A overview of discretizations for space time

methods

Christoph Hofer and Katharina Rafetseder

Johannes Kepler University, Linz

31.01.2017

Doctoral Program
Computational Mathematics ' ¥ U
Numerical Analysis and Symbolic Computation

Hofer, Rafetseder JKU Linz 1/12




EZSpace Time-Discretizations :
: :

Overview

1 Space Time-Discretizations
1. M. Neumiiller
2. O. Steinbach
3. C. Mollet
a. C. Schwab/R. Stevenson and R. Andreev

I
Hofer, Rafetseder JKU Linz 1/12




E(Space Time-Discretizations :
:

Strategies to discetize space time formulations

m All presented formulation are discretizations based on
Ly(0,T;V), HY(0,T;V*)
m No formulation based on Ladyzhenskaya.
m Continuous Galerkin vs. discontinuous Galerkin
m cG: Steinbach, Schwab/Stevenson, Andreev, Mollet
m dG: Neumiiller
m Square matrix vs. rectangular matrix

m Square matrix: Steinbach, Neumiiller
m Rectangular matrix: Schwab/Stevenson, Andreev, Mollet
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EZSpace Time-Discretizations : M. Neumiiller
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EzSpace Time-Discretizations : M. Neumdiller
: :

M. Neumuller

Find uy, € SZ(TN):
A(up, o) =(f,vn)o + (w0, va)sy + (gN VR)ny Vun € SH(TN),
where

A(up,vp) ::a(uha vp) + b(up, vp)

a(up,vp) = Z Vuyp - Vopdr — Z (Vup) - [vn]z + (Vop) - [up]ds

=177 Ty YTkl

+ Zk h_kl ﬂuh]]z : [[Uh]]zds

Tkt

b(up, vp) Z/ uhatvhdm—l-/ uhvhds—i-z {up Y P vn]eds
Sr

T
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EzSpace Time-Discretizations : M. Neumdiller
: :

Properties

m Existence and Uniqueness:

A(un, vn) = HUhHDG

m Discrete inf-sup condition for A:

Auh
AW o) 5 e
P Tonline

m A-priori error estimate:

lu —unllpg < k™ P u| o,

I I
Hofer, Rafetseder JKU Linz 4/12




EZSpace Time-Discretizations : O. Steinbach
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EzSpace Time-Discretizations : O. Steinbach

O. Steinbach

X, CX, Y, CY, where X, C Y.
Find wp, € Xp:

b(tn, vn) = (f,vn)Q — b(To,v) Yoy € Yy

m X contains the condition: u(x,0) = 0.
= No condition build in Y.

m Xy, =P (Qn)NX.

m Y, =P (Qp)NY.
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XSpace Time-Discretizations : O. Steinbach

O. Steinbach

X, C X, Y, CY, where Xj, CY},.
Find @, € Xp,:

b(tn, vn) = (f,vn)Q — b(To,v) Yoy € Yy

m X contains the condition: u(x,0) = 0.
m No condition build in Y.
m X, = Pl(Qh) N X.
mY, = Pl(Qh) ny.
® In the numerical realization: Y}, := X}, i.e., neglecting basis
functions w.r.t. the zero initial conditions. ~» square matrix.
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EzSpace Time-Discretizations : O. Steinbach

Properties

m Discrete stability

b(un, v 1
Sup ( ) Z ||uh||Xh
VRLEYR ||Uh||L2(0,T§H6(Q)) 2\/5

up € Xp

m A-priori error estimate

1@ =l 0.0 () < €h° Halmsg), s € [Lp+1]
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EZSpace Time-Discretizations : C. Mollet
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EzSpace Time-Discretizations : C. Mollet
: :

C. Mollet

S;CcXand Q;CY.

