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X

Keypoints of the paper

m consider elastodynamics: system of 2"-order hyperbolic
equations in € x [0, 7]

no analysis of continuous formulation

no investigation of right function spaces
decomposition into time slaps @,

conforming discretization for time slaps
consistent formulation with stabilization terms

error analysis

numerical experiments
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E(Introduction :
:

Motivation

m common approach for time-dependent problems:

1. Semi-discretization : FEM in Space
2. Full-discretization : Runge-Kutta

m idea is to use also FEM in time

m semi-discrete equation is multiplied with testfunction +

integration over [0, 7] ~» structured space time meshes.

(Cartesian product)
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E(Introduction :
:

Motivation

m common approach for time-dependent problems:
1. Semi-discretization : FEM in Space
2. Full-discretization : Runge-Kutta

m idea is to use also FEM in time

m semi-discrete equation is multiplied with testfunction +
integration over [0, 7] ~» structured space time meshes.
(Cartesian product)

m this approach permits also unstructured meshes (useful in
adaptivity)

Hofer JKU Linz 4/37




Ezlntroduction :
: :

Motivation - Adaptivity

:

—_—

Figure : Space-time mesh for two material elastic rod problem
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Klntroduction :
:

Problem formulation

Find u:

where o(Vu) := CVu (Hooke's law) and I' := 9Q =T'P U TN,

m f...body forces

m p...density

m g ...boundary displacement
m h...boundary traction

m C.. .stress tensor
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EZDiscrete Formulation :

Overview

(1 Discrete Formulation
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EzDiscrete Formulation :
: :

Preliminaries

m partition (0,T) into N time intervals I,, = (tn, tnt1)
m time slaps:

Qn:=Qx1,
P, =Tx1I,

PN.=1Nx1, PP.=1Px1,
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XDiscrete Formulation :
:

Preliminaries

m partition (0,T) into N time intervals I,, = (tn, tnt1)
m time slaps:

Qn:=Qx1,
P,:=Tx1I,
PN.=1Nx1, PP.=1Px1,

m introduce (n.), elements {Q¢ }. with boundaries (Py), in Qp:

(ne)n
Qn = U Q¢  (element interior)

(ne

Pint .— U P¢ — P, (interior element boundary)
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Discrete Formulation :

Jump operators

Normal vector n: normal to PS¢ N {t} in the spatial plane Q5 N{t}.
m spatial jump:
B [w(@)] :=w@’) —w(x)
m [o(Vw)(@)]n = (e(Vw)n)(a™) = (¢(Vw)n)(z~)
m temporal jump:
B [w(t)] :=w(ltt) —w(t)
B [w(0)] :=w(0") and [w(T)] := —w(T™).
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EzDiscrete Formulation :
: :

Additional Notation

(u, w)q ::/u-fwdﬂ,
Q

(u,w)q, :=/ u-wd@ :=/ /u-wdet,
Qn I, JQ
(ne),,
(u,w)Qn = Z / u-wdQ@,
e=1 n
(u, w) pn :=/ u-wds, (u,w)pint :=/ u-wds,

a(u,w)x :=/XU(Vu)-deX,

where X € {Q,Qn7Qn7P7€VvPriznt}‘
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EzDiscrete Formulation :
: :

Variational equation - Motivation

Consider a sufficiently smooth u

pi—div(e(Vu))=f on@Q:=Qx(0,T).
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EzDiscrete Formulation :
: :

Variational equation - Motivation

Consider a sufficiently smooth u
pii —div(e(Vu)) = f on Q:=Q x(0,T).
We introduce U = {uy,us}, uy :=w and ug := 11 =4

LoU = plg — div(o(V uy)) =f,
LU= 43 —us =0,

uy ... displacement
ug . .. velocity
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XDiscrete Formulation :
:

Variational equation - Motivation
Consider a sufficiently smooth u
pii —div(e(Vu)) = f on Q:=Q x(0,T).
We introduce U = {uy,us}, uy :=w and ug := 11 =4

LoU = pls — div(o(V uy)) = f,
ElU = Qll — U2 = 0,
uq ... displacement

ug . .. velocity
On each @, we test with a smooth {w;, wa}:

(plz, wa)q, + (div(e(Vur)),wa)q, = (f,w2)q, Vws,
a(ﬁlU, wl)Qn =0 le.
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EzDiscrete Formulation :
: :

Variational equation - Motivation

Integration by parts:

