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Recap...

» Variational Solution (see talk by K. Rafetseder):

Classical Formulation

Variational Formulation

Au=finQ c R?
u=0onl;, j€D
ou

a—yijonrj,jEN

Find ue V:

/Vu~Vvdx:—/fvdx, YveV
Q Q

» where

V = {u € H(Q);yju=0o0nT},j € D}

» Classical Formulation <= Variational Formulation
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Theorem
Let Q be a polygonal domain in R?; if u € HY(Q) fulfills conditions

» Au=finL%(Q).

> yju=0inHY(T}), je€ D

- (G2) = 0inH V(). jEN
then 3lu € V of

/Vu-Vvdx:—/fvdx, YveV
Q Q

LR =



Lemma
Let u € HY(R") and Au € L?(R") then u € H*(R").

Theorem (Interior Regularity)
Let u € V be the variational solution of

/Vu-Vvdx:—/fvdx, YveV
Q Q

then pu € H3(Q),Vy € D(Q).

Theorem (Local regularity up boundary)

Let u € V be the variational solution of
/Vu-Vvdx:—/ fvdx, VvevVv
Q Q

then pu € H?3(Q),Vy € D(Q) whose support intersects I only at
interior points of T;.



Recap: Fredholm Property

A V2S5 R(AVH + N =L13(Q)

» Complete characterization of N (see talk by W. Krendl):

if v € N then v € D(A; L%(Q)),

Av=20
’YJVZO,jED
v (Ovdv;) =0, j €N

»veN=veC®Q\U;UsS))



Fredholm Property

A V24X = R(A; V) + N = L3(Q)

» Corner behaviour (see talk by P. Gangl)

» N =TR(A; V)
» Augment space V2 by X C H5(Q) with s € (1,2) s.t A is

surjective onto L%(Q)
Then : f € L?(Q) = u € H3(Q)

> U= UR + Us




A: V24X = R(A; V) 4+ N =L13(Q)

» v € N near Dirichlet corners (S;)

» Transition to about Sj; (r,0) = (x1,x2) .
» Ansatz : v(r,0) = rro(0) = —¢"(0) = —\2p(0)
» Expansion of v € N,V(r,8) € (0,p) x (0,w;)

v(r,0) = Z Amrimp; m(0) + Z Bmt ™m0 m(6)

m>1 0<j m<1

and
am| < LVmp™ %", am, Bm € R




A V24X = R(A; V) + N = L3(Q)

» Match expansions:
For each j and each \j , € (0,1),30jm e N :

i m
jm =it " 0jm(0) € H(Q)

> dim(N) =3 ;card{Ajm: 0 < A\jm <1}

Oifwj<m
Lifwj>m

mm

jEDandj+1eD<)\j7m:—>:{

wj




A: V24X = R(A VA +N=L%Q)

Derivation of Singular solution :
» A(V2 4+ X) = L2(Q)
» X CH(Q),1<s<?2
> Let S m(rj.0;) = nj(rj)rj)‘j’"’tpj,m(@) and F; p, as its Laplacian :
Fjm = ASjm € (D)

» S; m is the variational solution to

As_hm == j’m
V«Sj,m =0 fork € D
Yk (0Sj,m/Ovi) =0 fork e N




Sj,m(rj, 0j) = 77j(rj)rj-/\j’m<,0j,m((9j) satisfies
> Sjm € HY(SQ) for Ajm >0
> Sim¢ H?(Q) for 0 < Ajm<l1
» {Sjm} and {AS; ,,} linearly independent.

Fj.m is not orthogonal to N if \; ,, < 1.




A:VZ4X = R(A; V) 4+ N = L3(Q)

» For f € L?(Q),3!u € V of variational problem Vv € V and
g m:

UR ‘= u — Z Z Cj,msj,m € Hz(Q)

J 0<>\j,m<1

» For each corner S; : u € H*(|Js(S))) for every s <2
s<14infp{Ajm:0<Am<1}

> Globally: u e H*(Q) for every s <2
s<1+4 infj,m{)\j,m 0 < )\j,m < 1}




Classical Formulation

Au="FfinQ
u=0onT;,jeD
ou )
8_]/1-_00” 7},_/ EN
where

Q=0QxR, QcR?
Ti=T; xR



Variational Formulation

Given f € L?(Q),3ue W

/Vu-Vvdx:—/fvdx, Yve W
Q Q

where

W :={ue HY(Q);yju=00nT;,j € D}




Classical Formulation

Variational Formulation

Au=FfinQ
u=0onTj, jeD
ou

a—yijonTj,jEN

Find ue W :

