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The reference for this paper is denoted by
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EzThe Energy Error Estimator :

The Problem

m U,V Hilbertspaces
m Find v € U such that
b(u,v) =1l(v) Yv eV,

where [ € V.
m b(u,v) < M|u|ulv]ly YueUVveV

m inf,cpsup,ey b(u,v) <7y
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EzThe Energy Error Estimator :

Optimal Test Space and Functions

Uy = span{ej};.vz’”l’

m Optimal Test Functions: €; € V
(€j,v)y =b(ej,v) YveV

m V= span{gj};v:hf
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XThe Energy Error Estimator :

The Error Representation Function

m the error function ey, is given by ey, = u — upy

m the error representation function:
(Vepp, V)V = U(v) = b(upp,v) Yo eV
m it holds:
[ven, v = llenplle = llu — unpl £

How this error representation function is obtained?

m enriched space (higher polynomial degree)

Endtmayer JKU Linz

5/27




EzThe Energy Error Estimator :

The Error Estimator

We choose our error indicators e as

lenpllEs = llven, I3 = > Iven, Iz
—_——
K o
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EzConvection Dominated Diffusion Problem in 1D :

Convection Dominated Diffusion Problem in 1D (Strong
From)

Find u, o such that

for a given right hand side f(x) on the domain (0, 1).
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XConvection Dominated Diffusion Problem in 1D :

Discretization

Let us now decompose the domain (0, 1) into an arbitrary partition

of N elements (zj_1,x). Now we want to find ug, oy, @, & such
that

Tl 1
/ o7+t dz — (ar)|ZF =0,
€
T

Tp—1
k-1
Tk T
/ ot —upV'de — (ov)|3k |+ (av)|k = / frdz,
Thk—1 x

k—1
for all (7, 1) optimal test functions.

B 0, ug polynomials on the k — th element

m G(x), u(zy) : the fluxes

m 4(0),a(1) are known and moved to the right hand side
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XConvection Dominated Diffusion Problem in 1D : Norm of the Test Functions

Norm of the Test Functions

The norm is defined element wise by

N
1
1)l = Qe + llvell2) .

k=1

For the local norms || - || we investigate two different norms:

m A weighted H'-norm
zp
ol i= [ @+ ())ds
Tk—1
m A mesh dependent norm

T
\Mmz/ o(v)2dz + Bulo(ay) 2

k—1
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EZConvection Dominated Diffusion Problem in 1D : Global Continuity of the Error Function
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EzConvection Dominated Diffusion Problem in 1D : Global Continuity of the Error Function

Let U := (o, u,d,u) be the exact solution with

(Ula"' aUN)-
mu=(up, - ,un).
m o= (0(xg), - ,0(zN).
m 0= (u(x), - ,u(zn)).
and Uy, be the solution of our discretization.

Then we define
Enp = U — Upy.

:
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EzConvection Dominated Diffusion Problem in 1D : Global Continuity of the Error Function

The Error Representation Function

The error representation function is the solution of the problem:
Find (¢,v) € V such that

((¢7 1/}>7 (57—7 6V))V = b(ghpv ((57—7 6”)) V((ST, 5V) € ‘/7

where (-, )y is the inner product defined by our norm.
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EzConvection Dominated Diffusion Problem in 1D : Global Continuity of the Error Function

Test with an optimal testfunkion

m (75,,Vs,): optimal test function for 6y, := &(xy)
w 0(Enpy (64, 6,)) =0
m b(Ehp, (o1, V6,)) = bk (Enps (Toy,> V) + b1 (Enps (Toy5 Vs, )
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EEConvection Dominated Diffusion Problem in 1D : Global Continuity of the Error Function

The Elementwise Error Representation Function

The element wise error representation function is the solution of
the problem:

Find (¢ka¢k) S V((ack_l,xk)) such that
((Dr: k), (09, 69))v = bi(Enp, (00, 6¢))  V(6¢,0) € V((T—1,Tk)),

where (-, )y is the inner product defined by our norm.
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EZConvection Dominated Diffusion Problem in 1D : Global Continuity of the Error Function

Global Continuity

Theorem: Continuity

The Error Representation Function is continuous

Proof: Blackboard

Theorem: Mesh-independence

For the weigthed H-norm the DPG energy norm of the FE-error
coincides with the spectral energy norm.

