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Variational solution

Local regularity
m Interior regularity

m Local regularity up to the boundary away from vertices and in 3d
in addition edges

Katharina Rafetseder () Variational Solutions and Classical Regularity 6. November 2013 2/33



Outline

Variational solution
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Classical formulation

Au=f inQ

u=0 onl;,jeD
ou .
67,-_0 onlj,jeN

Variational formulation
Findue V:={ue H'(Q):yju=0o0nT;,je D}

/Vu.Vvdx:—/fvdx, YvevV
Q Q
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® D not empty

ctlVlga) < VI @) < ClVip), YveV
V is a Hilbert space for the scalar product

/ Vu.Vvdx = a(u,v)
Q

Riesz Theorem
—/ fv dx
Q
Bounded linear functional on V (assume f € L2(Q))

HQueV:a(uv)= /fvdx YveV

m D empty
Replace V by factor space V /R
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In what sense u fulfills the classical formulation?

—/Vu.Vvdx:/fvdx, Vv € D(Q) = CF(Q)
Q Q

<Au,v>=<fv> VveDQ)
Au=f inD(Q)

Since u € H'(Q) and its distributive Laplace Au = f is a regular
distribution

Au=f inl3Q)

Dirichlet boundary conditions: vju=0onT;, j€ D

Neumann boundary conditions: not obvious so far
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Neumann boundary conditions in 2d

Au=f inl2(Q)
ue E(A,L2(Q)) == {ue H'(Q) : Au € [3(Q)}

ou
/QVU.VV ax = — /Q vidx + ; < ’)’j(ayj),’}/jv >Fl—‘/2(rj)X:‘:/1/2(rj)

Vv e Vst v e HY2(T)),vj

ou
> < ay; )7 1Y > Rve i )= O
/

jE€N: ~visan arbitrary function in H'/2(T))

(99 o inftr2y v
7/<8V/_>_0 in H (M), vieN
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Theorem

Q polygonal domain in R?, u € H'(Q) fulfills conditions:
SAu=f inl%(Q)

-yju=0 onl;jeD

“(Fe) =0 inHTVAT),jeN

u € V and is unique variational solution of

/Vu.Vvdx——/fvdx, YveV
Q Q
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The subspace of functions in V which vanish near the corners is dense
in V.

For v € V, which vanishes near the corners

ou
/QVU.VV ax = — /Q Auvdx + zj: < wj(a—yj),fij > F=172(rj)xF/2(T)

- 0, jeD (yv=0)
“/Q”Vd“;{o, JEN (gL =0in FA(T)
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Proof of Lemma

Know H?(Q) N V is dense in V.

= Approximate function v € H2(Q) N V by functions which in addition
vanish near the corners

Truncation near the corners:

m Truncation function

Hw(m f, ) ), ¥ € C=([0, o0[) + truncation prop.
s

B v, vanishes near the corners.
B Yn(X)=1ifr(X)> L vm
u |1/Jm‘ S 1a ‘V'(/)m‘ S Kma Supp(VTpm) g U/ B('S/7 15)
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m v e H2(Q)N V define vy = Ymv
— functions vy, vanish near corners

mYm: |Vl < C  (bounded in V)

m V Hilbert space: Every bounded sequence in V contains a weakly
convergent subsequence.

Yve H3 Q) NV 3(vm,): Vi, — Vv

m Sobolev’s Embedding Theorem
v e HA(Q) — C(Q)

weak density <> strong density
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Local regularity
m Interior regularity

m Local regularity up to the boundary away from vertices and in 3d in
addition edges
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Letu € H'(R™) and Au € L?(R") then u € H?(R™).

Plancherel Theorem

1Fgllizrny = I9lli2em, Vg € LA(R")
| FAUl 2@ny = AUl 2gny < o0

Fourier transform of a differential operator with const. coefficients

F(L(D)u)(p) = L(ip)Fu(p), L symbol of the differential operator

- Z piPFu(p) = —|pPFu(p)

1o Ful) Py = | (Zp,) Fu()P dp = [| AR agm < o0

Katharina Rafetseder () Variational Solutions and Classical Regularity 6. November 2013 13/33



H? semi-norm

HV2U||2L2(Rn) = H}—VZUHQLZ(R"

2
/Rn Z ‘ 6x,8x, /Rn Z ‘fax,(?x ’ dp

Fourier transform of derivatives

F(D*u)(p) = i*lp° Fu(p)

ou 2
F(axlaxj)(p) =1 plpj]:u(p)

:/Rn<i p,-2p/-2)\]-'u(p)}2dp:/ <Zp,> \Fu(p)|?dp < oo

ij=1
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Theorem (Interior regularity)
Let u € V be the variational solution of

/Vu.Vvdx:—/fvdx, YveV
Q Q

then pu € H?(Q), Yo € D(Q).

