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Introduction The Problem

The Problem

Let QT = Ω× (0, T ) be a space-time cylinder with a sufficiently smooth
boundary. We consider the problem

Mu ≡ut −
∂

∂xi
(aij(x, t)uxj + ai(x, t)u)

+ bi(x, t)uxi + a(x, t)u = f +
∂fi
∂xi

(1)

u|t=0 = ϕ(x), u|ST
= 0 (2)

with the conditions aij = aji,√√√√ n∑
i=1

a2
i ,

√√√√ n∑
i=1

b2i , |a| ≤ µ, (3)

ϕ ∈ L2(Ω), f ∈ L2,1(QT ), fi ∈ L2(QT ) (4)

and
νξ2 ≤ aij(x, t)ξiξj ≤ µξ2, ν, µ = const > 0. (5)
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Introduction The Problem

Motivation

Consider an electrical machine with the follwing assumptions:

1 Ω̂ = Ω× (−∞,+∞)

2 Ji = (0, 0, J3(x1, x2))T

3 M = H0 = (H01(x1, x2), H02(x1, x2), 0)T ,
H = (H1(x1, x2), H2(x1, x2), 0)T

With the ansatz B = curlA, where A = (0, 0, u(x1, x2))T , we obtain the
equations

ut −
∂

∂xi
(ν(x, t)uxi) = J3(x, t)− (

∂H01

x2
− ∂H02

x1
)
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Introduction The Problem

Roadmap

1 Derive an a priori bound for |u|Qt

2 Proof of solvability in the space H1,0(QT )

3 Show that such a generalized solution is in V̊ 1,0
2 (QT )

4 Proof of uniqueness in H1,0(QT )
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Deriving of a bound for |u|Qt

Deriving of a bound for |u|Qt

To get a bound for the norm |u|Qt , we need to derive an energy balance
equation. We follow the procedure:

Multiply the PDE with u

(Mu)u = (f +
∂fi
∂xi

)u

Integrate over the domain Qt := Ω× (0, t)∫
Qt

(Mu)u dxdt =

∫
Qt

(f +
∂fi
∂xi

)u dxdt
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Deriving of a bound for |u|Qt
An Energy Balance Equation

An Energy Balance Equation

We continue with

Integration by parts and incorporation of the boundary conditions

Rewriting the time derivative and obtaining the energy balance
equation

1

2
‖u(·, t)‖22,Ω +

∫
Qt

(aijuxjuxi + aiuuxi + biuxiu+ au2) dxdt

=
1

2
‖u(·, 0)‖22,Ω +

∫
Qt

(fu− fiuxi) dxdt (6)

We will use this equation to derive a bound for

|u|Qt := max
0≤τ≤t

‖u(·, τ)‖2,Ω + ‖ux‖2,Qt .

A. Schafelner (JKU Linz) 1st IBVP for Parabolic Equations November 15, 2016 5 / 22



Deriving of a bound for |u|Qt
Deriving the bound

Deriving the bound

From (6) we obtain

1

2
‖u(·, t)‖22,Ω + ν‖ux‖22,Qt

≤1

2
‖u(·, 0)‖22,Ω +

ν

2
‖ux‖22,Qt

+ (
2µ2

ν
+ µ)‖u‖22,Qt

+ ‖f‖2,1,Qt max
0≤τ≤t

‖u(·, τ)‖2,Ω + ‖f‖2,Qt‖ux‖2,Qt .

With some rewriting, we obtain then

‖u(·, t)‖22,Ω + ‖ux‖22,Qt

≤y(t)‖u(·, 0)‖2,Ω + cty(t)2

+ 2y(t)‖f‖2,1,Qt + 2‖f‖2,Qt‖ux‖2,Qt ≡ j(t)

with y(t) = max0≤τ≤t ‖u(·, τ)‖2,Ω and c = 2((2µ2)/ν + µ).
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Deriving of a bound for |u|Qt
Deriving the bound

With this equation, we further obtain two inequalities

y(t)2 ≤ j(t),
‖ux‖22,Qt

≤ ν−1j(t).

Taking the square root and adding them up yields

|u|Qt ≡ y(t) + ‖ux‖2,Qt

≤(1 + ν−
1
2 )
√
ct|u|Qt + (1 + ν−

1
2 )|u|−1/2

Qt

×
(
‖u(·, 0)‖2,Ω + 2‖f‖2,1,Qt + ‖f‖2,Qt

)1/2
For t < t1 ≡ (1 + ν−

1
2 )−2c−1, we get the estimate

|u|Qt ≤(1 + ν−
1
2 )2(1− (1 + ν−

1
2 )
√
ct)−2

×
(
‖u(·, 0)‖2,Ω + 2‖f‖2,1,Qt + ‖f‖2,Qt

)
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Deriving of a bound for |u|Qt
Deriving the bound

