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Problem
Find u such that

u(z,t) — Lu(z,t) = f(z,t) for (z,t) € Qr = Q2 x (0,7),

where
"9 n+1
Lu=— Z %(ai;’(w,t)u%) + Z ai(z, )ug, + a(z, t)u,
=1 i=1
with

ulg=o = p(x) and wi—o = ¢(z) forz € Q,
u=0 for(z,t) € Sp =00 x]0,T].

> f € L2,1(QT)’ 2 € Hé(Q)’ @ZJ € LZ(Q)

| 2

aig = aji, vIE]? <aglz, )6 < plEff, v>0

Baij
ot
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Outline

» For solutions u € H?(Qr) show energy inequality

1
1 2 1
z<t>2=( / u+u+uudaz) < es(®)23 0+ es(0) | Fllancn
t

(a priori bound for the energy norm in terms of initial data, f)

= Uniqueness theorem for solutions in H2(Q7)
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Outline

» For solutions u € H?(Qr) show energy inequality

1
1 2 1
z<t>2=( / u+u+uudaz) < es(®)23 0+ es(0) | Fllancn
t

(a priori bound for the energy norm in terms of initial data, f)

= Uniqueness theorem for solutions in H2(Q7)
» Uniqueness theorem for generalized solutions in H'(Q7r)

» Existence theorem for generalized solution in H*(Qr)
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Energy inequality

2/ (uge + Lu)ug do dt = 2 fuy do dt
t Qt
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Energy inequality

2/ (uge + Lu)ug do dt = 2/ fug dx dt
t t

Integration by parts for Ihs

2/ Ugtthy — 72— (@ijUz; ) Ut + AUz, Uy + QU
t

ox;

t=t

8&"
= / =Y Uz Uz ; + 20Uz, u + 200Uy dz dt + / (ut2 + aijumiuwj)dx
: ot Q; t=0
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Energy inequality

2/ (uge + Lu)ug do dt = 2/ fuy do dt
t t
Integration by parts for Ihs

2/ Uttt — 5 (@ijue, )us + iU, ug + auuy
+ (]

8&1']' 9 t=t
= gy Uailla + 205Uz, up + 2auuy dr dt + | (up 4 aijugug,)de
¢ oM t=0
We obtain
8az~j
y(t) = y(0) 0, ot Uy, Uz ; — 20Uz, up — 2auut + 2 fug dz dt,
t
where

y(t) = / (u? + Qg Uy )d.
Q4
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Oa;j
O 8t

t
<y(0)+c/ y(t)dt+01/ 2dxdt+2/ £ Loy (£)dt
0 t

with constants depending on v and ;.

Uy — 20Uz up — 2auug + 2 fug dx di
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Baij
Q. Ot

<y +e [vire [

with constants depending on v and n;. From the representation

Ug; Ug; — 205Uz, Ut — 20uuy + 2 fuy dx di

t
1
ﬁmm+2£”ﬂm@wﬂwﬁ

t

u(x,t) = u(z,0) +/0 ug(x, &)d¢

we obtain the bound

/Qt w¥(z, t) <2/S2U2($70)dx+2t/oty(t)dt.
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Oa;j
O 8t

t
<y(0)+c/ y(t)dt+01/ 2dxdt+2/ £ Loy (£)dt
0 t

with constants depending on v and n;. From the representation

u(x,t) = u(z,0) +/0 ug(x, &)d¢

we obtain the bound

/Qt w¥(z, t) <2/S2U2(x70)d$+2t/0ty(t)dt,

This provides
2(t) = / (u? +ul + AijUy; Uz, )dT
Q

Uy — 20Uz up — 2auug + 2 fug dx di

t t
§2z(0)+(c+01+2t)/ z(t)dt+2/ 1 a2 (B)dt
0 0
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2(t) = / (u? + U} + aijug, ug, )dx
Q¢

t t
< 2:(0) + (c+ 1 + 2t)/ ()t + 2/ 1 a2 (B)dt
0 0
With the definition maxo<¢<; 2(§) = 2(t) we have

2(t) < 22(0) + (c + e1 + 2082(8) + 2/| fll 1 (0022 (1):
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2(t) = / (u? + U} + aijug, ug, )dx
Q¢

t t
< 2:(0) + (c+ 1 + 2t)/ ()t + 2/ 1 a2 (B)dt
0 0
With the definition maxo<¢<; 2(§) = 2(t) we have
~ ~ AL
2(t) < 22(0) + (¢ + e1 + 20)82(8) + 2| f]] £y, (i) 22 (£)-
For t € [0,#1], where t; is defined by (c + ¢1 + 2t)t; = 1 we have

A1 1
22(t) <422 (0) + 4 fll o (0o -
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z(t) = / (u? +uf + AijUg; Uz, )dT
Q¢

t t
< 2:(0) + (c+ 1 + 2t)/ ()t + 2/ 1 a2 (B)dt
0 0
With the definition maxo<¢<; 2(§) = 2(t) we have
1

