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Section 1

Introduction
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Maxwell’s Equation

∂B

∂t
+ curlE = 0, (Faraday’s law)

∂D

∂t
− curlH = −J, (Ampère’s law)

divD = ρ, (electrical Gauss law)

divB = 0, (magnetic Gauss law).

Material laws

D = εE ,

B = ν(H + M),

J = σE .

Quantities

B .. mag. field J .. el. current

E .. el. field ρ .. el. charge density

D .. el. displacement ε .. el. permittivity

H .. mag. induction ν .. mag. permeability

M .. magnetization σ .. conductivity
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Figure: Motor sector
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Eigenvalue Problem

Find ω ∈ R and u ∈ H0(curl; Ω) such that∫
Ω
µ−1 curl u curl v = ω2

∫
Ω
εu · v ∀v ∈ H0(curl; Ω).

Source Problem

Find u ∈ H0(curl; Ω) such that∫
Ω
µ−1 curl u · curl v − ω2

∫
Ω
εu · v =

∫
Ω
f · v ∀v ∈ H0(curl; Ω).
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physical Domain Ω, and Parametrization F

Ω ⊂ R3: bounded, simply connected Lipschitz domain with

∂Ω: connected boundary

F : Ω̂→ Ω: continuously differentiable geometrical mapping

with continuously differentiable inverse

Sobolev spaces

H(curl; Ω) :=
{
v ∈ L2(Ω)| curl(v) ∈ L2(Ω)

}
H(div; Ω) :=

{
v ∈ L2(Ω)| div(v) ∈ L2(Ω)

}
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De Rham Complex

R −→H1(Ω̂)
ĝrad−−→ H(curl; Ω̂)

ĉurl−−→ H(div; Ω̂)
d̂iv−−→ L2(Ω̂) −→ 0

R −→H1(Ω)
grad−−→ H(curl; Ω)

curl−−→ H(div; Ω)
div−−→ L2(Ω) −→ 0

Exact for Ω (and Ω̂) simply connected.
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Pullback operators

ι0(φ) := φ ◦ F, φ ∈ H1(Ω)

ι1(u) := (DF)T (u ◦ F), u ∈ H(curl; Ω)

ι2(v) := det(DF)(DF)−1(v ◦ F), v ∈ H(div; Ω)

ι3(ϕ) := det(DF)(ϕ ◦ F), ϕ ∈ L2(Ω)
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De Rham Complex

R −→H1(Ω̂)
ĝrad−−→ H(curl; Ω̂)

ĉurl−−→ H(div; Ω̂)
d̂iv−−→ L2(Ω̂) −→ 0

ι0 ↑ ι1 ↑ ι2 ↑ ι3 ↑

R −→H1(Ω)
grad−−→ H(curl; Ω)

curl−−→ H(div; Ω)
div−−→ L2(Ω) −→ 0
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Section 2

B-Splines
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Notation

Σ := {ξ1, ..., ξn+p+1} p-open knot vector

Σ′ := {ξ2, ..., ξn+p}
Bi ,p(ξ) B-spline functions

Sp(Σ) := span{Bi ,p, i = 1, .., n}
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Anchors and Greville Sites

Anchors Greville sites

ξA :=

ξi+ p+1
2

p odd,
ξi+ p

2
+ξi+ p

2 +1

2 p even
γA =

ξi+1+...+ξi+p

p
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Multivariate Case

Σi := {ξi ,1, ..., ξi ,ni+pi+1}
Ap1,...,pd (Σ1, ...,Σd) := Ap1(Σ1)× ...×Apd (Σd)

BA
p1,...,pd

(ξ) = BA1
p1

(ξ1)...BAd
pd

(ξd)

Sp1,...,pd (Σ1, ...,Σd) := span{BA
p1,...,pd

}
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Spline spaces will be high-order extensions of classical low order
Nédélec hexahedral finite elements