We subdivide out time interval [0, t] into subintervals ∆l, i.e,
∆1 = [0, 1

2 t1], ∆2 = [1
2 t1, t1], ..., where length of the last interval ∆N does

not exceed t1/2. On each of these subintervals we have now such a
bound, therefore we obtain

|u|Qt ≤ c1(t)F(t), ∀t ∈ [0, T ] (7)

with the constant c1(t) depending on µ, ν and t and with

F(t) = ‖u(·, 0)‖2,Ω + 2‖f‖2,1,Qt + ‖f‖2,QT
.
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Proof of Solvability

Definition of a Generalized Solution

Definition

We call u ∈ H1,0(QT ) a generalized solution in H1,0(QT ) (or H̊1,0(QT )),
if it satisfies the integral identity

M(u, η) ≡
∫
QT

(−uηt + aijuxjηxi + aiuηxi + biuxiη + auη) dxdt

=

∫
Ω
ϕη(x, 0) dx+

∫
QT

(fη − fiηxi) dxdt (8)

for all η ∈ Ĥ1
0 (QT ) := {v ∈ H1

0 (QT ) : v|t=T = 0}.

Does our problem have a generalized solution in H̊1,0(QT )?

A. Schafelner (JKU Linz) 1st IBVP for Parabolic Equations November 15, 2016 9 / 22



Proof of Solvability

Definition of a Generalized Solution

Definition

We call u ∈ H1,0(QT ) a generalized solution in H1,0(QT ) (or H̊1,0(QT )),
if it satisfies the integral identity

M(u, η) ≡
∫
QT

(−uηt + aijuxjηxi + aiuηxi + biuxiη + auη) dxdt

=

∫
Ω
ϕη(x, 0) dx+

∫
QT

(fη − fiηxi) dxdt (8)

for all η ∈ Ĥ1
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Proof of Solvability

Proof of Solvability

We use a Galerkin approach. We take a fundamental system {ϕk(x)} in
H̊1(Ω), which has been orthonormalized w.r. to L2(Ω). Moreover, let
uN (x, t) =

∑N
k=1 c

N
k (t)ϕk(x) be an approximate solution of the system

(uNt , ϕl) + (aiju
N
xi + aiu

N , (ϕl)xi) + (biu
N
xi + auN , ϕl)

= (f, ϕl)− (fi, (ϕl)xi), l = 1, ..., N,

cNl (0) = (ϕ,ϕl)
(9)

This is a system of N ODEs for cl(t) ≡ cNl (t), with principal terms
dcl(t)/dt. This system has a unique solution cNl (t) on [0, T ].
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Proof of Solvability A bound for uN

A bound for uN

Next, we multiply each equation in (9) with the corresponding cNl , sum
them all up and integrate w.r.t. t from 0 to t ≤ T :∫
Qt

(uNt u
N + aiju

N
xju

N
xi + aiu

NuNxi + biu
N
xiu

N + a(uN )2) dxdt

=

∫
Qt

(fuN − fiuNxi) dxdt

As before, the energy balance equation holds and moreover the bound

|uN |Qt ≤ c1(t),

where c1(t) is a constant independent of N .
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Proof of Solvability

The sequence {uN} is bounded, it has a subsequence {uNk}, that
converges weakly, together with the derivatives uNk

xi , in L2(QT ) to some

element u(x, t) ∈ H̊1,0(QT ). This element u(x, t) is the desired
generalized solution.

We multiply each equation in (9) with some arbitrary, absolutely
continuous function dl(t), with ddl/dt ∈ L2(0, T ) and dl(T ) = 0. Again,
we add them up, integrate over (0, T ) and obtain the result

M(uN ,Φ) =

∫
Ω
ϕΦ|t=0 dx+

∫
QT

(fΦ− fiΦxi) dxdt

with M(·, ·) as before and Φ(x, t) =
∑N

l=1 dl(t)ϕl(x).

A. Schafelner (JKU Linz) 1st IBVP for Parabolic Equations November 15, 2016 12 / 22



Proof of Solvability

The sequence {uN} is bounded, it has a subsequence {uNk}, that
converges weakly, together with the derivatives uNk

xi , in L2(QT ) to some

element u(x, t) ∈ H̊1,0(QT ). This element u(x, t) is the desired
generalized solution.
We multiply each equation in (9) with some arbitrary, absolutely
continuous function dl(t), with ddl/dt ∈ L2(0, T ) and dl(T ) = 0. Again,
we add them up, integrate over (0, T ) and obtain the result

M(uN ,Φ) =

∫
Ω
ϕΦ|t=0 dx+

∫
QT

(fΦ− fiΦxi) dxdt

with M(·, ·) as before and Φ(x, t) =
∑N

l=1 dl(t)ϕl(x).

A. Schafelner (JKU Linz) 1st IBVP for Parabolic Equations November 15, 2016 12 / 22



Proof of Solvability

We denote by MN the set of functions dl(t), l = 1, ..., N , which fulfil the
conditions above. The totality

⋃∞
p=1 Mp is dense in the subspace Ĥ1

0 (QT )

of H1
0 (QT ).

