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Introduction to Maxwell’s Equations

Exercise 3

Problem 1
Let © C R? be open. Show that the extensions by zero 1, E, resp. H of some u € HY(Q), E € R(Q),

resp. H € IS(Q) belong to H1(R?), R(R?), resp. D(R3).

Problem 2 .
Let B,D € C*®(R3,R3), f € C°(R3,R). Show the following Poincaré (potential) formulas:

(i) The function u € C>*(R?) defined by

1
u(x) := /0 x - B(tx)dt
satisfies )
Vu(x) = B(x) +/ te x (rot B)(tx)dt.
0

Especially, for B with rot B =0 it holds Vu = B.
Note the following: Let ¢ € C*(R) be defined by ¢(t) := u(tx) with some @ € C°(R3,R). Then
¢ (t) = & - (Vu)(tz) and hence for B := Va € C=(R3,R?), which implies rot B = 0,

ﬁ(x)—ﬂ(O):gp(l)—go(O):/o w’(t)dt:/o x - B(tz)dt.

(ii) The vector field E € C*°(R?) defined by

satisfies )
rot E(z) = D(z) — / t?z(div D)(tx) d t.
0

Especially, for D with div. D = 0 it holds rot £ = D.

(ii) The vector field H € C*°(R?) defined by

1
H(x) ::/0 t2xf(tz)dt

satisfies div H = f.

Note: There might be some wrong signs in the formulas, which have to be corrected as well. ;)
Hint for (ii): First, prove the formula

rot(B x D) = 0pB — (div B)D + (div D)B — gD

3 3
= D9, B~ (divB)D+ (divD)B— > By, d,D.
n=1

n=1



Problem 3
Let H; and Hy be Hilbert spaces and let

A:D(A) CHy = Hy
be a lddc operator. Show that

0 A"

M= {A 0

is selfadjoint. Similarly, show that

is skew-selfadjoint resp. selfadjoint.

} . D(M) == D(A) x D(A") C Hy x Hy = Hy x Hy;  (2,y) - (A" g, A )



