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1.4 Theorem of Babuska and Aziz

Theorem 1.5: (Babuska und Aziz, 1972)

Let U and V be Hilbert spaces. Then the linear map (operator) A : U —— V* is an
isomorphism (bijective, A and A~ continuous) if and only if (= iff) the corresponding
bilinear form a(.,.) : U x V' — R fulfills the following conditions:

1. continuity, i.e. 3 ps = const. > 0:

(8) |a(u,v)| < pollullu||v|ly Yu € U, Yv €V,
2. inf-sup-condition, i.e. 3 u; = const. > 0:

9 inf sup ————
( ) wel ey |UHUHUHV

3. Voe V\{0} JueU :
(10) a(u,v) # 0.

Let us assume that the sufficient conditions (8) - (10) of the Babuska-Aziz-
Theorem 1.5 are fulfilled. Let us consider the variational problem: find v € U such

that
Au,v) =< F,uo>, YvelV, (1.10)
where the bilinear form A(u,v) and the linear form < F,v > are defined by the
identities
A(u,v) =< A" JAu,v >, VYu,veU (1.11)
<Fo>=<A"Jf,v>, YweU, (1.12)

respectively. Here A* : V' — U* denotes the adjoint to A : U — V* operator, and
J : V* — V is the Riesz isomorphism between the Hilbert spaces V* and V. Show
that the linear form < F,. > and bilinear form A(.,.) fulfil the assumption of the
Lax-Milgram-Theorem and provide the ellipticity and the boundedness constants of
the bilinear form A(.,.) !



1.5 Nonlinear Variational Problems

Let us consider the abstract nonlinear variational problem (15) from Transparen-
cy 04 under the assumption made there. Show that there exists a unique solution
u € Vj of the nonlinear variational problem (15) and that the fixed point iteration
(17) converges to this solution !

Let us consider the abstract nonlinear variational problem (15) from Transparen-
cy 04 under the assumption made there, and its finite element approximation: find
up € Vo C Vp such that

a(un,vn) = (f,vn) Vun € Vop. (1.13)
Show the Cea-like discretization error estimate
Ha .
— < == f — 1.14
o=l < 22 inf fhu = il (1.14)

where the ;1 and po are the monotonicity and the Lipschitz constants, respectively.

2 Analysis and Numerics of Mixed Variational Pro-
blems

2.1 Mixed Variational Problems

Consider the mixed variational problem: Find v € X and A € A, such that
a(u,v) +b(v, \)=(f,v), Yve X,
b(u, p) =(g,p1), YpeA.

In order to guarantee a unique existence of the solution (see Theorem 2.4 (Brezzi) in the
lectures) one has to verify the following conditions:

1. The linear forms f and g are continuous, i.e.,

fex*, geh, (2.15)

2. the bilinear forms a(-,-) : X x X — R and b(+,-) : X x A — R are continuous, i.e.,
3 positive constants as, B:

la(u,v)] < asllullx|lv]x, Yu,velX, (2.16)
b, < Bollollxliela, Yo e X, VueA, (2.17)

3. LBB (Ladyshenskaja — Babuska — Brezzi) condition: 3 positive constant f:

b(v, )

inf sup > P, (2.18)
22 28 Tl
4. Ker B—ellipticity, i.e., 3 positive constant ag:
a(v,v) > a||v|[3, Vv € KerB, (2.19)

where Ker B={ve X |Bv=0(in A*)} ={ve X | blv,u) =0,Vu € A}
——

=(Bv, u)



Consider the mixed formulation of the 1st BVP of the biharmonic equation (see
Example 1.3 in the lectures, and Exercise 9 of the tutorials):
Find w € X := H'(Q) and u € A := H}(Q) such that there holds

/wmdx—/Vm-Vudx:O, Vm e X,

Q Q

—/Vw-Vvd:z: :/fvdx, Yo e A,
Q Q

Solution 21 Show that for this problem, the conditions (2.16) and (2.18) are satisfied !
What can you say about (2.19) 7

Consider the Stokes problem (see Example 1.1 in the lectures): Find v € X :=
[HYQ)])? and p € A := {q € Ly(Q) | Jq, ¢ dx = 0} such that there holds

1
— Vu:Vvdx—/divvpdx—/fvdx, Yve X,
Re Jq Q Q

—/divuqu =0, VqgeA,
Q

where the Reynolds number Re is positive, and where : denotes the inner product
A:B= Z?,j:l Qg5 bij; defined for matrices A = (aij)i,j:1,2,3 and B = (bij)i,j:1,2,3-
Show that for this problem the conditions (2.16) — (2.19), except for the too difficult
part (2.18), are satisfied.

Let X and A be real Hilbert spaces and B : X — A* a bounded linear operator.
Show that B satisfies the LBB-condition

B
361 > 0: inf supM
12 %28 Trllx ol

Zﬁla

if and only if there exists a positive constant ¢ such that for all v* € A* there exists

a7 € X such that BT = v* and ||7]|x < ¢||v*||a=.




