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The Model Problem

For Q C R? the Model Problem is given by:
Find u € V; such that

a(u,v) =(F,v) Vve W,

where Vg := H}(Q) and V; := g + Vo. Here
a(u,v) = /(A(x).Vu(x)).Vv(x)dx,
Q

and

(F,v) ::/Qf(x)v(x)dx,

where A(x) is positive definite, bounded, symmetric and has a bounded
inverse A~1(x) for all x € Q and f € L%(Q).
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Therefore we can define the norms

lulla == \/ /Q (A(x).u(x)).u(x)dx,

and

lulla-r = \//Q(A‘l(X)-U(X))-U(X)d&

for a vector valued function u, which are equivalent to the norm in L2(Q).
It obviously holds
lulla = [|Aufa-1-
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An Error Estimate

Theorem

Let u € V; be the exact solution of the model problem and let u, € V), be
an approximate solution. Furthermore let Cq be the constant from the
"Friedrichs’ like inequality” ||v||;2(q) < CallVv|la for all v € Vo. Then it
holds

IV = Vunlla < [AVun = ylla-s + Gallf + div(y)llz@) Yy € H(div, Q)

v

For the proof see
R Sergey Repin (2008)
A Posteriori Estimates for Partial Differential Equations

Radon Series on Computational and Applied Mathematics 4.

Walter de Gruyter GmbH & Co. KG, 10785 Berlin, Germany.
Hint for Proof: Take a look at the problem a(w, v) = (f + div(y), v).

Endtmayer Bernhard (JKU) Granted & sharp a post. error est. for IGA January 19, 2017 6 /27



Local Error Estimator 1

If we choose y as AV uy, it follows immediately that
IVu—=Vuplla < Callf + div(y)l i),

and therefore we can choose our local error estimators for a cell Q as

nqQ = |ldiv(y) + fll2(q)-

Now can use some marking strategy which marks all cell @ which fulfill
that
nQ > ©,

where © is some bound as for example choosen in such a way that at least
20% are marked. However a numerical example in [Kleiss & Tomar 2015]
showed that this error estimator overestimates the error and even has a
lower convergence rate as the exact error.
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Global Minimization Strategy

From
[Vu—=Vuplla <[[AVup = ylla1+ Callf +div(y)ll2@) Yy € H(div,Q),

it follows that

|V — Vunlla < (1+8) [AVuy — yl3o + (1 + 6)% IF + div(y) 22
N—— ———
=a; =B N—— =B,

‘=ap

=M 2(B.y)

holds for all 5> 0 and y € H(div,). Obviously our majorant Mg(3, y)
fulfills
MZ(B,y) = a1B1 + a»B>.

But how sharp is this estimate?
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Definition

We say a sequence of finite dimensional subspaces {Yj}j‘il of a
Banachspace Y is limit dense if for all ¢ > 0 holds that there exists an
index jz such that for all k > j. and for all y € Y there exists a px € Yx
such that

ly — pelly <e.

Let {Y;};2, be limit dense in H(div,2) then

lim inf  M2(8,y) = ||Vu— Vul3.
e o (B, y) = hlla

One can even show that a1B; — ||Vu — Vuth\ and axBy, — 0.
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Minimizing

To approximate the inf,cy, g~o Mé(ﬁ,y) we iterate the following two
steps

@ Stepl: minimizing over y, € Y.
@ Step2: minimizing over 5 > 0.
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Step 1: Minimizing over y, € Yy

Since it is easier we minimize M2 (3, y) instead of Mg (3, y). This is done
by computing the Gateaux derivative (M2 (y))'(¥) for some arbitrary
function y € H(div,Q) and find y such that

(ME())(7) =0 VyeY.
By using this we end up in

al/(A_ly).j?dx—i—ag/ div(y)div()”/)dx:al/ Vuh.)”/dx+a2/ f.div(y)dx
Q Q Q Q

forall y €Y.
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If we approximate this solution in a finite dimensional subspace Y} we end
up in a linear system
Lnyn = rh,

where Ly can be written as
L, = al/_:}7 + alez,,

and ry as
.1 2
rh = air, + a.