V:i={veH(Q):yv=00nT; j€e D}
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w = pu, p € D(Q)
w € H'(R") (W continuation of w by 0 outside Q)
For v € H'(R"):
Vw.Vvdx = / V(pu).Vvdx
RP Q

:/ qup.Vvder/goVu.Vvdx
Q Q

~~

/ [l

| = —/ V.(UV(p)VdX—i—/’yU’yVch.l/ do = —/(VU.V(p+UAg0)VdX
Q r Q

Katharina Rafetseder () Variational Solutions and Classical Regularity 6. November 2013 16/33



u variat. sol., Vv € V:={v e H'(Q) : ;v =0onT;,j € D}

/Vu.Vvdx:—/fvdx
Q Q

veH R,V :=pveV

/ Vu.V(pv)dx = / vVWuVe+ oVu. Vv dx = / fovdx
Q Q T Q
Vw.Vvdx = —/ (2Vu.Vy + ulp + fo)vdx, Yve H'(R")
Q

~—
=geL?(Q), GeLA(RM) 2D(R")

RI’I

AW=§ inD@R")=AW=5 inl2(R")

Lemma: w € H3(R") = w = pu € H3(Q)
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Theorem (Local regularity up to the boundary away from vertices

and in 3d in addition edges)
Let u € V be the variational solution of

/Vu.Vvdx:—/fvdx, YveV
Q Q

then pu € H?(Q), Vo € D(Q) whose support intersects T only at
interior points of the T ;.

D(Q) := restrictions to Q of functions in D(R").

Only proof a special case:

0
oo _ Oy _ _
ango.(0> 6x,,_o onx,=0
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Case: ke N
W= ou

w € H'(H := {x, > 0}) (W continuation of w by 0 outside Q)
For v € H'(H):

/Vv"v.Vvdx:/V(gou).Vvdx:/ chp.Vvder/goVu.Vvdx
H Q Q Q

/ )

I-—/V.(Uch)VdX—i—Z/ YjuyjvVe.vido
Q —Jr;
J /

:frk YUYk VVQO.I/k do=0

Katharina Rafetseder () Variational Solutions and Classical Regularity

6. November 2013



u variat. sol., Vv € V:={v e H(Q) : ;v =0o0nT,,j € D}

/Vu.Vvdx:—/fvdx
Q Q

veH' (H), v :=pveV (supp(yp)only meets a Neumann boundary)

/ Vu.V(pv)dx = / vWu Ve + oVu.Vv dx = —/ fovdx
Q Q — Q

(%) / V.YV dx = —/ (2VU.Vi + ulp + o) vax, Yve H'(H)
H Q

:=g€el?(Q), gel?(H)
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Even reflection through {x, = 0}

WX, xp) = w(x', Xn) ,Xn >0
w(x', —Xn) ,Xn <0
W e H'(R") ?
7 /
VWX, xn) = VWN(X , Xn) ,Xn >0
V(w(x', —xp)) ,Xn <0

Y € D(RM)3 / VW(X’,xn).¢dx:/ +/ ceo=
RN {xn>0} {xn<0}

=— | WK, x,)Vdx+ / (YW(X', Xn) — yW(X', —Xp)).v do
Rn
{xn=0}

YW(X', Xn) =yW(x',—xp) onx,=0 Vv
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10 O
Vw(x',—xp))=(0 1 0 | (Vw)(X, —xp)
(o 0 1) g

z

For v € H'(R™):

VWVvdx_/Vw(x Xn).-Vvdx + / V(W(x', —xn)).Vvdx

{xn<0}

10 O
—/Q(x’,xn)vder / 0 1 0 | (VW)(X,—xn).VV(X, Xp) dx
00 —1 el

H {Xn<0} z

Rn
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Transformation

, , og (190
9(X', xn) = (X', —Xn), X 01 0], |det—=|=1
X \o o

ox

1 0 O
/ 01 0 |VWwX,z).(VxV)(X, —z)dx
2oy \0 0 —1 M
10 0 10 0\
= 01 0 |Vwx,z).[{0 1 0 Vz(v(x',—z)) dx
~——
{z>0} 00 -1 00 1 =:0(x,2)
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- Q(X/7 Z)‘,}(X/a Z) ax = — Q(X/a _Xn) Q(X/7 —Xn) ax
—_——

