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Multipatch Domain

• Ω̄ =
N⋃
i=1

Ω̄i

• Interior faces: Fij := Ω̄i ∩ Ω̄j

• Boundary faces Fi ∈ FB

• All faces F := FI ∪ FB
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Multipatch DG IGA Discretization

• Reference domain Ω̂ := (0, 1)d

• TH(Ω) := {Ωi}Ni=1

• d knot-vectors on each subdomain: Ξi
n, n = 1, . . . , d

• Parametric mesh T
(i)

Ω̂
:= Ξi

1 × . . .× Ξi
d := {Êm}Mi

m=1

• T (i)
Ωi

:= {E(i)
m }Mi

m=1

• Assumption: quasi-uniform mesh
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Multipatch Spline Spaces

• For each parametric mesh T
(i)

Ω̂
construct

B̂(i) := span{B̂(i)
j (x̂)}

• with tensor-product splines B̂
(i)
j (x̂) := B̂

(i)
j1

(x̂) . . . B̂
(i)
jd

(x̂)

• Physical spline space B(TH(Ω)) := B(1) × . . .× B(N)

• with B(i) := (B̂(i) ◦ Φ−1
i )
∣∣
Ωi
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Model Problem

−∇ · (α∇u) = f in Ω

u = uD on ∂Ω

With α
∣∣
Ωi

= const =: αi
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DG Notations

vi := v
∣∣
Ωi

On common interfaces Fij ∈ FI :

JvK := vi − vj

{v} :=
1

2
(vi + vj)

On boundary faces Fi ∈ FB:

JvK := vi

{v} := vi
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DG Variational Problem

ah(uh, vh) = l(vh) + pD(uD, vh), ∀vh ∈ B(TH(Ω))

ah(uh, vh) :=

N∑
i=1

(∫
Ωi

αi∇uh∇vhdx− si(uh, vh) + pi(uh, vh)

)
si(uh, vh) :=

∑
F

∫
F

{α∇uh} · nijJvhK + {α∇vh} · nijJuhKds

pi(uh, vh) :=
∑
F

∫
F

µ(
αj

hj
+
αi

hi
)JuhKJvhKds

pD(uD, vh) :=
∑
Fi

∫
Fi

(
µ
α

h
uDvh − αuD∇vn

)
ds
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a(u, v) = −
N∑
i=1

∫
Ωi

∇ · (α∇u)vdx



Introduction Multipatch IGA Variational Formulation Numerical Analysis

a(u, v) = −
N∑
i=1

∫
Ωi

∇ · (α∇u)vdx

=

N∑
i=1

∫
Ωi

α∇u∇vdx−
N∑
i=1

∫
∂Ωi

α∇unvds
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=

N∑
i=1

∫
Ωi

α∇u∇vdx−
N∑
i=1

∫
∂Ωi

α∇unvds

=

N∑
i=1

ai(u, v)−
∑
Fij

∫
Fij

αi∇uivinij + αj∇ujvjnjids−
∑
Fi

∫
Fi

α∇uvnds
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=

N∑
i=1

ai(u, v)−
∑
Fij

∫
Fij

αi∇uivinij + αj∇ujvjnjids−
∑
Fi

∫
Fi

α∇uvnds

=

N∑
i=1

ai(u, v)−
∑
Fij

∫
Fij

Jα∇uvKds−
∑
Fi

∫
Fi

α∇uvnds
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=

N∑
i=1

ai(u, v)−
∑
Fij

∫
Fij

Jα∇uvKds−
∑
Fi

∫
Fi

α∇uvnds

=

N∑
i=1

ai(u, v)−
∑
Fij

∫
Fij

{α∇u}JvK + Jα∇uK{v}ds−
∑
Fi

∫
Fi

α∇uvnds
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=

N∑
i=1

ai(u, v)−
∑
Fij

∫
Fij

{α∇u}JvK + Jα∇uK{v}ds−
∑
Fi

∫
Fi

α∇uvnds

=

N∑
i=1

ai(u, v)−
∑
Fij

∫
Fij

{α∇u}JvK + {α∇v}JuK− µ

h
JuKJvKds

−
∑
Fi

∫
Fi

α∇uvn+ α(u− uD)∇vn− µ

h
(u− uD)vds
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=

N∑
i=1

ai(u, v)−
∑
Fij

∫
Fij

{α∇u}JvK + {α∇v}JuK− µ

h
JuKJvKds

−
∑
Fi

∫
Fi

α∇uvn+ α(u− uD)∇vn− µ

h
(u− uD)vds

=

N∑
i=1

ai(u, v)−
∑
Fij

∫
Fij

{α∇u}JvK + {α∇v}JuK− µ

h
JuKJvKds

−
∑
Fi

∫
Fi

α∇uvn+ αu∇vn− µ

h
uvds
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=

N∑
i=1

ai(u, v)−
∑
Fij

∫
Fij

{α∇u}JvK + {α∇v}JuK− µ

h
JuKJvKds

−
∑
Fi

∫
Fi

α∇uvn+ αu∇vn− µ

h
uvds

=

N∑
i=1

ai(u, v)−
∑
Fij

∫
Fij

{α∇u}JvK + {α∇v}JuK− µ

h
JuKJvKds

−
∑
Fi

∫
Fi

{α∇u}JvK + {α∇v}JuK− µ

h
JuKJvKds
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DG Variational Problem

ah(uh, vh) = l(vh) + pD(uD, vh), ∀vh ∈ B(TH(Ω))

ah(uh, vh) :=

N∑
i=1

(∫
Ωi

αi∇uh∇vhdx− si(uh, vh) + pi(uh, vh)

)
si(uh, vh) :=

∑
F

∫
F

{α∇uh} · nijJvhK + {α∇vh} · nijJuhKds

pi(uh, vh) :=
∑
F

∫
F

µ(
αj

hj
+
αi

hi
)JuhKJvhKds

pD(uD, vh) :=
∑
FB

∫
Fi

(
µ
α

h
uDvh − αuD∇vn

)
ds
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Inverse Inequalities

Lemma 1 (Inverse Inequality)

For uh ∈ B(TH(Ω)), we have

‖∇vh‖L2(Fij) ≤ cIh−
1
2 ‖∇vh‖L2(Ωi)
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Boundedness and Ellipticity

• dG-norm for u ∈ H l
h := H1(Ω) ∩H l(TH(Ω)) + B(TH(Ω))

‖u‖2dG :=

N∑
i=1

(
αi‖∇u(i)‖2L2(Ωi)

+ pi(u
(i), u(i))

)
∀u ∈ H l

h, uh, vh ∈ B(TH(Ω)) we get the following results:

Lemma 2

ah(uh, uh) ≥ C‖uh‖2dG

Lemma 3

ah(u, vh) ≤ C
(
‖u‖2dG +

∑
Fij

h‖{α∇u}‖L2(Fij)

) 1
2 ‖vh‖dG
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Error Estimates (Outlook)

Theorem 4

For the exact solution u ∈ H l
h, l ≥ 2 and the discrete solution

uh ∈ B(TH(Ω)), the following estimate can be shown:

‖u− uh‖dG ≤
N∑
i=1

Ci

hl−1
i +

∑
Fij⊂∂Ωi

αi
hi
hj
hl−1
i

 ‖u‖Hl(Ωi)
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Thank you for your attention!
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