/Vu~Vvdx:—/fvdx, Yve W
Q Q

» where

W = {u € H(Q);yju=00nT;,j € D}

» Classical Formulation <= Variational Formulation v/




Fredholm Property

A= A 1) V24 X = R(A; V?) + N(= N¢) = [2(Q)

» Corner behaviour (see talk by P. Gangl) = Edge behaviour

» NE=R(A —£21; v2)+
» Augment space V2 by X C H5(Q) with s € (1,2) s.t A is

surjective onto L?(Q)
Then : f € L2(Q) = u € H3(Q)

> U= Ur -+ Us




Fourier Transform
Definition

if u € L1(R"), then Fourier transform & is defined as

1

i(y) = W

/ e XYu(x)dx, y€eR"

Properties

Assume u,v € Lr(R"). Then
> fgouVdx =[5, 00 dy.
» (Dou) = (iy)*@, Va such that D®u € [2(R").
> ifu,v e LL(R") N LA(R"), then (u* v) = (27)"/200.

> u=(2)

b€ HS(R") <= (1+ [£[2)%/24(€) € Lo(R")




Consider Fourier transform w.r.t x3

a(x', &) —igxsy, u(x',x3) dxs, X' = (x1,x)

Vb

Applying Fourier tranform to BVP yields

A —&n= ?nQ VE eR
u=0onl;, jeD

ou .
&—VJZOOn rJ,_]EN

where
» A=Ay
0
> Fyp i Au dx;;—f:O.



3D to 2D

Theorem
Let u € W be the variational solution of

/ Vu-Vvdx = —/ fvdx, VveWw.
Q Q
Then for almost every £ € R, 1 € V is the variational solution of

/V’0~V’de'+§2/ﬁwdx:—/?wdx', Yw e V.
Q Q Q

where
> V/ = VX/



Edge Behaviour

A—E1: V24X = R(A - €1 V) + NE=L2(Q)

» For f € L?(Q),3!0 € V of variational problem Vv € V and
3¢ m(€) :
> fl( ) br(x', €) + bs(x',€)
(x',s) 5 (Zocn et Gm(€)e 75)m(x))
R) € H*(Q)
(AS) 2 Yoenmet T (Gm(€)e™ )] 5jm(x')
> :UR:U_Z Zo<A,m<1[ 15,m(x')



Theorem (Basic result)

There exists a constant K such that

lirll20 + €llorllLa + Elarlon < Klf oo

and that
|G.m(&)] < K(L+ €)M fllog

Proof :

» P. Grisvard, Singularities in Boundary Value Problems.
Masson (1992), pp. 60 - 72.



Theorem (main results)

For f € L?(Q), there exists a unique u € W (variational) solution
of

/Vu-Vvdx:/fvdx, Yv e W.
Q Q

and there exists a unique functions v; , € H*=%:m(R) of the
variable x3 such that

U—Z{ Z K*¢_/m Jm}EHz(Q)

J 0\ m<1

where K = r/m(r? + x2) and the x denotes the convolution in the
variable x3.

where
> Kxhjm=(r/m) f]R Vi m(x3 — t)(r? + t2)" L dt
and r2 = Xl2 + x22
» Proof : BLACKBOARD or see P. Grisvard, Singularities in
Boundary Value Problems (pp. 60 - 72.)



Remark

In the case of a pure Dirichlet problem (N = () or of a pure
Neumann problem (D = (), only the non-convex edges
contribute and with a single term corresponding to m = 1.

u— > (K*11)Si1 € H(Q)

wj>T

where ;1 € H™/“i(R).




Corollary

Given j, let V; be an open neighborhood of S; in Q which does
not contain any other corner, then u € H*(V; x R) for every
s <2 such that s < \j m + 1,V\; i such that 0 < \; ,, < 1.

» Proof : P. Grisvard (1992).

Remark

f is inifinitely differentiable in x3 with values in L?(Q2). Then u
is inifinitely differentiable in x3 with values in H*(V;) where
s <2 such that s < A\j ; + 1, VA .