If we use this property we do not have to assemble ry, and Ly, in every step
since we can just compute this linear combination. However this step is
very costly.
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Step 2: Minimizing over § > 0

In this case we can simply use minimization for real numbers. This leads

to the choice of 3 as
B
= Co4/ —=.
b=Cay\g,

The evaluation of By and By is cheap, since they are integral evaluations,
Step 2 is rather cheap compared which the costs of Step 1.
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The Minimization Algorithm

Input: £, up, Co
Output: Mg
e 3 = initial guess
o Assemble L1 [2 r,}, r,f
e while convergence criteria is not fulfilled (and Iter < Maxlter)
o Step 1:
o Lp=(1+B)Ly+(1+ 5)CiL}
o rn=(1+B)r+1+ %)Cérﬁ
e Solve: Lpyn = r, to obtain yy
o Step 2:
o Bi = |Aup — yul3-
o By =||div(yn) + f||i2(:z)
o B=Cay/ %

o end while
o My = \/(1 +8)By + (1+ 1) 3B,
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Local Error Estimator 2

Since we know that a1B; — ||Vu — Vuh||% and a»B> — 0 we use the local
error estimate

77%\) = /Q(Vuh — A7l yy).(AVup, — yp)dx,

to estimate the local error in the cell @. Now we can again mark the cells
with biggest error and refine them afterwards. The error distribution of
this estimator is captured correctly if

ai Bl > C@az 32

for some Cg > 1. Numerical examples showed that the error indicator
L vaiBi . e . 1
lefr == TNu=Vurlla has a similar behaviour as /1 + (o
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Numerical examples

Example 1: In this example we consider Q = (0,1)? and let f, gp be
chosen such that

u(x, y) = sin(6mx)sin(3my).

Here we use the Spline space V), := 5,2,’2
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Comparison of different spaces Y},

For the example we will consider the following three options for the choice
of Y, = Y, 0 G~ ! where G denotes the geometric transformation.

o Case 0: V) = Sﬁ+1’p ® Sﬁ’pﬂ (here Y}, is defined via the Piola
transform)

o Case1l: Y, = Sﬁ+1’p+l ® Sﬁ+1’p+1
o Case 2: Yip = S,’;;:K"’JFK ® SZ;“K’p+K for K =2

o Case 3: Yk, = S,’Z,FK’PJFK ® S,’Z,FK’HK for K =4
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Example 1, Case 0

Table 1

Efficiency index and components of the majorant in Example 1, Case 0, Vi =
2.2 iy 3,2 2.3
5 Y =87 @4

Mesh-size e a1B; ayB, Co

8x8 3.43 2.62e4-01 1.17e+02 0.2
16 x 16 1.92 6.07e—01 6.19e—01 1.0
32 x 32 141 2.29e—02 9.71e—03 2.4
64 x 64 1.20 1.15e—03 2.33e—04 49

128 x 128 1.10 6.51e—05 6.54e—06 10.0
256 x 256 1.05 3.87e—06 1.95e—07 19.8
512 x 512 1.03 2.36e—07 5.94e—09 39.7

Screenshot taken from the paper [Kleiss & Tomar 2015]
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Table 2

Number of DOF and timings in Example 1, Case 0, Vj, = cf:

2§, = 537 @ 8%,

Mesh-size ~ #DOF Assembling-time Solving-time Sum
uy, i pde est %‘E pde est ;%“E pde est ;‘%‘e

8x8 100 220 0.04 0.17 439 =0.01 =0.01 5.16 0.04 0.17 4.40
16 x 16 324 684 0.14 059 425 =0.01 0.01 5.39 0.14 060 426
32 x 32 1156 2380 0.46 217 470 0.01 0.03 471 047 220 470
64 x 64 4356 8844 1.82 851 468 0.03 0.20 6.15 185 870 470
128 x 128 16 900 34060 7.38 34.19 463 0.15 0.87 570 7.54 35.06 4.65
256 x 256 66564 133644 3330 14978 450 0.84 5.66 6.78 34.14 155.44 455
512x512 264196 529420 191.11  766.10 4.01 377 3392 9.00 194.88  800.03 4.11

RIBRL,
RINN L
RIRRLE

AR
AN
AN

(a) 16 x 16.

(b)32 x 32.

(c) 64 x 64,

(d) 128 x 128.

Fig. 4. Cells marked by error estimator with » = 20% in Example 1, Case 0, Vi = rji 2 = 4,?‘2 @ 55‘3.