(piz, w2)q, + (0(Vur), Vws)g, = (f,w2)q, + (h,wz)py  Vwy,

~~

a(ul 7w2)Qn

a(L1U,w1)g, =0 Y.
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XDiscrete Formulation :
:

Variational equation - Motivation

Integration by parts:

(piz, w2)q, + (0(Vur), Vws)g, = (f,w2)q, + (h,wz)py  Vwy,

a(ul 7w2)Qn

a(ﬁlU, wl)Qn =0 le.

m Piecewise smooth solution U with respect to @Q,,.
m Enforce continuity conditions

moup () = ui(ty,), with ug(ty) == uo

B us(th) = us(t,), with ua(ty) :== v
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E(Discrete Formulation :
:

Variational equation - Motivation

Integration by parts:

(pi2, w2)q, + (0(Vu1),Vws)q, = (fiw2)q, + (h,w2)py Vs,
a(u17w2)Qn

a(ElU, wl)Qn =0 le.

m Piecewise smooth solution U with respect to @Q,,.
m Enforce continuity conditions
moup () = ui(ty,), with ug(ty) == uo
B us(th) = us(t,), with ua(ty) :== v
m Enforce them weakly in L? and a(-,-) inner product.
moa(ur(t), wi(th)a = alui(t;,), wi(t))a  Ywy
m (puz(ty), wa(ty))e = (puz(ty), w2 ()  Vw:
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EzDiscrete Formulation :
: :

Variational equation - Motivation

Summarizing, we have for piecewise smooth U:

(pliz, w2)qQ, + (0(Vur), Vwz)q, = (f,w2)q, + (h,ws) py Yws,
a(L1U,w1)g, =0 Yws,

a(ur(ty), wi(ty))a = a(ui(ty), wi(ty))e Yy,

(pua(ty), wa(t))a = (pua(ty ), w2(ty))e V.
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XDiscrete Formulation :
:

Variational equation - Motivation

Summarizing, we have for piecewise smooth U:

(pliz, w2)qQ, + (0(Vur), Vwz)q, = (f,w2)q, + (h,ws) py Yws,
a(L1U,w1)g, =0 Yws,

a(ur(ty), wi(ty))a = a(ui(ty), wi(ty))e Yy,

(pua(ty), wa(t))a = (pua(ty ), w2(ty))e Vws.

Only first derivatives appear ~ we consider H(Q,,) conforming
discrete subspaces
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EzDiscrete Formulation :
: :

Discrete Spaces

m V= {ugq, € C%Qn), uilgs € PH(QS),u1 = g on Py}
] Vh2,g = {ugq, € C%UQn), u2lqge € PHQL), uz = g on Py}
[ V,io and Vh%o ~~ homogeneous versions
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XDiscrete Formulation :
:

Discrete Spaces

m V= {ugq, € C%Qn), uilgs € PH(QS),u1 = g on Py}
] th,g = {ugq, € C%UQn), u2lqge € PHQL), uz = g on Py}
[ Vh170 and Vh2,() ~» homogeneous versions

~ Find {uf,ub} € Vh{g X Vh%g

(P, wh)g, + alul, wh)q, = (f,wh)q, + (h,wh)py  Vwlh € Vi2y,
0

a(L,U", wl) O, = Yol e Vhl’o,
a(uf (t)), wi (t5))a = a(uf(t,), Wi (t)))e Vui € Vi,
(pus (), wh () = (pub(ty), wh (£))a Vul € V2.
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EzDiscrete Formulation :
: :

Stabilization terms

m We add additional terms to improve stability of the system.

m Should be zero for a sufficiently smooth exact solution
(“Consistency”)
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XDiscrete Formulation :
:

Stabilization terms

m We add additional terms to improve stability of the system.
m Should be zero for a sufficiently smooth exact solution
(“Consistency”)

We have for sufficiently smooth

(LU =) pug —div(e(Vuy)) = f in Qn,
(LU =)  du—uy=0 in Qn,
[o(Vur)(z)|n=0 at Pt

o(Vu)n=h at PN
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E(Discrete Formulation :
:

Stabilization terms

m We add additional terms to improve stability of the system.

m Should be zero for a sufficiently smooth exact solution
(“Consistency”)

We have for sufficiently smooth solution {u1, us}

(L2U, p~ ' mLaWh)s = (f,p ' m2LaW )5 =0,
(£1U, T1£Wh)Qn = O,
([o(V ur)(@)]n, p~"s[o(V wi)(@)]n) pipe = 0,