Bus —
uj 1= argmin sup [(Bv; = f.ai)l
VES) qeQ lally

m The testspace is larger than the solution space: [ > 5+ L.
m Smoother spaces: X/, — X', Y, <Y
m Choose Q; C Yy and let S; € X',

m It is sufficient to consider S’l =5
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E(Space Time-Discretizations : C. Mollet
:

m Assumption 1: (regularity) (B')~' € £(X/, X})

m Assumption 2a: (inverse inequality)
19jllx, < CPN[0j]lx, V5 €5;
m Assumption 2b: (approximation estimate)

inf ||g — <CpI VgeY.
qltellq ally <Cp~?qlly,, VYgeYy

m Assumption 2c: (reverse Cauchy inequality)

Yu; € S;30; € S+ [|vjllx[|95]lxr < Clvj, 97) xxx-

Discrete inf-sup follows with [ > j + L.
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KSpace Time-Discretizations : C. Mollet
:

Special setup

m S; =St ® SY, where S§ C H™(Q), St C Ls(0,7T)

" Q= Q) ®QF, where Qf C H*™(Q), Q) C Hi,(0,T)

m Sequences {57 O‘iJO,{St —307{Qf}?ilo’{Ql}l=lo must be
nested

SiCSjCc...cSfcC...Cc H™(Q)

m Sj only needed for the analysis of the discrete inf-sup
condition.
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EZSpace Time-Discretizations : C. Schwab/R. Stevenson and R. Andreev

Overview

1 Space Time-Discretizations

a. C. Schwab/R. Stevenson and R. Andreev
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EzSpace Time-Discretizations : C. Schwab/R. Stevenson and R. Andreev

C. Schwab/R. Stevenson and R. Andreev

B X, =EV,CcXandV, =(FeV,)xV,CY
m Finite dim. subspaces: E C H'(0,T), F C L2(0,T), V;, C V.
m Discrete variational formulation: Find u, € X}, :

B(uh,vh) = b(’l)h), Yo, € Y},
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E(Space Time-Discretizations : C. Schwab/R. Stevenson and R. Andreev

C. Schwab/R. Stevenson and R. Andreev

Xp=EV,cXand Y, =(FeV) xV,CY
Finite dim. subspaces: E C H'(0,T), F C L2(0,T), V;,, C V.
Discrete variational formulation: Find uj, € X, :

B(uh,vh) = b(’l)h), Yo, € Y},

Two types of temporal subspaces:
Let 7, 77 be meshes in E, F.

1. E...P-elements on 7g, F... Py-elements on 7 := g

2. FE asin 1., 7r be a uniform refinement of 7¢.

F... Py-elements on 7

m Type 1 ~» continuous Galerkin time-stepping scheme.
m Type 2 ~» Petrov-Galerkin, dim(Y}) > dim(Xp).
(overdetermined system)
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EzSpace Time-Discretizations : C. Schwab/R. Stevenson and R. Andreev

Stability of Type 2

m Introduce norms || - ||x and || - ||y on X}, Y3
m induced by M : Xj, > X" and N : Y, - Y.
m equvalent to || - ||x and || - ||y

m Procedure similar to Mollet:
B(v; —b
up, := arg min sup [B(v; @) — bla)|
vEXh gy lla:lly
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E(Space Time-Discretizations : C. Schwab/R. Stevenson and R. Andreev

Stability of Type 2

m Introduce norms || - ||x and || - ||y on X, Y3
m induced by M : Xj, > X" and N : Y, - Y.
m equvalent to || - ||x and || - ||y

m Procedure similar to Mollet:
B(v; —-b
up, := arg min sup [B(v; @) — bla)|
veXh qev; lla:lly

m Discrete inf-sup condition: For any V;, C V,dim(V},) < o0

B
inf sup (un, vn)

— L >, >0
un€Xn v,y llunllx|lvnlly

Existence of a unique solution uy € X3,
Estimation by best approximation

. <Cp inf |u—
lu —upllx < hw;thHU wp|| x
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E(Space Time-Discretizations : C. Schwab/R. Stevenson and R. Andreev

Matrix representation

m Let ®, ¥ be a basis of X;,Y),

B = B(®,0), b:=b(®, V), M := (M®)(®), N := (NT)(¥)

u = arg min,, |[Bw — b/ 5-1 is equivalent to
B'N"'Bu=B"N"'b

M and BT N7! B spectrally equivalent (preconditioning)

u

m Choice of M, N (Riesz mappings), w € X,v = (v1,v2) €Y.
n (Mw)(w) = [0l% = (w2202, + 1901220 2.9
m (No)(v) = [[oll§ = llvillZ20,7,v) + 02l
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