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Basic a-priori inequalities in polygons

Basic a-priori inequalities in polygons

For every v € V2(Q) where

V2 ={veH*Q): vj(v) =0 forj € D and ~;(dv/dv;) =0 for j € N'}.

the identity
1Al o = IDFullg o + [|DF ullf o + 2/ D1 D2ullf o

holds.

For the proof of this theorem we use the following lemma:

The identity

/Dqugudx:/(DlDQufdx
Q Q

holds for all u € V?(Q).
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Basic a-priori inequalities in polygons

Theorem

Assume that Q is a bounded polygonal open subset of R? and that D, is
not empty. Then there exists a constant C(Q2) such that:

[ullz,e < C(Q)[|Aullo,, (1)

for every u € V3(Q).
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Fredholm property in 2d

Fredholm property in 2d

Let us consider the operator
Au: V3(Q) = L2(Q).
The inequality

lullz,o < C(Q)[|Au

0,9,

proved in the previous Theorem already shows that A is injective and has a closed
range. The question is now:

How is the range R(A) of the A-operator completely identified?

To answer this question, it is enough to identify its orthogonal,
R(A): = {v € L3(Q): /QvAudx =0forallue v2(Q)},
since
L2(Q) = R(A) + R(A)*L.
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Fredholm property in 2d

Characterization of R(A)*

Notation: For positive s we denote by H*(T;) the space of all u defined in T;
such that & € H*(R), where I is the continuation of u by zero outside I;.

Lemma

Let be v € R(A)™. Then v belongs to

D(A, L2(Q)) = {v e L’(Q): Ave L*(Q)}
and is solution of the adjoint boundary value problem
Av=0 in€Q,
v(v) =0 in H**(T}) forjeD,
vi(Ov/dv) =0 in HY2(T;) forje N.
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Fredholm property in 2d

Characterization of R(A)*

Notation:

@ M'... set of all j € N such that j + 1 € D, and the angle w; is either
90° or 270° degrees.

@ M" ... setof all j € D such that j +1 € N and the angle wj is either
90° or 270° degrees.

Lemma

Every v € R(A)™* satisfies:

/ vAnjdx =0 Vj eN?,

Q

[ vatm)ax=0 vie M, (2)
Q

/ vA(xn))dx =0 Vj e M".
Q
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Fredholm property in 2d

Characterization of R(A)*

Theorem
Let v € D(A, L%(Q)) be such that

Av=0 inS,
vi(v)=0 in H¥?(T;) forjeD,
vj(Bv/dv)) =0 in HY3(T}) forje N.

and assume in addition that v fulfills the conditions (2), then
veER(A).
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Fredholm property in 2d

Characterization of R(A)*

Let be v € R(A)*, then v € C>(Q\ V) where V is any neighborhood
of the corners S;.

Wolfgang Krendl Optimal Control for Stokes Flow 2013-11-12 9/9



	Basic a-priori inequalities in polygons
	Fredholm property in 2d