(o(Vui)n, p~tso(V w1)n)pN — (h,p~tso(V wi)n)py =0,

n

where 71,70 and s are arbitrary d x d positive-definite matrices.
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EzDiscrete Formulation :
: :

Discrete Variational Formulation

Find U" := {uf,ub} e V), x V2, :forne{0,...,N -1}
Bu(U", W) = Ly(W"), YW e Vi, x Vi,

B (U™, W") := (pih, wh)o, +aul, wh)o, + a(ﬁth,wiL)Qn

+ (pus (), wi () + aur' (6)), wi (t4))a

+(£2Uh,p_17'2£2Wh)Qn + (£1Uh77'1[,Wh)Qn
soU" W) = +([o(V ) (@), p 5o (7 ) ()] pi
+o(Vul)n, p~tsa(V u’f)n)PTsz
La(W") = (f,w})q, + (h,wh)py + (f,p ' 2L2W") g,
+ (b, p~ ' so(Vut)n) py + a(ui (t,), wi (6)))e
+ (pus (tn), w3 ()
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EzDiscrete Formulation :
: :

Discrete Variational Formulation

Find U" := {uf,ub} e V), x V2, :forne{0,...,N -1}
Bu(U", W) = Ly(W"), YW e Vi, x Vi,

B (U™, W") := (pih, wh)o, +aul, wh)o, + a(ﬁth,wiL)Qn

+ (pus (t), w3 (0))a + aur' (61), wi (t4))

+(£2Uh,p_1T2£2Wh)Qn + (£1Uh77'1[,Wh)Qn
soU" W) = +([o(V ) (@), p 5o (7 ) ()] pi
+o(Vul)n, p~tsa(V u’f)n)PTsz
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EzDiscrete Formulation :
: :

Discrete Variational Formulation

Find UM := {uf,ub} € V) x V2, :

BU", W) = L(W"), vWh" eV, x Vi,

N-—-1
BU",W"):= )" [(pﬁg,wli)Qn +a(ul, wh)q, +a(L1U" wi)g,

n=0
+ (Pl (ta)], wh () + a([ul (t)], wh (5))e
+ (U, W]

N-1
L") = 37 [(Fuwd)on + (hwh)py + (f 07 12LaW ™) g,

n=0

+ (hyp 5o (T ub)n) py |
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EZDiscrete Formulation :
: :

Properties

m For sufficiently smooth U: B(U, W") = L(W").
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EzDiscrete Formulation :
: :

Properties

m For sufficiently smooth U: B(U, W") = L(W").
m Llet B:=U —U" B(E,W")=0. (Galerkin Orthogonality)
m We define the total energy at time t:

1 1
g(Wh) = i(pwlga wg)ﬂ + 5&(11)?, w?)ﬂ
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XDiscrete Formulation :
:

Properties

m For sufficiently smooth U: B(U, W") = L(W").
m Llet B:=U —U" B(E,W")=0. (Galerkin Orthogonality)
m We define the total energy at time t:

1 1
EW") 1= S (pud ub)a + Jaluf, wh)o

m Norm for convergence

N
IWHIP =D MW @)D + Y sa(Wh W)
n=0
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EZDiscrete Formulation : |
Theorem

Let the discrete Norm be defined as

N N—-1
VM2 =" EqW™ D) + Y sn(Wh,WH),
n=0 n=0

then it holds
IW"||2 = BV, Wh) yW" e Vi), x Vg,

It immediately follows existence and uniqueness of a discrete
solution U™ of

BU" W") = L(W") YW" e Vi, x Vi,
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EZDiscrete Formulation :
: :

Sketch of the proof

Recalling [|W"[|* := 3200 (W (ta)]) + 32050 s (W, WH).
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XDiscrete Formulation :
:

Sketch of the proof

Recalling [|W"[|* := 320 o E(IW" (ta)]) + 22050 s (W, WH).