Screenshot taken from the paper [Kleiss & Tomar 2015]
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Example 1 Case 1

Table 3

Efficiency index and components of the majorant in Example 1, Case 1,

Vh =822 V=8 @ 827

Mesh-size I a;B, B, Co
8x8 277 8.08e+01 1.24e+01 6.5
16 x 16 171 5.75e—01 3.96e—01 1.5
32 x 32 1.32 2.14e—02 7.05e—03 3.0
64 x 64 1.16 1.11e—03 1.78e—04 62
128 x 128 1.08 6.39e—05 5.08e—06 126
256 x 256 1.04 3.83e—06 1.53e—07 250
512 x 512 1.02 2.35e—07 4.69e—09 50.1
Table 4
Number of DOF and timings in Example 1, Case I,\}h = J,zl‘z, )‘/,, = 3,3,'3 ® 5:‘3.
Mesh-size  #DOF Assembling-time Solving-time Sum
Up Yh pde est ‘%Ie pde est ‘%‘e pde est ‘%Ie
8x8 100 242 0.04 011 278 <0.01 <0.01 1.51 0.04 011 276
16 x 16 324 722 0.12 034 286 <0.01 0.01 5.33 0.12 035 290
32 x 32 1156 2450 0.46 135 294 0.01 0.05 7.69 0.47 140 3.01
64 x 64 4356 8978 1.77 530 299 0.03 0.27 8.02 1.80 5557 3109
128 x 128 16900 34322 7.39 2189 296 0.16 1.45 9.26 7.55 2334 3.09
256 x 256 66564 134162 33.00 9469 287 0.84 8.83 10.54 33.84 103.52 3.06
512x 512 264196 530450 191.59  498.20  2.60 3.83 6145 16.06 195.42 559.65 2.86
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Example 1 Case 2

Table 5
Efficiency index and components of the majorant in Example 1, Case 2,
U= 87 = 55 o 4%

Mesh-size Lofr a1B4 B, Co

8x8 14.19 1.59e+03 8.53e+4-02 1.9
16 x 16 8.49 1.97e401 4.32e+00 4.6
32 x 32 1.82 3.05e—02 2.41e—02 1.3
64 x 64 1.16 1.12e—03 1.76e—04 6.4
128 x 128 1.04 6.14e—05 2.24e—06 274

256 x 256 1.01 3.72e—06 3.32e—08 112.0
512 x 512 1.00 2.31e—07 5.13e—10 450.3

Screenshot taken from the paper [Kleiss & Tomar 2015]
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(a) 16 x 16.

REINRLN
FLIERLN

(b)32 x 32.

(c) 64 x 64.

(d) 128 x 128.

Fig. 6. Cells marked by error estimator with y = 20% in Example 1, Case 2, Vi = 5,?'2, Vi = 53,‘,4 ® 5;‘,‘,4.

Table 6
Number of DOF and timings in Example 1, Case 2, U = 4:‘2, = 5;‘;[4 ® J;‘,ﬁ
Mesh-size ~ #DOF Assembling-time Solving-time Sum
t 18 13
up Vh pde est ‘% pde est ‘% pde est %
8x8 100 128 0.03 0.05 139 <0.01 <001 1.16 0.04 0.05 139
16 x 16 324 288 0.14 0.18 1.29 <0.01 <001 0.92 0.14 0.18 128
32 x 32 1156 800 0.54 0.59 1.10 0.01 0.02 2.32 0.55 0.61 111
64 x 64 4356 2592 191 233 1.22 0.04 0.08 2.09 1.95 240 123
128 x 128 16900 9248 7.46 954 128 0.19 051 275 7.64 10.05 132
256 x 256 66564 34848 33.93 39.02 1.15 0.90 2.59 2.88 34.82 41.60 119
512x512 264196 135200 196.23 177.98 091 4.08 1591  3.90 200.31 19389 097

Screenshot taken from the paper [Kleiss & Tomar 2015]
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Example 6

In this example Q = (0,1)? and let f and g be chosen such that the exact
solution is given by the function

—100]|(x.y)—(0.8,0.05)||7, ~100]|(x,y)—(0.8,0.05)]7,

u=(x —y)e

A

Fig. 13. Exact solution, Example 6.

Screenshot taken from the paper [Kleiss & Tomar 2015]
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Screenshot taken from the paper [Kleiss & Tomar 2015]
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(a) Mesh 4.

(d)Mesh7.

(g) Mesh 9.

(b) Cells marked by exact error
onmesh 4.

(c) Cells marked by estimator
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(e) Cells marked by exact error

(f) Cells marked by estimator
onmesh7.
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(h) Cells marked by exact error
onmesh 9.

(i) Cells marked by estimator
onmesh 9.

Screenshot taken from the paper [Kleiss & Tomar 2015]

mayer Bernhard (JKU)

Granted & sharp a post. error est. for IGA

January 19, 2017




Conclusions

@ We presented a local error estimator for isogeometric analysis with a
guaranteed upper bound.

@ This local error estimator captures the region for refinement similar
than the exact local error.

@ The increase of the polynomial degree in the space Y}, does increase
the DOFs just slightly if we compare it to FEM.
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Thank you for your attention!
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