Discrete Spaces

X̂ 0
h := Sp1,p2,p3 (Σ1,2,3),

X̂ 1
h := Sp1−1,p2,p3 (Σ′1,Σ2,3)× Sp1,p2−1,p3 (Σ1,Σ

′
2,Σ3)× Sp1,p2,p3−1(Σ1,2,Σ

′
3),

X̂ 2
h := Sp1,p2,3−1(Σ1,Σ

′
2,3)× Sp1−1,p2,p3−1(Σ′1,Σ2,Σ

′
3)× Sp1,2−1,p3 (Σ′1,2,Σ3),

X̂ 3
h := Sp1−1,p2−1,p3−1(Σ′1,Σ

′
2,Σ
′
3).

Discrete De Rham complex

R −→ X̂ 0
h

ĝrad−−→ X̂ 1
h

ĉurl−−→ X̂ 2
h

d̂iv−−→ X̂ 3
h −→ 0

This sequence is exact.
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Spaces on the Physical domain

Discrete De Rham complex

R −→X̂ 0
h

ĝrad−−→ X̂ 1
h

ĉurl−−→ X̂ 2
h

d̂iv−−→ X̂ 3
h −→ 0

ι0 ↑ ι1 ↑ ι2 ↑ ι3 ↑

R −→X 0
h

grad−−→ X 1
h

curl−−→ X 2
h

div−−→ X 3
h −→ 0

Discrete Spaces

X 0
h := {φ : ι0(φ) ∈ X̂ 0

h },

X 1
h := {u : ι1(u) ∈ X̂ 1

h },

X 2
h := {v : ι2(v) ∈ X̂ 2

h },

X 3
h := {ϕ : ι3(ϕ) ∈ X̂ 3

h }.
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Projectors onto the B-spline space

Π̂p1,p2,p3φ :=

n1−1,n2−1,n3−1∑
i1=2,i2=2,i3=2

(λi1,i2,i3φ)Bi1,i2,i3

where λpi are the dual basis functionals in each variable:

λpi B
p
j = δij

Spline preserving property

Π̂0φ̂h := φ̂h, ∀φ̂h ∈ X̂ 0
h

Π̂1ûh := ûh, ∀ûh ∈ X̂ 1
h

Π̂2v̂h := v̂h, ∀v̂h ∈ X̂ 2
h

Π̂3ϕ̂h := ϕ̂h, ∀ϕ̂h ∈ X̂ 3
h
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Projectors onto the B-spline space

R −→H1(Ω̂)
ĝrad−−→ H(curl; Ω̂)

ĉurl−−→ H(div; Ω̂)
d̂iv−−→ L2(Ω̂) −→ 0

Π̂0
0 ↓ Π̂1

0 ↓ Π̂2
0 ↓ Π̂3

0 ↓

R −→X̂ 0
h

ĝrad−−→ X̂ 1
h

ĉurl−−→ X̂ 2
h

d̂iv−−→ X̂ 3
h −→ 0

The same holds also for the physical domain.
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Approximation estimate

Under the assumption γd ≥ αd , d = 1, 2, 3, the following estimates
hold:

‖φ− Π0φ‖H l (Ω) ≤ Chs−l‖φ‖Hs(Ω) ∀φ ∈ H1 ∩ Hs(Ω),

0 ≤ l ≤ s ≤ p + 1, l ≤ α + 1

‖u− Π1u‖H l (Ω) ≤ Chs−l‖u‖Hs(Ω) ∀u ∈ H(curl; Ω) ∩Hs(Ω),

0 ≤ l ≤ s ≤ p, l ≤ α
‖v − Π2v‖H l (Ω) ≤ Chs−l‖v‖Hs(Ω) ∀v ∈ H(div; Ω) ∩Hs(Ω),

0 ≤ l ≤ s ≤ p, l ≤ α
‖ϕ− Π3ϕ‖H l (Ω) ≤ Chs−l‖ϕ‖Hs(Ω) ∀ϕ ∈ L2(Ω) ∩ Hs(Ω),

0 ≤ l ≤ s ≤ p, l ≤ α.
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Approximation estimate (Energy Norm)