Since B(W", Wh) = SSN- L X, (Wh) + s, (W, W), it is
sufficient to show that
N

N—-1
S X (W) = 3 E(W (e,

n=0

where

Xn (W) = (pu}, wh) g, + a(wl, wh)g, +a(LiW" wl)gs

+ (plw (tn)] wi (6))e + a([wy (ta)], wi () a-

:
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E(Discrete Formulation :
:

Sketch of the proof

Recalling [|W"|> := 32500 E(IW"(tn)]) + 300 sa (W, WH).
Since B(W", Wh) = SSN- L X, (Wh) + s, (W, W), it is
sufficient to show that

N-1 N
D Xa(Wh) = E(IW(ta)]),s
n=0 n=0

where
Xn(Wh) = (pih, w})q, + a(w], wh)q, + a(LiW",w)g
+ (p[wh (), wh (t0))a + a([w! (t.)], wi (8))a-

Due to £L;W" = h — w} and symmetry of a(-,-) we obtain

h . h h . h -h . h
a(wy, wy)q, + a(LW 7w1)Qn = a(wy, wr)Q,-
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sufficient to show that

N-1 N
D Xa(Wh) = E(W"(t)]),
n=0 n=0

where
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+ (plwh (tn)] wi ())a + a([wi (tn)] wi (7)) e
Due to £;W" = ! — wh and symmetry of a(-,-) we obtain
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EZError Analysis :

Overview

(] Error Analysis
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EzError Analysis :

Basics

Let U” be an interpolant of U , then we can estimate:

IEN = o" - vl = |v* - 0"+ T" - V]|
<Ng*-oi+Ng" ~ull
:;Eh :ZH
= "1+ |

m H = {n1,m2}... Interpolation error
m B = {ef, ef}
mF= {61, 62}
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KError Analysis :

Basics

Let U” be an interpolant of U , then we can estimate:

IEN = o" - vl = |v* - 0"+ T" - V]|
<Ng*-oi+Ng" ~ull
:;Eh :ZH
= "1+ |

mH= {7]1,772} ... Interpolation error
m E" = {ef, e}}
m = {e, ez}
|E*||? = B(E", E") = B(E ~ H, E")
= —B(H,E") < |B(H,E")| < ...

Hofer JKU Linz 1) 37




EZError Analysis :

Technical Lemmas

Lemma

N—

Z(pnz,ez @ Z(p[[nz(tn)]],eg(ti))n

n=0

= = > (o han = S (pmalte), [ (D)o

N-1 N-1
> atin,el)an + 3 allm ()], e (5)a
n=0 n=0
N-1 N
— 3 alm, o, — 3 alm(t), [ E)Da
n=0 n=1
Proof by integration by parts + index shifts. O

|
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EZError Analysis :

Technical Lemmas

a(pnz, €5)q, + alne, ef)q.,
= (12, L2E") g, + (12, [0(V €1)(@)]n) pine + (n2,0(V €1)n) pv
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EZError Analysis :

Technical Lemmas

Lemma

a(pnz, €5)q, + alne, ef)q.,
= (12, L2E") g, + (12, [0(V €1)(@)]n) pine + (n2,0(V €1)n) pv

Integration by parts + symmetry:

a(m,€})an = alel,m)a, = (0(Veb), Vm)a,
= —(2, div(o(V e!))g, + (2, [o(V ) (@)]) e
+ (12, 0(V ) pov
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EZError Analysis :

Technical Lemmas

Lemma

> [ = (mattn); I€h (t)Da — alm (t), [€h (t)Da

n=1

MI»—\

ﬁ:[ E(IE" (tn)]) +4E(H ()]

where E(W) = 1 (pw2, w2)a + 3a(wi,w1).

Proof: Apply Young's inequality |ab| < %(%a2 + eb?) with € := 2.
O
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EzError Analysis :

Interpolation estimates

m We assume: 71 = O(h?®), 7o = O(h®), s = O(R?)
m If U ¢ H™>EDH(Q): interpolation error H = {ny,72} fulfils
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XError Analysis :

Interpolation estimates

m We assume: 71 = O(h?®), 7o = O(h®), s = O(R?)
m If U ¢ H™>EDH(Q): interpolation error H = {ny,72} fulfils

] Zg;()i(WZ,pTz_ln2)Qn < O(h2l+2—5)
| ] Zn:_O a(nl’Tl_l’r]l)Qn < O(h2k‘+a)
u 2717,\[:_01 <£2H7 p_lTQ,CQH)Qn < O(hmin(2k_2+ﬂ72l+,@)>