H={z>0} {xn<0} =v(x’,Xn)
P !/
G(X xp) = L IV H) o Xe =0 g oy
a(x’', —xn) ,Xn <0
VW.Vvdx=— | Gvdx, VYveH'(R") DDR"
RN RrR7

AW=G inD'R"Y=AW =G inL[3R")
Lemma: W € H3(R") = w = pu € H?(Q)
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Case: ke D
W= pou

w € H'(H := {x, > 0}) (W continuation of w by 0 outside Q)
Forv e {ve H'(H): vv=0onT}:

/Vv"v.Vvdx:/V(gou).Vvdx:/ chp.Vvder/goVu.Vvdx
H Q Q Q

/ )

I-—/V.(Uch)VdX—i—Z/ YjuyjvVe.vido
Q —Jr;
J /

=frk ViU VV p.vg do=0
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u variat. sol., vv € V:= {v e H'(Q) : ;v =0o0nT},j € D}

/Vu.Vvdx:—/fvdx
Q Q

ve{veH' (H):wv=0o0nTk}, v :=pveV

/VU.V(gov)dx—/ vWu Ve + oVu.Vv dx——/ fovdx
Q Q T Q

(*) / Vw.Vvdx = —/ (2Vu.Vy + ulp + fp) v dx,
H Q hd
:=g€l?(Q), gel?(H)
vYve{veH (H): vwv=0o0onT}
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Odd reflection through {x, = 0}

4 !
WX x) = W(NX , Xn) ,Xn >0
—w(x', —xpn) ,Xn <0
We H' (R") ?
> !
VW(X/,Xn) — VW()S ’Xﬂ) an > 0
—V(Ww(x', —xp)) ,Xn <0

Y € D(RM?3 / VW(X', xp) b dx = ..
=— W(x', xn).V¢ dx + / (YW(X', Xn) — (—yW(X', —Xn))).v do
RI’I
{xn=0}

YW(X' Xp) = —yW(X',—Xp) onx,=0 v (w=uU)
= =0
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For v € H'(R"):

VWVvdx—/VW(X Xn).Vvdx + / —V(W(X', —xn)).Vvdx
Rn

{xn<0}

V(X' xp).Vv(X', x5) dx + —Vw(x',2).VV(x', z)dx

H={z>0}
= /VVV(X’,X,,).V(V(X’,X,,) — (X', xn)) dx
H
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=— / 9(x', xn)(v(X', Xn) — V(X', Xp)) dx

{xn>0}
=— / a(x’'s —xn)v(X', Xxn) — / —9(x’', —xn) V(x', —x5) dx
——
{Xn>0} {Xn>0} :V(X’,Xn)
G(X, xy) 1= { I+ 0) >0 e e 12w
’ —9(x',—xpn) ., Xxn <0’
VW.Vvdx=— | Gvdx, VveH'(R") DDR"
Rn Rn

AW=G inD([R")=AW=G inl?(R")
Lemma: W € H3(R") = w = pu € H?(Q)
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Local regularity away from vertices and in 3d in addition edges:

The variational solution u € H?('), ¥ open subset Q' of Q s.t. its
closure Q' does not meet the vertices and in 3d in addition the edges.

Choose ¢ as plateau function:
mpo=1in
m supp(y) = Q'
m 92 =00naQ
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Neumann boundary conditions in 3d

Choose ¢ € D():

- whose support meets only interior points of ',
- gfk =0onTyg

Theorem: w := pu € H?(Q)
o)\ _ (0% [ ,ouN_ . (94
w( Dk )—w(uaykﬂoayk =9\ g, ) O" Mk
/VW.Vvdx:/gvdx, YveV
Q Q
/VW.Vvdx:—/vaderZ/ fijﬁyj<5(90u)> do, WveV
Q Q F r 8V/’

:/gvdx+/ 7kV4p7k<8u> do, VYveV
Q Iy Ovk
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/'YkVSD’Yk(aa >d0—07 YveV
Ik

k € N = ~v is an arbitrary function in I:I%(Fk)

ou
Pk 3V
ou o
Tk <3Vk> =0 inHz(w),

V open set w whose closure & is contained in Ik

0 inHz(y)
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