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Heat Equation

Oru—Au=f in @:=Qx(0,T)
u(x,t) =0 inXp:=Ipx(0,T)
Vu-ny=gpn inXy:=Tnyx(0,T)
u(x,0) = up(x) in Yo := Qo x {0}
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dG Notations

On common interfaces I'y:

vk i= v(x, t)‘Tk
[v] := vknk + vin,
[v]¢ := vink + vin}

[v]x := vkng + vinf

W%=;W+W)

Vi ifn,t<>0 Vi ifn,t(<0
{vi**:=S0 ifnt=0 {vidn:=J0 ifnt=0
vy ifnl <0 vy ifn >0
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dg Space-Time Formulation
Find up € S (7n) such that A(up, viy) == a(up, vi) + b(up, vi) =

(f, Vh>Q + (uo, Vh>):0 + (gn, Vh>ZN with

N
a(un, vh) ::Z/ Vuy - Vv dx
fZ/r (Vup) - [va]x ds fz

] TV Tw

+Z » Tunlx - [va]x ds

Mk

b(un, va) Z/ upOs vy dx +/ upvy ds
+Z/ {up}*P[vs] ds

]

Outlook

(V) ds

References
00



Introduction
00

Discontinuous Galerkin Methods Numerical Analysis Outlook
ooe 0000000
Some Energy Norms
lull% = Z IVullfagry + > 2 Ll
Y
lulen =l + 3 Bl (V) 2
[y
lullf == Z hillOeull oy + lull, + ull, + D ITulelfar,)

Cw

lull.. == Zh HlullZairy + lullE, + D 16 PliE )

M
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Existence & Uniqueness: Overview

1. Lower / Upper bound of a wrt. || - ||a
2. Upper bound for b wrt. || - ||g
3. Lower bound for b
4. Coercivity of A wrt. |- || 54
5. — existence & uniqueness
For error estimates wrt. || - ||pg:

6. Inf-sup for b wrt to || - ||
7. Boundedness and
8. inf-sup for A in the DG-norm
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Inverse Inequalities and Other Relations
Assumptions:
e Quasi-uniformity

®  Shape regular and local mesh grading: h) ~ hy

Lemma 1 (Inverse Inequalities)

_1
th||L2(rk/) <c¢gh 2 ||VhHL2(7—)
_1
IV Valliz(r) < crh™ 2 IV vl 2(r) -
||Vh||H1(rkl) S Clhi]-HVh”LZ(rk/)

[Vhll iy < crh™ [ vall 2
Lemma 2

N
D hIVun) ) < ek Y IV unlEairy
=1

Twi
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First Boundedness & Coercivity Results

Lemma 3
We have:
a(u, va) < &3 |lullaxllvallas
b(u, vi) < |lullg«llvalls

and (if o suff. large)

1
a(up, up) > =|lunlia

Proof.
Cauchy-Schwarz, lemma 2 and Young's inequality (for
coercivity).
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Lower Bound for b

Lemma 4
up 1 2 1 t 2
{un}™ [up]e — E[[uh]]t = Efnk\ [un]

Lemma 5

1
blun, un) > 5 | [ullf, + [lulF, + D lIlomlellzaqr,,
Ty

Proof.

1/2-trick, Gauss’' theorem and prev. lemma. O
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Existence and Uniqueness

From the previous results we get

Theorem 6

1
A(up, up) > 5 llunlla + ”U”zo + ||U||2T + Z [Tunle HL2 (T
]

1
= 2 lunll3,

o if [Tp| >0, then || - || 5, is a norm
e — existence and uniqueness of the discrete problem

e pure Neumann: Vv, : A(up,vp) =0 = up =0
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Inf-Sup Condition for b

Lemma 7
b(up, up + 6wp) > c|lupllB, with § := (c;12cfcpr,c2) ™!
Lemma 8

[whalle < cfllunlls
Theorem 9

b Up, Vu
sup blun, vn) > c8l|unls
04w, lvalls

Proof.
Using vp := up + dwy, with wy, := hdsup, lemma 7 and 8

b(up, vy) == — SN, Jr, undevh dx + f5upvhds +r r, {un} P Lvale ds
lully = Sicy hlOculZy ) + uly + . + Sr, IdeliZo )
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Inf-Sup Condition for A

Lemma 10
[walla < cFllunlla
Theorem 11
If o suff. large, then it holds that: sup ILI‘\(VLZW\,;Z) > c&lunlpe
0#v)
Theorem 12
A(u, vi) < SMullpe,«Ivallpg, fors >3
Proof.
Using stability and boundedness estimates from before. OJ
lullBe = llulla +llull )
lullB. = lulla. + lulg..

2 . 2 fed 2
Nl = St 1902y + Sryy 25 bl )
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Error Estimates

Theorem 13

Let Ty be quasi-uniform, u € H* s > 2, o sufficiently large and uy,
the solution of the discrete problem. Then we have:

lu— upllpg < ch™™MEPFI=2 |y ey

Proof.

[4 M. Neumiiller, Space-Time Methods : Fast Solvers and
Applications,
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Numerical Results

u(x, t) := cos(mt)sin(mx)

|u — uhl|pc

1e+00

le02 |
le-04 i
1e-06 |
1e-08 |
le-10 |
le-12 |

Hi

TTTT T

le+402

le4-03 1e+04 1le+05
Degrees of freedom

1le+06



Thank you for your attention!
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