Proof: Blackboard

= energy-norm of the error can not increase for any mesh and h
and p -refinement (neglecting round off and integration errors)
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EZConvection Dominated Diffusion Problem in 1D : e-Robustness of the DPG-Energynorm
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EZConvection Dominated Diffusion Problem in 1D : e-Robustness of the DPG-Energynorm

Theorem: An Explicit Representation Formula

If we choose the mesh dependent norm for the test space with
B =1 on just one element then the the explicit formula is given by

(00,5106l = 1| | cot)ds — u(@l
+ll = o(@) +u(@) + 6 0)I

1
+1 [ toteast +100) = ()

Proof: Special case of the (multi-element) energy norm (see
[L. Demkowicz, J. Gopalakrishnan, & A NiemiR (2012)])
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EZConvection Dominated Diffusion Problem in 1D : e-Robustness of the DPG-Energynorm

Theorem: Boundedness of the DPG(Multi-Element)

Energynorm

If we choose the mesh dependent norm for the test space with
Br. = hy := xp, — Tp_1 it holds

Proof: (see
[L. Demkowicz, J. Gopalakrishnan, & A NiemiR (2012)])
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EZConvection Dominated Diffusion Problem in 1D : e-Robustness of the DPG-Energynorm

Theorem: L2-stability for u and o

If we choose the mesh dependent norm for the test space with
B =1 and if a(s) is choosen as

o(s) im { Vs € (0, ~5In(5))

)1 else

max{lull 2, |ullz2} < II(0,u,6(0),6(1)|%

Sketch of the Proof on Black board!
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XNumerical Examples : Convection Dominated Diffusion Problem 1D

The Problem

The data in
[L. Demkowicz, J. Gopalakrishnan, & A NiemiR (2012)] was
chosen such that the exact solution is given by

1 z—1

u(r) = ———(1—e
1—e -

).

The enriched space has polynomial degree p 4 4 with initial p =0
with

a(z) ==

0.1 Yz € (0,0.25)
1 else '
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XNumerical Examples : Convection Dominated Diffusion Problem 1D

The Poor Man Greed hp-Algorithm

Set §=0.5
do while §>0.1
solve the problem on the current mesh
for each element K in the mesh
compute element error contribution eg
end of loop through elements
for each element K in the mesh
if eK>82maxKeK then
if new h>€ then
h-refine the element
elseif new p < Pmax then
p-refine the element
endif
endif
end of loop through elements
if (new Ngo=o0ld Ngof) reset §=45/2
end of loop through mesh refinements

Screenshot taken form
[L. Demkowicz, J. Gopalakrishnan, & A NiemiR (2012)].
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EzNumerical Examples : Convection Dominated Diffusion Problem 1D

e=10"3

Error in the energy norm

10°

Number of d.o.f.

Screenshot taken form
[L. Demkowicz, J. Gopalakrishnan, & A NiemiR (2012)].
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EzNumerical Examples : Convection Dominated Diffusion Problem 1D

e=10"3

. [ =
Screenshot taken form
[L. Demkowicz, J. Gopalakrishnan, & A NiemiR (2012)].
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EzNumerical Examples : Convection Dominated Diffusion Problem 1D

e =106

Error in the energy norm

10°
Number of d.o.f.

Screenshot taken form
[L. Demkowicz, J. Gopalakrishnan, & A NiemiR (2012)].
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EZNumerical Examples : Convection Dominated Diffusion Problem 1D

e =106

T

\/

Screenshot taken form
[L. Demkowicz, J. Gopalakrishnan, & A NiemiR (2012)].
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EzNumerical Examples : Convection Dominated Diffusion Problem 1D

e = 1075 with correct o

Error in the energy norm

L
10
Number of d.o.f

Screenshot taken form
[L. Demkowicz, J. Gopalakrishnan, & A NiemiR (2012)].
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Numerical Examples : Convection Dominated Diffusion Problem 1D

e = 1075 with correct o

A/\/\ A\
= \V

Screenshot taken form
[L. Demkowicz, J. Gopalakrishnan, & A NiemiR (2012)].

|
Endtmayer JKU Linz 25/27
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XNumerical Examples : Convection Dominated Diffusion Problem 2D

The discrete Problem in 2D

Now we want to find ug, ok, 4,5 such that
1 . N
/ —okT + ugdiv(T)dr — / (ar.n)ds; =0,
K€ oK
/ ok Vv —ugfBVrdxr — / (6.nv) — (Uf.nv)dsy = / frdz,
K oK K

for all (7,v) optimal test functions. Here we use a weighted
H'-norm for v and and a weighted H (div) norm for 7.
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EzNumerical Examples : Convection Dominated Diffusion Problem 2D

e =10"" with 8 = (1,1)
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Screenshot taken form
[L. Demkowicz, J. Gopalakrishnan, & A NiemiR (2012)].
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EZNumerical Examples : Convection Dominated Diffusion Problem 2D

e =10"" with 8 = (1,1)

[

Screenshot taken form
[L. Demkowicz, J. Gopalakrishnan, & A NiemiR (2012)].
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EzConclusions:
: :

Conclusions

m error estimator in the energy norm
m continuity of the error representation functions.

m construction of a mesh dependent norm, which grants stability
in e
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Thanks for your attention
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