- 27]2[:_01 a(L1H, p_lTlﬁlH)Qn < O(pmin(2k=2+a.2lta))
= 300 (2,5~ ) pyupy < O(W2H177)
s 05 (o m) @), p s [o (9 m) (@)]n) py
+(0(V7]1)n p 130(Vm) )p } < O(h?F—147)
- ZTILO {5( (t- ] < O(hmin(2k=1,214+1)
where £(H (O)) €(H( ) )=0.
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EZError Analysis :

Main Theorem

Let U € H™>(kD+1(Q), 71,75 and s be chosen, such that
71| = |r2| = O(R), [s|=0(1) (a=B=1,v=0),

then we have

|||E|"2 < O(hmin(2k:—1,2l+1))'
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EZError Analysis :

Main Theorem

Let U € H™>(kD+1(Q), 71,75 and s be chosen, such that
71| = |r2| = O(R), [s|=0(1) (a=B=1,v=0),
then we have

|||E|"2 < O(hmin(2k—1,2l+1))'

Practical choices for 7,79 and s are:
— 7 — Az -1
L n=n=51 s=51

2. T =Ty = %I, 5= —QAA';I

Hofer JKU Linz 26 /37




KError Analysis :

Z

1 ho -1 h -1
< . [g(ﬁzE 0 L2 BT A+ (02, 0T 2) g,

—|—ia(£1Eh,ﬁ£1Eh)Q~n +a(m, ™ 'm)g,
-I—ia(ﬁgEh, p LB +a(LoH, p ' T2LoH) g
F 1L m L) g (L H, L H)g,
1oV @), o ST (V XY (@) ) e + (12, 5™ m2) g
+3 (T by, o™ 50 (V ) @)n) iy + (2, 05 1) my
+i([[0(V€'f)(x)]]n7 p~ s[o(Vet) (@)n) pin + ([o(V 1) (@)]n, p~ s[o(V 1) ()]n) pin

13T ed)n,p 5o (V) @)n) py + (0(VnlIn, p™ s (V) (@)m) py |

I

E(E"(t)]) +2)_ EH" ()

1 n=1

+
N | =
[]=

n
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EzError Analysis :

3 [i LoE" p ' Lo B ) g + (2,073 ') g,
n=0
—|—ia(£1Eh,ﬁ£1Eh)Qn +a(m,m m)g,
+ia(£2Eh, p 'Ly E") s +a(LoH, p raloH) g,
+%a(£1Eh,ﬁ£1Eh)Qn +a(LiH,mLiH)g,
+ 11V )@, o I (V) (@)]) s + (2,95 12) g
3T by, o 5o (VR @)m) iy + (2, 05 n2)
1oV )@, o s[o(V D) (@) e + [o(V 7Y@, o7 5[ (Y ) @)
+ 1oV elnp 50 (T D)@ py + (0(V by, so (V) w)n) ey |
1 N
+5 > E(E" (ta)] +2Z€(H

n=1

3
Il
-

:
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Error Analysis :

N-1

<5+ 3 |

+ (112, p75 ' M2) g5, < O( p2+2-8)
+a(m, nl)én O(h )
+a(L2H, p_ngﬁzH)Qn < O(hmln(2k 248.2140))
+ a(L1H, T1£1H)Q-n < O(hmm(zk 2+a, 2z+a>)
+ (n2, ps™ " 112) pine <o)
+ (n2,p5" ' m2) pv < ORI
+ ([o (V) @)n, o~ so(V nl) (@)]n) pie < (217
+(@(Vni)n, p~ so(V 77?)(1')”)13711\’} < O(R?*117)
+2 i EH"(t)) < O(Rmin(2e=1.2041))y

n=1

optimal choice: a =8=1,7v=0
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EzError Analysis :

- |||E'h|||2 < %|||Eh|||2 + O(hmin(Qk—l,Ql—i—l))
m |||EhH|2 < O(hmin(2k71,2l+1)) fora=8=1,v=0
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EzError Analysis :

- |||E'h|||2 < %|||Eh|||2 + O(hmin(Qk—l,Ql—i—l))
m |“EhH|2 < O(hmin(2k71,2l+1)) fora=8=1,v=0

hy2 _ —
P =37 |
n=0
+ a(ﬁzH, p_lTZ‘CZH)Qn < O(hmin(Qk—2+ﬁ,zl+5))
+ a(£1H, T1,C1H)Q'n S O(hmin(2k72+a,2l+a))
+ ([o(V i) (@)]n, p~ ' s[o(V nt) (@)]n) pim < OB
+ (U(an)n,p_lsa(vnf)(x)n)%\,] < O(hzk—1+’7)
N
+23 E(H" (t)]) < O(min@r1 24
n=0
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KError Analysis :

