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The Classical Problem

Let f € C(Q7), f; € CYO(Q7) and ¢ € C}(Q).
Find u(x, t) € C>Y(Q7), with Q1 := Q x (0, T) for some bounded set ,
such that:

u:=u Au =1 E ]-
MO t aXI ( )
W|th the i| |t|a| Cond|t|0n

u(x,0) = p(x) Vxe€Q, (2)
and the boundary condition
u(x,t) =0 Vx e St, (3)

with S7:= 5 x (0, T) where S = 99, holds.
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The Spaces HA1(Q7) And H'(Qr)

HA1(Q7) denotes the space whose elements where u, u;, Vu and Au are
in L2(Q7) or in other words if the norm

2 2 2 2 2
lullfianory = lullzory + luellizory + IVUllzgry + 12U,y
is finite.
HOA’I(QT) denotes the elements in HA1(Q7), where the trace with
respect to space is 0. On this space we define the equivalent norm

HuHiloA’l(Qr) = ||”t||%2(QT) + |’AU|’%2(QT)-
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The Problem For H5"'(Qr)

Let f € L2(Q7), f; € HYO(Q7) and ¢ € H} (D).
Find u(x, t) € HA(Q7), with @7 := Q x (0, T) for some bounded set ,
such that:

MOIJ Uy — u = E XI ( )
with the initial condition

u(x,0) = p(x) VxeQ, (5)

and the boundary condition
u(x,t) =0 Vx e St, (6)

with S7:=5 x (0, T) where S = 99, holds in a weak sense.
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The Problem As Operator Equation

Let A: L2(Q7) — W where W := L2(Q71) x H}(S2) where
Au = {Mou, u(-,0)}.
Hence we can solve the problem by solving the operator equation

AUZ{F,QO}

where F:=f =Y 7 16X,
On the Hilbert space VW we define the inner product of {f1,1} and

{f2, 42} as

({f, 1} R, v )w = (A, 2)12(0r) + (V¥1, Vi2) 12(0y)

1
and the norm on W as || - [|w = (-, )}y
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The Operator A

As D(A) we take elements of the form

@Z}(x)—l—/o X(x,7)dT

where ¢(x), X(x, t) € D(A) for almost all ¢t € [0, T].
Here we can see that these elements are continuous in t.
As D(A) we consider those elements u € H}(Q2) which solve

Au=f

for some f € L2(Q).
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Now for an v € D(A) it holds for v = 1)(x) + fot X(x,7)dT

Av = {AyY(x) + X(x, t) + /Ot AX(x,T)dT, )}

Hence we can conclude that the operator A is densely defined on L?(Q7).
Furthermore we can show that for v € D(A) it holds that

IV V(s )12 FlIvellZ2 g + 1 AVIT2 ) = IV V(5 02y + I MovliZz(g,)-
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The Closure Of A
The operator A admits a closure A. l

This can be shown with the fact that an operator A admits a closure if
and only if for any sequence v, with v, € D(A) with v, — 0 and if
Avm = {fm ¥m} — {f, 1} in the norm of W which can be written as

IHE e} 3y = 11220,y + 1Y% I E2(0r):

implies that f =0 and ¢ = 0.
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From

IV V(s )12y HlIvellF2 g + 1AVIIT2 gy = IVV( 0)lIF2(q) + M oVIIZ2(q,) -

=Ivlla,) =[lAviiw

we can deduce that if Avp, (with vy, € D(A)) converges in W then also v,
converges in the norm of HOA’I(QT) and in the norm supg<;<7 |V - || 12(q)-
This shows that the elements in D(A) are contained in HoA’l(QT) and
they are continuous in t in the H}(2)-norm. The operator A is defined on

its domain as B
Av = {Mov, v(x,0)}.

Furthermore it follows that R(A) = R(A).
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Existence and Uniqueness of the Heat Equation

If we can additionally show that R(A) = W then A exist and is
bounded and the following theorem is valid:

Let F € L2(Q7) and ¢ € H3(Q) then the heat equation has a unique
solution in HOA’I(QT). Furthermore the solution u(x, t) is continous in t.
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Generalized Solution in L%(Q7)

We understand u € L?(Q7) as generalized solution in L?(Q7) if it fulfils

n
/ u(ne + An)dxdt + / en(x,0)dx = / —fn+ Z finx;dxdt
QT Q

QT i=1

for all n € HOA’I(QT) where n(x, T) = 0.

The generalized solution in L2(Q7) is unique if it exists.
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Energy Balance and Integral Identity for Solutions in

Hy (Qr)

From the equation

n of
Mgu.ndxdt:/ n(f + —— )dxdt,
@ @ ,2; Ox;

we obtain

/ —uny + Vu.Vndxdt — / en(x,0)dx + / u(x, t)n(x, t) =
Q: Q Q
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From
n

f;_
Mou.udxdt = / u(f+zg )dxdt,

Q: t i=1 Xi

we can deduce the Energy Balance

1
2

Here f := (f,f, -, fy).
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Generalized Solution In V,°(Qr)

We understand u € V&’O(QT) as generalized solution in VOI’O(QT) if it
fulfils

/ une + Vu.Vndxdt — / en(x,0)dx + / u(x, t)n(x, t) =
3 Q Q

= / fn— Z fimx;dxdt
t i=1
for all n € H}(Q7).
Vol’o(QT) = C([0, T], L2(Q)) N Hé’O(QT) is a Banach space provided with
the norm [ulq, = supo<cer [u(- 82y + V42
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Existence And Uniqueness In Vol‘O(QT)

Let ¢ € L?(Q),f € L>X(Q7) and f; € L>(QT). Then there exists a unique
generalized solution in VO1 2(Qr).

To show this theorem we take sequences ¢pm, fm, fi m with

om € HY(Q), fm € L2(QT), fi.m € HY°(QT) such that v, — ¢ in L2(Q),
fm — £ in L21(Q7) and f; ,, — f; in L2(Q7). Then we show that the limit
of this solution, which is unique, converges to an element in V(}’O(Q-r).
The uniqueness follows form the uniqueness of the generalized solution in

L2(QT).
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Thanks for your attention
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