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Heat Equation

∂tu −∆u = f in Q := Ω× (0,T ) (1)

u(x , t) = 0 in ΣD := ΓD × (0,T ) (2)

∇u · nx = gN in ΣN := ΓN × (0,T ) (3)

u(x , 0) = u0(x) in Σ0 := Ω0 × {0} (4)
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dG Notations
On common interfaces Γkl :

vk := v(x , t)
∣∣
τk

JvK := vknk + vlnl

JvKt := vkn
t
k + vln

t
l

JvKx := vkn
x
k + vln

x
l

〈v〉 :=
1

2
(vk + vl)

{v}up :=


vk if ntk > 0

0 if ntk = 0

vl if ntk < 0

{v}down :=


vk if ntk < 0

0 if ntk = 0

vl if ntk > 0



Introduction Discontinuous Galerkin Methods Numerical Analysis Outlook References

dg Space-Time Formulation

Find uh ∈ Sp
h (τN) such that A(uh, vh) := a(uh, vh) + b(uh, vh) =

〈f , vh〉Q + 〈u0, vh〉Σ0 + 〈gN , vh〉ΣN
with

a(uh, vh) :=
N∑
l=1

∫
τl

∇uh · ∇vh dx

−
∑
Γkl

∫
Γkl

〈∇uh〉 · JvhKx ds −
∑
Γkl

∫
Γkl

JuhKx · 〈∇vh〉 ds

+
∑
Γkl

σ

h̄kl

∫
Γkl

JuhKx · JvhKx ds

b(uh, vh) :=−
N∑
l=1

∫
τl

uh∂tvh dx +

∫
ΣT

uhvh ds

+
∑
Γkl

∫
Γkl

{uh}upJvhKt ds
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Some Energy Norms

‖u‖2
A :=

∑
l=1

‖∇u‖2
L2(τ) +

∑
Γkl

σ

h̄kl
‖JuKx‖2

L2(Γkl )

‖u‖2
A,∗ := ‖u‖2

A +
∑
Γkl

h̄kl‖〈∇u〉‖2
L2(Γkl )

‖u‖2
B :=

∑
l=1

hl‖∂tu‖2
L2(τ) + ‖u‖2

Σ0
+ ‖u‖2

ΣT
+
∑
Γkl

‖JuKt‖2
L2(Γkl )

‖u‖2
B,∗ :=

∑
l=1

h−1
l ‖u‖

2
L2(τ) + ‖u‖2

ΣT
+
∑
Γkl

‖{u}up‖2
L2(Γkl )
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Existence & Uniqueness: Overview

1. Lower / Upper bound of a wrt. ‖ · ‖A
2. Upper bound for b wrt. ‖ · ‖B
3. Lower bound for b

4. Coercivity of A wrt. ‖ · ‖D̃G

5. =⇒ existence & uniqueness

For error estimates wrt. ‖ · ‖DG :

6. Inf-sup for b wrt to ‖ · ‖B
7. Boundedness and

8. inf-sup for A in the DG-norm
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Inverse Inequalities and Other Relations
Assumptions:

• Quasi-uniformity
• Shape regular and local mesh grading: hl ∼ hk

Lemma 1 (Inverse Inequalities)

‖vh‖L2(Γkl ) ≤ cIh
− 1

2 ‖vh‖L2(τ)

‖∇vh‖L2(Γkl ) ≤ cIh
− 1

2 ‖∇vh‖L2(τ)

‖vh‖H1(Γkl ) ≤ cIh
−1‖vh‖L2(Γkl )

‖vh‖H1(τ) ≤ cIh
−1‖vh‖L2(τ)

(5)

Lemma 2

∑
Γkl

h‖〈∇uh〉‖2
L2(Γkl )

≤ cK

N∑
l=1

‖∇uh‖2
L2(τ)
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First Boundedness & Coercivity Results

Lemma 3
We have:

a(u, vh) ≤ ca2‖u‖A,∗‖vh‖A,

b(u, vh) ≤ ‖u‖B,∗‖vh‖B
and (if σ suff. large)

a(uh, uh) ≥ 1

2
‖uh‖2

A

Proof.
Cauchy-Schwarz, lemma 2 and Young’s inequality (for
coercivity).
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Lower Bound for b

Lemma 4

{uh}up JuhKt −
1

2
Ju2

hKt =
1

2
|ntk | JuhK2

Lemma 5

b(uh, uh) ≥ 1

2

‖u‖2
Σ0

+ ‖u‖2
ΣT

+
∑
Γkl

‖JuhKt‖2
L2(Γkl )


Proof.
1/2-trick, Gauss’ theorem and prev. lemma.
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Existence and Uniqueness

From the previous results we get

Theorem 6

A(uh, uh) ≥ 1

2

‖uh‖2
A + ‖u‖2

Σ0
+ ‖u‖2

ΣT
+
∑
Γkl

‖JuhKt‖2
L2(Γkl )


:=

1

2
‖uh‖2

D̃G

(6)

• if |ΓD | > 0, then ‖ · ‖D̃G is a norm

• =⇒ existence and uniqueness of the discrete problem

• pure Neumann: ∀vh : A(uh, vh) = 0 =⇒ uh = 0
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Inf-Sup Condition for b

Lemma 7
b(uh, uh + δwh) ≥ cb1 ‖uh‖2

B , with δ := (c−1
g 2c2

I cR2c
3
g )−1

Lemma 8
‖wh‖B ≤ cbI ‖uh‖B

Theorem 9

sup
06=vh

b(uh, vh)

‖vh‖B
≥ cbS‖uh‖B

Proof.
Using vh := uh + δwh with wh := h∂tuh, lemma 7 and 8

b(uh, vh) := −
∑N

l=1

∫
τl

uh∂tvh dx +
∫

ΣT
uhvh ds +

∑
Γkl

∫
Γkl
{uh}upJvhKt ds

‖u‖2
B :=

∑
l=1 h‖∂tu‖2

L2(τ)
+ ‖u‖2

Σ0
+ ‖u‖2

ΣT
+

∑
Γkl
‖JuKt‖2

L2(Γkl )
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Inf-Sup Condition for A

Lemma 10
‖wh‖A ≤ caI ‖uh‖A

Theorem 11
If σ suff. large, then it holds that: sup

06=vh

A(uh,vh)
‖vh‖DG

≥ cAS ‖uh‖DG

Theorem 12
A(u, vh) ≤ cA2 ‖u‖DG ,∗‖vh‖DG , for s > 3

2

Proof.
Using stability and boundedness estimates from before.

‖u‖2
DG := ‖u‖2

A + ‖u‖2
B

‖u‖2
DG ,∗ := ‖u‖2

A,∗ + ‖u‖2
B,∗

(7)

‖u‖2
A :=

∑
l=1 ‖∇u‖2

L2(τ)
+

∑
Γkl

σ
h̄kl
‖JuKx‖2

L2(Γkl )
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Error Estimates

Theorem 13
Let τN be quasi-uniform, u ∈ Hs , s ≥ 2, σ sufficiently large and uh
the solution of the discrete problem. Then we have:

‖u − uh‖DG ≤ chmin{s,p+1}−1|u|Hs(τN)

Proof.

M. Neumüller, Space-Time Methods : Fast Solvers and
Applications,
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Numerical Results

u(x , t) := cos(πt)sin(πx)

1e-12
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‖u
−

u
h
‖ D

G
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p = 1
p = 2
p = 3
p = 4
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Thank you for your attention!
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