2(t) < 22(0) + (¢ + e 4 20)t2(t) + 2[| f | 1,1 (u) 22 ()
For ¢ € [0, 1], where ¢, is defined by (c + ¢1 + 2t1)t1 = & we have

A1 1
22(t) <422 (0) + 4 fll o (0o -

M

Fort € [t1,2t1]
A1 L
Z2(t) 4z 2(tl) +4||f||L2 1(Qtyt)"

This implies for ¢ € [0, T

l\)\»—l

53 (t) < c2(t)22(0) + 3 () 1f | 221 @y )0

where c2(t) and c3(t) are defined by the constants v, p; and t¢.
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Generalized solution

Definition

We call u(x,t) a generalized solution from the space H'(Q7) if it
belongs to H} (Qr), satisfies u|;—o = ¢(z) and the identity

( Ut + iUy Ug; + QUL N + aUﬂ]) dx di
IRl
t

—/ Yn(xz,0) de = fndx dt
Q Q1

forall n € HY(Q:).

> Hy(Qr) = {u € H'(Qr) : uls, = 0}
> Hy(Qr) = {u € H}(Qr) : uls=r = 0}
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Unigueness theorem in H'(Qr)

Theorem
Let the coefficients satisfy

CLij = aji7 V|§|2 S al](x)t)g’bfj S ,LL|€|2, v > 07
8&@' 8a,~

‘aaiaa

ot ' Ozx;

< p1.

Then our problem cannot have more then one generalized solution in

HY(Qr).
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Suppose the problem has two generalized solutions ., " .
/ "
Uu=u —1u

> u € Hy(Qr)
> u|t:0 =0

» is generalized solution with f =4 =0
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Suppose the problem has two generalized solutions ., " .

u=u" —u"

> u € Hy(Qr)

> ul—g =0

» is generalized solution with f =4 =0
Consider particular test function

(2.1) forb <t<T
x,t) =
g fb xz,7)dr for0<t<b

€ HNQr), ni = uin Qy = Q x (0,b)
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Suppose the problem has two generalized solutions ., " .
u=u" —u"

> u € Hy(Qr)

> Uli—o =0

» is generalized solution with f =4 =0
Consider particular test function

(2.1) forb <t<T
x,t) =
g fb xz,7)dr for0<t<b

~ € HYQr), ni = uin Q, = Q x (0,b)
Using the representations u; = nyt, uz; = Nizj, u =1y

/ NNt — Qigta; N, — GiMear; N — angn dx dt = 0
Qp
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Integration by parts of first 3 terms

1
2/ ntQ(ma b) + aijnxinx]'h:() de
Q

1 8aij 80,,‘
—— | = e, + @i, + (ot — dz dt
/Qb 5 g il + aila; +(89:i a)nen dx
< c/ 7.2 + n? + n’da dt,

Qp

where ¢ only depends on the constant p;.
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/ 7 (2, ) + QijNe,Ma, =0 da < c/ 10> 4+ 02 + nPdx dt
Q

Qp
Let us introduce

0 0
v(z,t) :/t u(z,7)dr and wv;(x,t) = vy, (x,t) :/t Ug, (T, T) dT

Then we have

b b
Ne; (2,1) = vi(x,b) —v;(x,t), t <b and / n* dt < b2/ u? dr.
0 0
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/ 7 (2, ) + QijNe,Ma, =0 da < c/ 10> 4+ 02 + nPdx dt
Q

Qp
Let us introduce

0 0
v(z,t) :/t u(z,7)dr and wv;(x,t) = vy, (x,t) :/t Ug, (T, T) dT

Then we have

b b
Ne; (2,1) = vi(x,b) —v;(x,t), t <b and / n* dt < b2/ u? dr.
0 0

/Quz(x, b) + a;j(z,0)vi(x,b)v;(x,b) dx

<c i(vz’(:p, b) — vz, )% + (1 + bH)u? da dt

@ =1
Sch/Zv?(m,b)dx—i—c/ 2Zvi2+(1+bg)u2dxdt
@i=1 @ =1
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/uQ(x,b)—l—(V—ch)/Zv?(m,b) da:gcl/ u2+2v,~2 dx dt,
Q Qi Qs P
where c; = ¢(2 + b?).