We fix now a Φ ∈Mp and take the limit of the subsequence {uNk},
starting with Nk ≥ p. We obtain the definition of a generalized solution
(8) for u(x, t), with η = Φ ∈Mp. As the union

⋃∞
p=1 Mp is dense in

Ĥ1
0 (QT ), the definition holds for any η ∈ Ĥ1

0 (QT ), that means u(x, t) is
indeed a generalized solution in H̊1,0(QT ).
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Proof of Solvability An Existence Theorem

An Existence Theorem

Theorem 3.1

If the conditions aij = aji, √√√√ n∑
i=1

a2
i ,

√√√√ n∑
i=1

b2i , |a| ≤ µ,

ϕ ∈ L2(Ω), f ∈ L2,1(QT ), fi ∈ L2(QT )

and
νξ2 ≤ aij(x, t)ξiξj ≤ µξ2, ν, µ = const > 0.

are fulfilled, the problem has a generalized solution in H̊1,0(QT )

But is this solution unique?
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Uniqueness of a Solution Repetition

Uniqueness of a Solution

We will now use the following two theorems from the last presentation.

Theorem 2.2

The problem

ut −∆u = f +
∂fi
∂xi

u|t=0 = ϕ(x), u|ST
= 0

cannot have more than one generalized solution in L2(QT ).

Theorem 2.3

The problem in Thm. 2.2 has a generalized solution in V̊ 1,0
2 (QT ) for

ϕ ∈ L2(Ω), f ∈ L2,1(QT ), and fi ∈ L2(QT ).
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Uniqueness of a Solution Application to our problem

Now we consider our generalized solution u ∈ H̊1,0(QT ) as a generalized
solution in L2(QT ) for the problem

ut −∆u = f̃ +
∂f̃i
∂xi

(10)

u|t=0 = ϕ(x), u|ST
= 0 (11)

with f̃ = f − biuxi − au and f̃i = fi + aijuxj + aiu− uxi . It holds that

f̃ ∈ L2,1(QT ) and f̃i ∈ L2(QT ).
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Uniqueness of a Solution Application to our problem

We transform the identity

M(u, η) =

∫
Ω
ϕη(x, 0) dx+

∫
QT

(fη − fiηxi) dxdt

to∫
QT

u(ηt + ∆η) dxdt+

∫
Ω
ϕη(x, 0) dx =

∫
QT

(−f̃η + f̃iηxi) dxdt (12)

which holds for all H∆,1
0 (QT ) with η|t=T = 0.
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Uniqueness of a Solution Application to our problem

Then it follows from Thm. 2.2 that u is indeed unique in L2(QT ) and
from Thm. 2.3 the problem (12) has a generalized solution in V̊ 1,0

2 (QT ).

Moreover, it holds that

1

2
‖u(·, t)‖22,Ω + ‖ux‖22,Qt

=
1

2
‖u(·, 0)‖22,Ω +

∫
Qt

(f̃u− f̃iuxi) dxdt (13)

and ∫
Ω
u(x, t)η(x, t) dx−

∫
Ω
ϕη(x, 0) dx

+

∫
Qt

(−uηt + uxηx) dxdt =

∫
Qt

(f̃η − f̃iηxi) dxdt. (14)
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Uniqueness of a Solution Application to our problem

We can easily rewrite (13) to our energy balance equation (6) and we
rewrite (14) to∫

Ω
u(x, t)η(x, t) dx−

∫
Ω
ϕη(x, 0) dx

+

∫
Qt

(−uηt + aijuxjηxi + aiuηxi + biuxiη + auη) dxdt

=

∫
Qt

(fη − fiηxi) dxdt. (15)

We have now proved that any generalized solution in H̊1,0(QT ) is a
generalized solution in V̊ 1,0

2 (QT ) and they fulfil the energy balance
equation (6) and (15). Are these solutions unique?
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Uniqueness of a Solution Application to our problem

Suppose we have two generalized solutions u′ 6= u′′ for the same right
hand side and initial data, then the difference u = u′ − u′′ is also a
generalized solution in H̊1,0(QT ) with zero right hand side and
homogeneous initial data. We have shown that it is then also a generalized
solution in V̊ 1,0

2 (QT ) and fulfils

1

2
‖u(·, t)‖22,Ω + ‖ux‖22,Qt

= 0

as well as
|u|Qt ≤ 0.

From this, we deduce that u = 0 and moreover u′ = u′′, hence it is unique
in H1,0(QT ).
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Uniqueness of a Solution An uniqueness Theorem

An Uniqueness Theorem

With these arguments, it follows that the operator B, which assigns each
{f ; fi;ϕ} its generalized solution in V̊ 1,0

2 (QT ) is linear and that the energy
balance equation is a result of (15).

Theorem

Under the assumptions of Theorem 3.1, any generalized solution from
H1,0(QT ) is the generalized solution in V̊ 1,0

2 (QT ) and it is unique in
H1,0(QT ).
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The End?

Thank you for your attention!
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