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Problem
Find u such that

utt(x, t)− Lu(x, t) = f(x, t) for (x, t) ∈ QT = Ω× (0, T ),

where

Lu = −
n∑

i,j=1

∂

∂xi
(aij(x, t)uxj ) +

n+1∑
i=1

ai(x, t)uxi + a(x, t)u,

with u|t=0 = ϕ(x) and ut|t=0 = ψ(x) for x ∈ Ω,

u = 0 for (x, t) ∈ ST = ∂Ω× [0, T ].

I f ∈ L2,1(QT ), ϕ ∈ H1
0 (Ω), ψ ∈ L2(Ω)

I

aij = aji, ν|ξ|2 ≤ aij(x, t)ξiξj ≤ µ|ξ|2, ν > 0∣∣∣∣∂aij∂t
, ai, a

∣∣∣∣ ≤ µ1
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Outline

I For solutions u ∈ H2(QT ) show energy inequality

z(t)
1
2 =

(∫
Ωt

u2 + u2
t + aijuxiuxjdx

) 1
2

≤ c2(t)z
1
2 (0)+c3(t)‖f‖2,1,Qt

(a priori bound for the energy norm in terms of initial data, f)

⇒ Uniqueness theorem for solutions in H2(QT )

I Uniqueness theorem for generalized solutions in H1(QT )

I Existence theorem for generalized solution in H1(QT )
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Energy inequality

2

∫
Qt

(utt + Lu)ut dx dt = 2

∫
Qt

fut dx dt

Integration by parts for lhs

2

∫
Qt

uttut −
∂

∂xi
(aijuxj )ut + aiuxiut + auut

=

∫
Qt

−∂aij
∂t

uxiuxj + 2aiuxiut + 2auut dx dt+

∫
Ωt

(u2
t + aijuxiuxj )dx

∣∣∣t=t
t=0

We obtain

y(t) = y(0) +

∫
Qt

∂aij
∂t

uxiuxj − 2aiuxiut − 2auut + 2fut dx dt,

where
y(t) =

∫
Ωt

(u2
t + aijuxiuxj )dx.
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y(t) = y(0) +

∫
Qt

∂aij
∂t

uxiuxj − 2aiuxiut − 2auut + 2fut dx dt

≤ y(0) + c

∫ t

0
y(t)dt+ c1

∫
Qt

u2dxdt+ 2

∫ t

0
‖f‖L2(Ωt)y

1
2 (t)dt

with constants depending on ν and µ1.

From the representation

u(x, t) = u(x, 0) +

∫ t

0
uξ(x, ξ)dξ

we obtain the bound∫
Ωt

u2(x, t) ≤ 2

∫
Ω
u2(x, 0)dx+ 2t

∫ t

0
y(t)dt.

This provides

z(t) =

∫
Ωt

(u2 + u2
t + aijuxiuxj )dx

≤ 2z(0) + (c+ c1 + 2t)

∫ t

0
z(t)dt+ 2

∫ t

0
‖f‖L2(Ωt)z

1
2 (t)dt
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z(t) =

∫
Ωt

(u2 + u2
t + aijuxiuxj )dx

≤ 2z(0) + (c+ c1 + 2t)

∫ t

0
z(t)dt+ 2

∫ t

0
‖f‖L2(Ωt)z

1
2 (t)dt

With the definition max0≤ξ≤t z(ξ) = ẑ(t) we have

ẑ(t) ≤ 2z(0) + (c+ c1 + 2t)tẑ(t) + 2‖f‖L2,1(Qt)ẑ
1
2 (t).

For t ∈ [0, t1], where t1 is defined by (c+ c1 + 2t1)t1 = 1
2 we have

ẑ
1
2 (t) ≤ 4z

1
2 (0) + 4‖f‖L2,1(Qt).

For t ∈ [t1, 2t1]

ẑ
1
2 (t) ≤ 4z

1
2 (t1) + 4‖f‖L2,1(Qt1,t)

.