Lemma

Let y(b) be non-negative, absolutely continuous on [0,T] and for
almost all b € [0, T satisfy the inequality

y'(b) < cy(b),
with a constant ¢ > 0. Then

y(b) < ey (0).

n b n
y(b):/ u2+zv3d:pdt=/ /u2+zv§dagdt
@b =1 0 JQ i=1
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Existence theorem in H(Qr)

Theorem
Let the coefficients satisfy

CLij = (Iji, V|§|2 S aZ](x)t)g’Lf] S ,LL|€|2, v > 0;

vJ
It , Ajy G

< p1-

Then the problem has a generalized solution from H'(Qz) for
f S L2,1(QT)! @ € H&(Q)! ¢ € LQ(Q)
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Let {¢x(z)} be a fundamental system in H{(Q) with (px, ¢;) = 6L.
We look for u™ = S| e (t)¢x () such that

(ugv(pl)—i_a(uN?@l):(fﬂOl)) l:]-va
N (0) = (b, 1), e (0) =af,

where
a(uN7 Qol) = (a”’ui\;,@lxl) + (azui\i + auN7 Spl)a

and " (z) = 21 ab pi(x), which approximates ¢ in ||. | g1 (o) for

N — oo.
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Let {¢x(z)} be a fundamental system in H{(Q) with (px, ¢;) = 6L.
We look for u™ = S| e (t)¢x () such that

(ugv(pl)—i_a(uN?@l):(fﬂOl)? l:]-va
N (0) = (b, 1), e (0) =af,

where
a(uN7 Qol) = (a”ui\;,@lxl) + (azui\i + auN7 Sol)a

and o™ (z) = Y5, ol i, (), which approximates ¢ in ||.|| g1 (o) for
N — oo.
System of linear ordinary differential equations of second order in ¢

'(t) = MTHf(t) - Kc(t)),
v,

2(0) =

c(0) = a,

with [M]i; = (@5, ¢i), [Klij = alpj, i) and [f]; = (f, ¢i)-

Picard-Lindelof theorem ~ unique solution ¢(t) € W2(0,T).
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Multiply each of the equations by clN'(t) and sum up
(ugy, u) + (aijug, uly,) + (agug, + au™, u)Y) =

For u"V the energy inequality holds, which provides
| @ P+ o <
Q

where ¢ independent of N and ¢.
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Multiply each of the equations by clN’(t) and sum up
(ulY, ul¥) + (aijuffj,ui\;i) + (aaul +au™,u) = (f,ul).

For u"V the energy inequality holds, which provides
| @ P+ o <
Q

where c independent of N and ¢.
Therefore

N
lu™ e (gr) < e

HY(Qr) is reflexive = subsequence v — u € HY(Qr),
convergence is weakly in H'(Qr) (u”, uf, ulY conv. weakly in

L*(Qr))

and uniformly in t € [0, 7] in the norm of L?(Q)
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H(Qr) is reflexive = subsequence v — u € H'(Qr),
convergence is weakly in H*(Qr) (u”, u]¥, u} conv. weakly in

L*(Qr))

and uniformly in ¢ € [0, 7] in the norm of L?(Q)

Remains to show: u(z,t) is a generalized solution
» initial condition u|,—g = ()
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H(Qr) is reflexive = subsequence v — u € H'(Qr),
convergence is weakly in H*(Qr) (u”, u]¥, u} conv. weakly in

L*(Qr))

and uniformly in ¢ € [0, 7] in the norm of L?(Q)

Remains to show: u(zx,t) is a generalized solution
» initial condition u|,—g = ()
» Multiply each of the equations by d;(t) € H'(0,T), d;(T) = 0, sum
them up and integrate over (0,7"). We obtain

/ ugn + aijui\/jnwi + aiui\in + au’Vny dx dt = fndx di
T Qr

foralln =S, di(t)pi().
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H(Qr) is reflexive = subsequence v — u € H'(Qr),
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H'(Qr) is reflexive = subsequence v — u € H'(Qr),

convergence is weakly in H*(Qr) (u”, u]¥, u} conv. weakly in

L*(Qr))
and uniformly in ¢ € [0, 7] in the norm of L?(Q)
Remains to show: u(zx,t) is a generalized solution
» initial condition u|,—g = ()
» Multiply each of the equations by d;(t) € H'(0,T), d;(T) = 0, sum
them up and integrate over (0,7"). We obtain

/ —uivm-f—aijuévj nxi—l-aiugn—l—au]vn dz dt—/ uMN o dx fndx
T Q Qr

for all n = 33,°, dy(t)(x).
We denote by My the set of all such 7.

» For fixed n can take the limit along weakly convergent
subsequence.
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H(Qr) is reflexive = subsequence v — u € H'(Qr),
convergence is weakly in H*(Qr) (u”, u]¥, u} conv. weakly in

L*(Qr))
and uniformly in ¢ € [0, 7] in the norm of L?(Q)
Remains to show: u(zx,t) is a generalized solution
» initial condition u|,—g = ()
» Multiply each of the equations by d;(t) € H'(0,T), d;(T) = 0, sum
them up and integrate over (0,7"). We obtain

/ —uivm-f—aijuévj nxi—l-aiugn—l—au]vn dz dt—/ uMN o dx fndx
T Q Qr

forall p = 3%, di(t)pi(w).
We denote by My the set of all such 7.
» For fixed n can take the limit along weakly convergent
subsequence.
» Ux_, My dense in H'(Qr).
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