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Space Time-Discretizations :

Strategies to discetize space time formulations

All presented formulation are discretizations based on
L2(0, T ;V ), H1(0, T ;V ∗)

No formulation based on Ladyzhenskaya.

Continuous Galerkin vs. discontinuous Galerkin

cG: Steinbach, Schwab/Stevenson, Andreev, Mollet
dG: Neumüller

Square matrix vs. rectangular matrix

Square matrix: Steinbach, Neumüller
Rectangular matrix: Schwab/Stevenson, Andreev, Mollet
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Space Time-Discretizations : M. Neumüller
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Space Time-Discretizations : M. Neumüller

M. Neumüller

Find uh ∈ Sph(τN ):

A(uh, vh) =〈f, vh〉Q + 〈u0, vh〉Σ0 + 〈gN , vh〉ΣN
∀vh ∈ Sph(τN ),

where

A(uh, vh) :=a(uh, vh) + b(uh, vh)

a(uh, vh) :=

N∑
l=1

∫
τl

∇uh · ∇vhdx−
∑
Γkl

∫
Γkl

〈∇uh〉 · JvhKx + 〈∇vh〉 · JuhKxds

+
∑
Γkl

σ

hkl

∫
Γkl

JuhKx · JvhKxds

b(uh, vh) :=−
N∑
l=1

∫
τl

uh∂tvhdx+

∫
ΣT

uhvhds+
∑
Γkl

∫
Γkl

{uh}upJvhKtds
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Space Time-Discretizations : M. Neumüller

Properties

Existence and Uniqueness:

A(uh, vh) ≥ 1

2
‖uh‖2D̃G.

Discrete inf-sup condition for A:

sup
vh

A(uh, vh)

‖vh‖DG
≥ c‖uh‖DG.

A-priori error estimate:

‖u− uh‖DG ≤ chmin{s,p+1}−1|u|Hs(τN ),
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Space Time-Discretizations : O. Steinbach

O. Steinbach

Xh ⊂ X, Yh ⊂ Y , where Xh ⊂ Yh.
Find uh ∈ Xh:

b(uh, vh) = 〈f, vh〉Q − b(u0, vh) ∀vh ∈ Yh.

X contains the condition: u(x, 0) = 0.

No condition build in Y .

Xh := P1(Qh) ∩X.

Yh := P1(Qh) ∩ Y .

In the numerical realization: Yh := Xh, i.e., neglecting basis
functions w.r.t. the zero initial conditions.  square matrix.
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Space Time-Discretizations : O. Steinbach

Properties

Discrete stability

sup
vh∈Yh

b(uh, vh)

‖vh‖L2(0,T ;H1
0 (Ω))

≥ 1

2
√

2
‖uh‖Xh

uh ∈ Xh

A-priori error estimate

‖u− uh‖L2(0,T ;H1
0 (Ω)) ≤ chs−1|u|Hs(Q), s ∈ [1, p+ 1]
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Space Time-Discretizations : C. Mollet
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Space Time-Discretizations : C. Mollet

C. Mollet

Sj ⊂ X and Ql ⊂ Y .

uj := arg min
v∈Sj

sup
ql∈Ql

|〈Bvj − f, ql〉|
‖ql‖Y

The testspace is larger than the solution space: l ≥ j + L.

Smoother spaces: X ′+ ↪→ X ′, Y+ ↪→ Y

Choose Ql ⊂ Y+ and let S̃l ⊂ X ′+
It is sufficient to consider S̃l := Sl
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Space Time-Discretizations : C. Mollet

Assumption 1: (regularity) (B′)−1 ∈ L(X ′+, X+)

Assumption 2a: (inverse inequality)

‖ṽj‖X+ ≤ Cρj‖ṽj‖X′ , ∀ṽj ∈ S̃j

Assumption 2b: (approximation estimate)

inf
ql∈Ql

‖q − ql‖Y ≤ Cρ−j‖q‖Y+ , ∀q ∈ Ỹ+

Assumption 2c: (reverse Cauchy inequality)

∀vj ∈ Sj∃ṽj ∈ S̃j : ‖vj‖X‖ṽj‖X′ ≤ C〈vj , ṽj〉X×X′ .