This implies for t ∈ [0, T ]

ẑ
1
2 (t) ≤ c2(t)z

1
2 (0) + c3(t)‖f‖L2,1(Qt1,t)

,

where c2(t) and c3(t) are defined by the constants ν, µ1 and t.
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ẑ(t) ≤ 2z(0) + (c+ c1 + 2t)tẑ(t) + 2‖f‖L2,1(Qt)ẑ
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ẑ
1
2 (t) ≤ 4z

1
2 (0) + 4‖f‖L2,1(Qt).

For t ∈ [t1, 2t1]

ẑ
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Generalized solution

Definition
We call u(x, t) a generalized solution from the space H1(QT ) if it
belongs to H1

0 (QT ), satisfies u|t=0 = ϕ(x) and the identity∫
Qt

(−utηt + aijuxjuxi + aiuxiη + auη) dx dt

−
∫

Ω
ψη(x, 0) dx =

∫
Qt

fη dx dt

for all η ∈ Ĥ1
0 (Qt).

I H1
0 (QT ) = {u ∈ H1(QT ) : u|ST

= 0}
I Ĥ1

0 (QT ) = {u ∈ H1
0 (QT ) : u|t=T = 0}
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Uniqueness theorem in H1(QT )

Theorem
Let the coefficients satisfy

aij = aji, ν|ξ|2 ≤ aij(x, t)ξiξj ≤ µ|ξ|2, ν > 0,∣∣∣∣∂aij∂t
,
∂ai
∂xi

, ai, a

∣∣∣∣ ≤ µ1.

Then our problem cannot have more then one generalized solution in
H1(QT ).
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Suppose the problem has two generalized solutions u
′
, u

′′
.

u = u′ − u′′

I u ∈ H1
0 (QT )

I u|t=0 = 0

I is generalized solution with f = ψ = 0

Consider particular test function

η(x, t) =

{
0 for b ≤ t ≤ T∫ t
b u(x, τ) dτ for 0 ≤ t ≤ b

 η ∈ Ĥ1
0 (QT ), ηt = u in Qb = Ω× (0, b)

Using the representations ut = ηtt, uxj = ηtxj , u = ηt∫
Qb

ηttηt − aijηtxjηxi − aiηtxiη − aηtη dx dt = 0
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Integration by parts of first 3 terms

1

2

∫
Ω
η2
t (x, b) + aijηxiηxj |t=0 dx

= −
∫
Qb

1

2

∂aij
∂t

ηxiηxj + aiηtηxi + (
∂ai
∂xi
− a)ηtη dx dt

≤ c
∫
Qb

|ηx|2 + η2
t + η2dx dt,

where c only depends on the constant µ1.
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∫
Ω
η2
t (x, b) + aijηxiηxj |t=0 dx ≤ c

∫
Qb

|ηx|2 + η2
t + η2dx dt

Let us introduce

v(x, t) =

∫ 0

t
u(x, τ) dτ and vi(x, t) = vxi(x, t) =

∫ 0

t
uxi(x, τ) dτ

Then we have

ηxi(x, t) = vi(x, b)− vi(x, t), t ≤ b and
∫ b

0
η2 dt ≤ b2

∫ b

0
u2 dτ.

∫
Ω
u2(x, b) + aij(x, 0)vi(x, b)vj(x, b) dx

≤ c
∫
Qb

n∑
i=1

(vi(x, b)− vi(x, t))2 + (1 + b2)u2 dx dt

≤ 2cb

∫
Ω

n∑
i=1

v2
i (x, b) dx+ c

∫
Qb

2
n∑
i=1

v2
i + (1 + b2)u2 dx dt
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∫
Ω
u2(x, b) + (ν − 2bc)

∫
Ω

n∑
i=1

v2
i (x, b) dx ≤ c1

∫
Qb

u2 +

n∑
i=1

v2
i dx dt,

where c1 = c(2 + b2).

Lemma
Let y(b) be non-negative, absolutely continuous on [0, T ] and for
almost all b ∈ [0, T ] satisfy the inequality

y′(b) ≤ cy(b),

with a constant c > 0. Then

y(b) ≤ ecby(0).

y(b) =

∫
Qb

u2 +

n∑
i=1

v2
i dx dt =

∫ b

0

∫
Ω
u2 +

n∑
i=1

v2
i dx dt
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Existence theorem in H1(QT )

Theorem
Let the coefficients satisfy

aij = aji, ν|ξ|2 ≤ aij(x, t)ξiξj ≤ µ|ξ|2, ν > 0,∣∣∣∣∂aij∂t
, ai, a

∣∣∣∣ ≤ µ1.

