

ulk € Pp(K)

ﬁ’(’)K S ﬁp+1(8K)
6‘,,|3K S Pp(aK)

V K eQy)
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Finite dimensional spaces

The only thing left to be choosen is
Vi={(r,v) e V:7|k € P(K,V), vk € P,(K) YK € Qp}

with r > p+ N
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Analysis of the Laplace equation

Our job now is to check all the conditions of our theorem. The first three
conditions were already shown, because they are sufficient for the ideal
DPG method. Therefore, we only have to construct the operator I1. This
operator will be constructed in the form:

= div rad
Mv = (I'IPJFQT7 needy)
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Analysis of the Laplace equation

Let r > p+ N then for every v € H*(K) there is a unique
Moy € BE?(K) := {p, € P.(K) : ps|[e =0 VE € A,_o(K)} satisfying:

(M —v,qp-1)k =0 Vgp1 € Pp1(K)
(Ml — vV, lp)ok =0 Yup € Po(0K)
IMv]|k + hillgrad Mv]|k < C(||v]lk + hxllgrad v[|k)
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Analysis of the Laplace equation

Theorem
Let r > p+ N. Define &%y = NO(v — ¥) + v, where v = |K| ™ S v
Then:
(I'Ifradv —V,qp-1)k =0 Vgp_1 € Pp_1(K)
(ﬂfradv — Vv, p)ok =0 VY, € Py(0K)

IV iy < ClIvIliary
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Analysis of the Laplace equation

Theorem

There exists an operator I'Ig’;r"2 : H(div, K) — Ppi2(K, V) such that for
every T € H(div, K), we have:

(”;‘fﬁﬁzﬂ ap)k = (7, ap)k Vap € Pp(KV)

(N9Yo7 - 0, o) ok = (Kp41, T - 1ok Yhpt1 € Pos1(0K)

N9 o7 || v ) < ClITH gdiv, )

This proves the conditions of our general theorem and therefore the
approximation is as good as the bestapproximation.

M. Mandlmayr (JKU) DPG January 9, 2018 21 /25



Remarks and Conclusions

The discrete space V' can also be chosen a little bit weaker namely the
previous results can also be obtained by using:

Vi ={(r,v) € V:7k € Ppia(K,V),v|k € Poyn(K), V€ Qp}

For h being the maximal diameter of all K one can show

@ — dnllu < Ch° (||ul|ps+r(q) + ol s+1())

forall%<s§p+1.
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Remarks and Conclusions

Proof: By the abstract theorem we obtain:

_ GCn. _
|z — dnllu < infweu, |l — wllu
with
1= wllo = |low = 0wl + |lua = B+ 118 = Buly o +118a = Bl
standard standard
not standard not standard
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Remarks and Conclusions

Let Qp be a quasiuniform tetrahedral mesh, r as above. Then the spectral
condition number of the stiffness matrix S of the DPG method can be
estimated by:

x(S) < Ch™2
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