The following inequalities hold for 0 ≤ l ≤ s ≤ p, l ≤ α:

‖φ− Π0φ‖H l+1(Ω) ≤ Chs−l‖φ‖Hs+1(Ω)

∀φ ∈ Hs+1(Ω),

‖u− Π1u‖Hl (curl;Ω) ≤ Chs−l‖u‖Hs(curl;Ω)

∀u ∈ Hs(curl; Ω),

‖v − Π2v‖Hl (div;Ω) ≤ Chs−l‖v‖Hs(div;Ω)

∀v ∈ Hs(div; Ω),

‖ϕ− Π3ϕ‖H l (Ω) ≤ Chs−l‖ϕ‖Hs(Ω)

∀ϕ ∈ Hs(Ω).
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Multi-patch domain

Conformity across the interface

If the De-Rham complex is fulfilled on each patch:

trace continuity on X 0
h

tangential trace continuity on X 1
h

normal trace continuity on X 2
h

no continuity on X 3
h

Geometrical Conformity

On each non-empty patch interface Γ the spaces X 0
h,k1

and X 0
h,k2

coincide, as the corresponding bases do.
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Section 3

T-Splines
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Notation

Σi := {ξi ,1, ..., ξi ,ni+pi+1}
Ap1,...,pd (Σ1, ...,Σd) := Ap1(Σ1)× ...×Apd (Σd)

BA
p1,...,pd

(ξ) = B[ΣA
1 ](ξ1)...B[ΣA

d ](ξd)

Tp1,...,pd (M) := span{BA
p1,...,pd

: A ∈ Ap1,...,pd (M)}
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2D De Rham Complex

We have to modify the mesh not only at the boundary but also at
the T-junctions.

Ŷ 0
h := Tp,p(M0)

Ŷ 1
h := Tp−1,p(M1

1)× Tp,p−1(M1
2)

Ŷ 1∗
h := Tp,p−1(M1

2)× Tp−1,p(M1
1)

Ŷ 2
h := Tp−1,p−1(M2)

De Rham Complex

R −→ Ŷ 0
h

ĝrad−−→ Ŷ 1
h

ĉurl−−→ Ŷ 2
h −→ 0

R −→ Ŷ 0
h

ĉurl−−→ Ŷ 1∗
h

d̂iv−−→ Ŷ 2
h −→ 0
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3D De Rham Complex

X̂ 0
h := Ŷ 0

h × Sp(Σ)

X̂ 1
h := [Ŷ 1

h × Sp(Σ)]× [Ŷ 0
h × Sp−1(Σ′)]

X̂ 2
h := [Ŷ 1∗

h × Sp−1(Σ′)]× [Ŷ 2
h × Sp(Σ)]

Ŷ 3
h := Ŷ 2

h × Sp−1(Σ′)

De Rham Complex

R −→ X̂ 0
h

ĝrad−−→ X̂ 1
h

ĉurl−−→ X̂ 2
h

d̂iv−−→ X̂ 3
h −→ 0
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Section 4

Examples
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Eigenvalue Problem

Find ω ∈ R and u ∈ H0(curl; Ω) such that∫
Ω
µ−1 curl u curl v = ω2

∫
Ω
εu · v ∀v ∈ H0(curl; Ω).

Aim is to show that there are no spurious modes with T-splines.
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Results: Square
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Results: Square
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Results: L-Shape Domain 3d

With suitable refinement due to the reentrant edge:
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Results: L-Shape Domain 3d

The method is free of spurious modes.
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Source Problem

Find u ∈ H0(curl; Ω) such that∫
Ω
µ−1 curl u · curl v − ω2

∫
Ω
εu · v =

∫
Ω
f · v ∀v ∈ H0(curl; Ω),
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Results: Three quarters of a cylinder

T- and B-spline of degree 3.
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Thank you for your attention!
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