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Generate (by hand) the system of finite equations for the mixed boundary value

problem
—Au(z1,29) = 0, V(r1,29) € Q:=(0,1) x (0,1), (3.17)
w(zy,0) = 11—z, VYV €[0,1], (3.18)
u(zy,1) = 0, Va; €]0,1], (3.19)
w(0,29) = 1—1m9, Vay€]0,1], (3.20)
Uz, (1,29) = x9—1, Vg€ (0,1). (3.21)

assuming the triangulation shown in the figure below, where u,, denotes the partial
derivatives of u with respect to x1. Solve (by hand) the system of f.e. equations !
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3.3 Properties of Systems of Finite Elements Equations

Prove the inheritance identity

(Khﬂh,ﬁh) = a(up,vp) YV, v, < up,vn € Vo ! (3.22)

Show that the eigenvalue estimates from Theorem 2.4 are sharp with respect to
h-order by proving the statement: there exist h-independent positive constants ¢y
and ¢ satisfying the estimates:

Amin (Kn) < Q};hd and  Amax(Kp) > EEhdd- (3.23)

Hint: Consider the special 1d (d = 1) boundary value problem —u” = f on (0, 1)
with the Dirichlet boundary conditions u(0) = u(1) = 0, and use the Rayleigh
quotient representation of the minimal and maximal eigenvalues !

Show that, for a regular triagulation according to Definition 2.3, there exist h-
independent positive constants ¢, and ¢, satisfying the inequalities

coh® (v, v) < (Mywy,, ) < Coh®(uy, v) (3.24)

for all v, € R where M, denotes the mass matrix defined by the identity

(Myuy,,v,,) = / up(x)vp(x)dr Yy, vy, <> up, v, € Vop. (3.25)
Q

Let A = A\Lax be the maximal eigenvalue of the generalized eigenvalue problem
Ky, = AMpu, (3.26)
and let A\, = A\, max be the maximal eigenvalues of generalized eigenvalue problems
Ky = 2 My, (3.27)
where K" and M(" denote the (local) element stiffness and mass matrices (r =

1,2,...,Ry), i.e., it holds

Rh Rh
Kp=Y CEK’CT wd M,=Y CM"CT.

r=1 r=1

Show the eigenvalue estimate

A< max A\ (3.28)
r=1,2,...,Rp



