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Singularities in BVP

0 ou

ou

L = —— H b,'— :f7 [
u Bx; (ajaxj>+ 8Xj+au in

ou

uls, =0, <a,-J'8—N +ou

>|52:0

Q

Cases of Singularities:
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Discontinuous coefficients (aj;).

Discontinuous right-hand side (f).

Jump in boundary data.

Domains with corner points.




Domains with corner points
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Recap...

—Au+u=FfinQ C R?

ou
n =0ondN2:=S

Find ue H= W21(Q) .

LQ(Ua(b) = (f7¢)Qy V(b cH

where
> U= UR + Us
ur— Regular part.

v

v

v

A=n/fand1/2 < X< 1.

v

Us =3 perc1 is Singular part.

&(r)— smooth cut-off function.
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Construction of Graded Mesh

Aim : To construct a mesh such that node distribution
becomes denser towards the singular point.

let h>0

ri=(ih)Y*, i=0,...,N

w T, = h;:I’,'—I’,'_l, i:].,...,N
S =+ 89 N p _
‘ with 0 < ¢ < 1 and
: N = [h1].




Example : 1D Graded Mesh

1D graded mesh
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Figure

: 1D graded mesh with varying




Example : L-Shape Graded Mesh

graded mesh with © = 0.4

2D triangular graded mesh
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2D triangular graded mesh
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Example : Curved domain

» Shis located exterior to
Q(S"nQ=0)
» nodesx € S"AzeD:
dist(x,S) < 6h? =
O(h?)
» nodes x € S"Az e
dist(x, S) < 6h?

Domain with polygon
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sh — UN oh node description

i=1%j
» nodes oh
(fjh) € wjh| > Loh; J

> (PN D =0:1¢]] > Loh
where (o, 0 # C(h).

Triangulation (75,) of Q7 : Conditions to satisfy:
1. 6,0 €Tp:6Nn08 = {0,joint vertex, joint edge}

> §019,~7£@:€1h,-§€:|e|§€2h,-, Ve € 96
s SAD=0:0h<(—l|e|<loh Vecds

2. 05 >0y =const. >0 Voe&T,
3. N = {8 €Tp: 6N < Noi
where 51,52, NO 75 C(h)




Figure : F.igure :
dist(S, S") = O(h?) dist(S, S") = O(h)

bad condition number in the case of natural BC (right figure).



Remark
» Rj, := number of nodes = O(h~2).
» number of nodes not located in D = O(h~2)

» number of nodes (M) located in D is :
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FE-Scheme Error Estimates

Find u € Wi(Q):

LQ(U7 ¢) = (f7 ¢)Q V(b €EH

Find
v € Hy=SYQh,):

LQ(‘7~¢) = (f~¢)Q V¢ € Hp




Cea's Lemma : [[u — 7||1.0 < Cmingen, [[u — ¢[l1,0

> u=y)+we Hwith we WA(Q) c WZ(Q)
Interpolant :

> [y : Lo — Hy .

> 0 =Mhu =My +Tpw =y + W € Hy

|u—"Vl1a < Cllu— il qn

» Foro=AecT,:¢v=0,ieu=w

lu =Bl o = llw — [ 5 < CH?lwli3




CASE | : AN [y Uds] # 0 : Show

=l s < € (VP + 12 wi3)

Ideas for Proof:

r < Cht/m
I3 4 < CHE and |3, < CHPM e,

Cw = w|2 4 < CRPw|E

M= TR < A (017 + IF1E ) + 20w = W

A w N




CASE Il : AN U] =0

i=1

N
- 22 DA _
lu— @l <C [h bly? <1+Z' g 4) + thW\g,Q]

Ideas for Proof:

) |D2¢|2 < Cr22—4
w = VNVHiA < CthWH%,D

Mu=l} s < € (B P + RIwlEg)

sum over all triangles A € T,

A w0 NN




> For p=1

N
Y i< C<oo, YN

~ A
lu=Vl[1,qn < Ch*[[f]lo,0

> For <A ie 4 >1

N
IN ©

i=1

|u—=Vl[1,0n < Chl[floq
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Construction of Graded Mesh: IGA

» Example : L-Shape with 2 patches

—Au=0 in Q
u=gp ondQ

u(x,y) = (x> +
yj}l/; sin((2arctan(y/x) +
m)/3).

> lu— unll2 = O(h*73).
> lu— unllm = O(H*73).

Knot Vector
> Z12={0,0,1,1}.
» p =1 (bilinear FEM).

Solution
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Figure : L-Shape solution on
multi-patch.



» Gradient of the solution.

Gradient of Solution Gradient of Solution

VU]

Ref: [http://www.math.uci.edu/chenlong/226/Ch4AFEM.pdf]




» Knot Vector Grading: insert knots closer to singularity.

L, Error Estimate for Graded Mesh versus DOFs
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Figure : Ly-Errors of graded mesh plotted against DOFs.



Errors

H? Error Estimate for Graded Mesh versus DOFs
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Figure :

H'-Errors of graded mesh plotted against DOFs.



Conclusion

1. For u =1, the convergence rate for p > 1 is
> Jlu = nll2 = O(H/3).
» lu— unll = O(B23).
2. Knot grading with 0 < u < 0.6
> Jlu = nlliz = O(K?).
> [lu— sl = O(h).
3. Remarks on the artifacts in errors:
» condition number of matrix deteriorates for u — 0.
> related solver issues.
» computation of the H'—norm close to the singularity.
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