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17 Show that

‖u‖∗W 2
2 (Ω) =

(∫
ΓD

|u|2ds+

∫
ΓD

|∂nu|2ds+ |u|2W 2
2 (Ω)

)1/2

defines a new norm in W 2
2 (Ω) that is equivalent to the standard norm

‖u‖W 2
2 (Ω) =

∑
|α|≤2

∫
Ω

|∂αu|2dx

1/2

=

(∫
Ω

|u|2dx+

∫
Ω

|∇u|2dx+ |u|2W 2
2 (Ω)

)1/2

,

where ΓD ⊂ Γ = ∂Ω with measd−1(ΓD) > 0, ∂nu(x) = ∂u
∂n

(x) = (∇u(x), n(x)) =
∇u(x)Tn(x) = ∇u(x) • n(x), and |u|W 2

2 (Ω) = (
∑
|α|=2

∫
Ω
|∂αu|2dx)1/2 denotes the

standard semi-norm in W 2
2 (Ω).

18 Show that there exists a positive constant c0 = const > 0 and c1 = const > 0 such
that ∫

Π

(u(x))2dx ≤ c0

(∫
Π

u(x) dx

)2

+ c1

∫
Π

|∇u(x)|2dx ∀u ∈ H1(Π)

with c0 =? and c1 =?, where Π := {x = (x1, x2) ∈ R2 : ai < xi < bi, i = 1, 2}.

© Hint: Use the representation

u(y1, y2)− u(x1, x2) =

∫ y2

x2

∂u

∂ξ2

(y1, ξ2)dξ2 +

∫ y1

x1

∂u

∂ξ1

(ξ1, x2)dξ1

19 Show that the inequalities

inf
q∈R

∫
Ω

|u(x)− q|2dx ≤ c2

∫
Ω

|∇u(x)|2dx ∀u ∈ W 1
2 (Ω) = H1(Ω)

and∫
Ω

|u(x)|2dx ≤ 1

|Ω|

(∫
Ω

u(x) dx

)2

+ c2

∫
Ω

|∇u(x)|2dx ∀u ∈ W 1
2 (Ω) = H1(Ω)

are equivalent !
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20 Let us consider the quadrature rule∫
∆

u(ξ)dξ ≈ u(ξ∗)|∆|,

with the unit triangle ∆ = {ξ = (ξ1, ξ2) ∈ R2 : 0 < ξ2 < 1 − ξ1, 0 < ξ1 < 1} and
the integration point ξ∗ = (1/3, 1/3). Show that there exists a positive constant
c = const. > 0 such that

|
∫

∆

u(ξ)dξ − u(ξ∗)|∆| | ≤ c |u|H2(∆) ∀u ∈ H2(∆).

Hint: In 2D (d = 2), H2(∆) is continuously (even compactly) embedded in C(∆),
i.e. there exists cE = const. > 0 : ‖u‖C(∆) := maxξ∈∆ |u(ξ)| ≤ cE‖u‖H2(∆).

21 Show that, for sufficiently smooth functions, e.g. for u, v ∈ H(curl) ∩ [C1(Ω)]3, the
curl-IbyP-formula∫

Ω

curl(u) · v dx =

∫
Ω

u · curl(v) dx−
∫

Γ

(u× n) · v ds (2.12)

is valid. Hint: Use the classical IbyP-formula for the proof of (2.12) !
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