Then the problem has a generalized solution from H1(QT ) for
f ∈ L2,1(QT ), ϕ ∈ H1

0 (Ω), ψ ∈ L2(Ω).

Katharina Rafetseder (JKU) Hyperbolic Equations Seminar 13 / 16



Let {ϕk(x)} be a fundamental system in H1
0 (Ω) with (ϕk, ϕl) = δlk.

We look for uN =
∑N

k=1 c
N
k (t)ϕk(x) such that

(uNtt , ϕl) + a(uN , ϕl) = (f, ϕl), l = 1, . . . , N

cNk
′
(0) = (ψ,ϕk), cNk (0) = αNk ,

where
a(uN , ϕl) = (aiju

N
xj , ϕlxi) + (aiu

N
xi + auN , ϕl),

and ϕN (x) =
∑N

k=1 α
N
k ϕk(x), which approximates ϕ in ‖.‖H1(Ω) for

N →∞.

System of linear ordinary differential equations of second order in t

c′′(t) = M−1(f(t)−Kc(t)),
c′(0) = ψ, c(0) = α,

with [M ]ij = (ϕj , ϕi), [K]ij = a(ϕj , ϕi) and [f ]i = (f, ϕi).
Picard-Lindelöf theorem unique solution c(t) ∈W 2

1 (0, T ).
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Multiply each of the equations by cNl
′
(t) and sum up

(uNtt , u
N
t ) + (aiju

N
xj , u

N
txi) + (aiu

N
xi + auN , uNt ) = (f, uNt ).

For uN the energy inequality holds, which provides∫
Ωt

(uN )2 + |uNx |2 + (uNt )2dx ≤ c,

where c independent of N and t.

Therefore
‖uN‖H1(QT ) ≤ c1.

H1(QT ) is reflexive⇒ subsequence uN ⇀ u ∈ H1(QT ),
convergence is weakly in H1(QT ) ( uN , uNt , uNxi conv. weakly in
L2(QT ))
and uniformly in t ∈ [0, T ] in the norm of L2(Ω)
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H1(QT ) is reflexive⇒ subsequence uN ⇀ u ∈ H1(QT ),
convergence is weakly in H1(QT ) ( uN , uNt , uNxi conv. weakly in
L2(QT ))
and uniformly in t ∈ [0, T ] in the norm of L2(Ω)

Remains to show: u(x, t) is a generalized solution
I initial condition u|t=0 = ϕ(x)

I Multiply each of the equations by dl(t) ∈ H1(0, T ), dl(T ) = 0, sum
them up and integrate over (0, T ). We obtain∫
QT

−uNt ηt+aijuNxjηxi+aiu
N
xiη+auNη dx dt−

∫
Ω
uNt η|t=0 dx

∫
QT

fη dx dt

for all η =
∑N

l=1 dl(t)ϕl(x).

We denote byMN the set of all such η.

I For fixed η can take the limit along weakly convergent
subsequence.

I
⋃∞

N=1MN dense in Ĥ1(QT ).

Katharina Rafetseder (JKU) Hyperbolic Equations Seminar 16 / 16



H1(QT ) is reflexive⇒ subsequence uN ⇀ u ∈ H1(QT ),
convergence is weakly in H1(QT ) ( uN , uNt , uNxi conv. weakly in
L2(QT ))
and uniformly in t ∈ [0, T ] in the norm of L2(Ω)

Remains to show: u(x, t) is a generalized solution
I initial condition u|t=0 = ϕ(x)

I Multiply each of the equations by dl(t) ∈ H1(0, T ), dl(T ) = 0, sum
them up and integrate over (0, T ). We obtain∫

QT

uNtt η + aiju
N
xjηxi + aiu

N
xiη + auNη dx dt =

∫
QT

fη dx dt

for all η =
∑N

l=1 dl(t)ϕl(x).

We denote byMN the set of all such η.

I For fixed η can take the limit along weakly convergent
subsequence.

I
⋃∞

N=1MN dense in Ĥ1(QT ).
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