= 1" < SIEMJ? + O(hminh-12t40)
B |“Ehw2 < O(hmin(2k71,21+1)) fora=8=1,v=0

N—-1
P =37 |
n=0
+ a(ﬁzH, p_lT2[’2H)Qn < O(hmin(Zk—2+ﬁ,2l+5))
+ a([qH, TIEIH)Q'n < O(hmin(2k72+a,2l+a))
+ ([o(V i) (@)]n, p~ ' s[o(V nt) (@)]n) pim < OB
+ (U(Vﬁf)n:P_lsa(VU?)(l’)n)PTsz] < O(hzk—1+’7)
N
+2ZS([[Hh(tn)]]) < O(hmin(2k71,2l+1))
n=0
o~ || HP? < O(hmin(2k—1,21+1)) fora=f=1,7=0 B
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EZAIternative Formulations :

Overview

[l Alternative Formulations
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XAlternative Formulations :
:

Simplified formulations - Single Field

m Assume that @? — uf = 0 and W} — wh = 0.
m Define 7 := 75 and Lu" = pii* — div(o(V u"))

b (ul, w) = (piil, ™), + a(u”, ") g, + (Lu”, p~ir Lw" )6,
+ ([o(Vu")(@)[n, p~ ' s[o(V u") (@)]n) pie
+ (c(VuM)n, p~Lso(Vu)n ) PN
+ (pi (), i (6o + a(u (), W (t5)o
(") := (f,0")qu + (hy ") py + (fp7 7 Lu")g,
(s 50 (V) py + o (t ), (1
+ (pa (), W (£))e

Convergence theorem applies with [ = k — 1.

))
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XAlternative Formulations :
:

Simplified formulations - time discontinuous Galerkin

71:7-2:8:0'\"’)

Bn(Uh: Wh) = (P’llg, wél)Qn + a(u?a wg)Qn + a(ﬁth, w?)()n

+ (pus (1), wh (t5)a + a(ul (), wi (t))a
Ln(W") = (f,w})g, + (hvwz)P,{V
+a(ui (t,), wi (th)a + (pub (t, ), wh ()

bn(uh7wh) = (pi)’h7w )Qn + a’(u w )Qn

T (i (), 0" () + a(l (1), w (65))a
(") = (f.i")q, + (hi®) py + alu (1), 0"
+ (i (t), 0" (5]))a

Not coverd by convergence theorem. (observed divergence for
l>k)

:
Hofer JKU Linz
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EZNumerical Results :

Overview

(1 Numerical Results
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XNumerical Results :
:

Setup for numerical experiments

1d elastic rod

two ends are fixed, f =0, ug = 0, vy ~first harmonic.
Qb —1.2

Ax :

consider Qk — QI standard elements with k,1 € {1,2}

consider also formulations with s =0 and s=7m7 =7 =0

consider the three norms || - ||+ 7,5 | - [I71,7,0 and [ - [lo,0,0
Test cases:
m Q1 — QL with [| - [l 7,5 I - [I71,7.0 and [ - lll0,0,0

m Qk — QI with k,1 € {1,2} with s =0

Hofer
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EzNumerical Results :
: :

Q1 — Q1: Error in the || - ||, ,.s norm

L
o
s n=r=8=0
—
iz (Galerkin)
k To)
£ O I
2
= 7 Fm=To=Azs
3
T 1
i
[aY] ]
1
1 1.5 2 25
Log (671)

|
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EzNumerical Results :
:

Q1 — Q1: Error in the || - || .0 norm

=]
v —T =Ta=5=0
—~ cl,
e (Galerkin)
S e
Al 1
E_H w
N - - =1 =A0rs=—1
& 1
—
GII -
%) ‘
CI“ 1
1 15 2 25
Log (5%)
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EzNumerical Results :
: :

Q1 — Q1: Error in the || - ||lo.,0.0 norm

Log (|1 E11l5.0.0)

{Galerkin)

1 1.5 2 2.5

Log (67%)
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EzNumerical Results :
:

Qk — Ql: Error in the || - || -.7.0 norm

o™~
c -
P
=]
[
of T
2
= Y
¥
- ©o |
1
[=+] i H |
1 1.5 2 2.5
Log(57")

Same results for 71 = 15 = 0, but divergence for [ > k
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