Discrete inf-sup follows with l ≥ j + L.
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Space Time-Discretizations : C. Mollet

Special setup

Sj := Stj ⊗ Sxj , where Sxj ⊂ Hm(Ω), Stj ⊂ L2(0, T )

Ql := Qtl ⊗Qxl , where Qxl ⊂ H2m(Ω), Qtl ⊂ H1
{T}(0, T )

Sequences {Sxj }∞j=j0 , {S
t
j}∞j=j0 , {Q

x
l }∞l=l0 , {Q

t
l}∞l=l0 must be

nested

Sxj0 ⊂ S
x
j1 ⊂ . . . ⊂ S

x
j ⊂ . . . ⊂ Hm(Ω)

S̃j only needed for the analysis of the discrete inf-sup
condition.
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Space Time-Discretizations : C. Schwab/R. Stevenson and R. Andreev
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Space Time-Discretizations : C. Schwab/R. Stevenson and R. Andreev

C. Schwab/R. Stevenson and R. Andreev

Xh := E ⊗ Vh ⊂ X and Yh := (F ⊗ Vh)× Vh ⊂ Y
Finite dim. subspaces: E ⊂ H1(0, T ), F ⊂ L2(0, T ), Vh ⊂ V .

Discrete variational formulation: Find uh ∈ Xh :

B(uh, vh) = b(vh), ∀vh ∈ Yh

Two types of temporal subspaces:
Let τE , τF be meshes in E,F .

1. E. . .P1-elements on τE , F . . .P0-elements on τF := τE
2. E as in 1., τF be a uniform refinement of τE .

F . . .P0-elements on τF

Type 1  continuous Galerkin time-stepping scheme.

Type 2  Petrov-Galerkin, dim(Yh) > dim(Xh).
(overdetermined system)

Hofer, Rafetseder JKU Linz 10 / 12



Space Time-Discretizations : C. Schwab/R. Stevenson and R. Andreev

C. Schwab/R. Stevenson and R. Andreev

Xh := E ⊗ Vh ⊂ X and Yh := (F ⊗ Vh)× Vh ⊂ Y
Finite dim. subspaces: E ⊂ H1(0, T ), F ⊂ L2(0, T ), Vh ⊂ V .

Discrete variational formulation: Find uh ∈ Xh :

B(uh, vh) = b(vh), ∀vh ∈ Yh

Two types of temporal subspaces:
Let τE , τF be meshes in E,F .

1. E. . .P1-elements on τE , F . . .P0-elements on τF := τE
2. E as in 1., τF be a uniform refinement of τE .

F . . .P0-elements on τF

Type 1  continuous Galerkin time-stepping scheme.

Type 2  Petrov-Galerkin, dim(Yh) > dim(Xh).
(overdetermined system)

Hofer, Rafetseder JKU Linz 10 / 12



Space Time-Discretizations : C. Schwab/R. Stevenson and R. Andreev

Stability of Type 2

Introduce norms ‖| · ‖|X and ‖| · ‖|Y on Xh, Yh
induced by M : Xh → X ′ and N : Yh → Y ′.
equvalent to ‖ · ‖X and ‖ · ‖Y

Procedure similar to Mollet:

uh := arg min
v∈Xh

sup
ql∈Yl

|B(vj , ql)− b(ql)|
‖|ql‖|Y

Discrete inf-sup condition: For any Vh ⊂ V,dim(Vh) <∞

inf
uh∈Xh

sup
vh∈Yh

B(uh, vh)

‖uh‖X‖vh‖Y
≥ Ch > 0

Existence of a unique solution uh ∈ Xh

Estimation by best approximation

‖u− uh‖X ≤ Ch inf
wh∈Xh

‖u− wh‖X
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Space Time-Discretizations : C. Schwab/R. Stevenson and R. Andreev

Matrix representation

Let Φ,Ψ be a basis of Xh, Yh

B := B(Φ,Ψ), b := b(Φ,Ψ), M := (MΦ)(Φ), N := (NΨ)(Ψ)

u = arg minw ‖Bw − b‖N−1 is equivalent to

BTN−1Bu = BTN−1b

M and BTN−1B spectrally equivalent (preconditioning)

Choice of M,N (Riesz mappings), w ∈ X, v = (v1, v2) ∈ Y .

(Mw)(w) := ‖w‖2X = ‖w‖2L2(0,T,V ) + ‖∂tw‖2L2(0,T,V ′)

(Nv)(v) := ‖v‖2Y = ‖v1‖2L2(0,T,V ) + ‖v2‖2H
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