Zenger Corrections

Johannes Holler

21.1.2014



Content

0 Modifying the bilinear form

@ regularized 5-function

© npoint error estimates



Modifying the bilinear form

Table of Contents

0 Modifying the bilinear form



Modifying the bilinear form
Energy Functional

Problem definition

The problem we are interested in is: Find u € V:

a(u,v) = (f,v)vveV (1)
upg = 0

where a(u, v) := [(Vu)(Vv)dx and without loss of generality
Q={(x,y) € ]R2|x <0V y <0} is an L-shape domain with the
non-convex corner in the origin. V = H}(Q) or alternatively
V=V,

Definition:

| A

The functional E(u) := La(u, u) — (f, u) is called energy
functional.
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Numerical problems

@ We know that for the given problem there is a singular part to
the solution

@ lIgnoring this in numerical treatment is bad

@ Zenger proposed to counteract by changing the problem just a
little

@ consider a modified bilinear form
ay(un, vi) = a(up, va) — YK (up, va) (2)
———

=Ky (up,vh)
for the discretized problem.

Localized Correction

The correction K, (up, v) should be local, that is:

Ky (up, va) =7 Z Bijun(xi)va(x;) (3)

{ij}€N(0,0)
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General Properties

Let u be the solution to (1) and Rpu the solution of the
corresponding (unmodified) discrete problem. Then we know:

@ Equivalent minimization problem:
a(u,v) = (f,v) Vv € V < u minimizes E(u) (4)
@ Galerkin Orthogonality:
a(u— Rpu,vp) =0 Vv, € Vy (5)

@ Error minimization: Rnu minimizes miny, ¢y, a(u — v, u — vjp)

@ the energy of the error = error of energy:
a(u— Rpu,u — Rpu) = a(u, u) — a(Rpu, Ryu) (6)

no proofs
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Properties for the modified problem

@ equivalent minimization works for a, as well

e modified orthogonality:
a(u - Rhﬁu, Vh) + K’y(Rh,'yUha Vh) =0Vv, € Vj (7)

e modified Error minimization: Ry u minimizes
miny,cv, a(u — vu, u — vp) — Ky(Vh, Vi)

@ the energy of the error = error of energy (modified):

a(u—Rp yu, u—Rp yu)— K (Rhu, Rhyu) = a(u, u)—ay(Rnu, Ry u)

(8)
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proofs

modified orthogonality

We have:

a(u, Vh) = <f, Vh> Vv, € V,
a(Rhﬁu, Vh) = Kfy(Rhﬂu, Vh) = <f, Vh> Yv, € V,

taking the difference yields the claimed result:

a(u — Rn~u, vp) + Ky(Rh~u, vh) =0 Vv € Vp
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proofs

modified error minimum

a

(u— Ry u—vp,u— Ry u—vy) — Ky(Rhyt+ Vi, Royu + V)
(u— Rnyu,u— Ry u) — Ky(Rh~u, Rhyu)
(a(u — Ry u, vh) + Ky(Rpu, vh)zfa(vh, Ry u) — Ky (v, Ry u)
=0 =0
+  a(vh, vi) — Ky(Vh, vh)

N~

>0

= a

By ensuring that the modified bilinear form a, is positive definite
we have the requested result.




Modifying the bilinear form

proofs

Energy of error = error of energy

a(u— Rpyu, u— Ryyu) — Ky(Rpyu, Rnyu)
a(u,u — Ry yu) —a(Rpyu, u — Ry yu) — Ky(Rpyu, Rhyu)

=0
a(u, u) — a(u, Ry yu) = a(u, u) — a(Rpu, Ry u)
a(u — Rnqyu, Rpyu) = Ky(Rhyt, Ruyu) + Ko (R s Riyu)
a(u, u) —a(Rhyu, Ry u) — Ky(Rpyu, Rpyu)

~~

=—a,

a(u = Ruyu, Ryyu) + Ky(Rhyu; Rpyu)

=0
a(u, u) — ay(Rhu, Rpu)
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regularized §-function
Regularized d-functions

It is common knowledge, that there is no function (in L?) such
that:

/ f(x)0(x)dx = F(O)VF € L?(Q) (9)
Q

However it is possible that a function fulfills this in a finite
dimensional subspace like for example linear polynomials.

/Q p(x)8(x)dx = F(0)Vp € P}(Q) (10)



regularized §-function
Construction of 0,

o Let K be any Element of some triangular mesh.
@ Choose w > 0 € C®(R?) with supp(w) C K
@ without loss of generality we may assume fk wdx =1
@ Now choose a basis {¢g, 1, @2} of P = span{1, x, y} which
is orthonormal with respect to the scalar product
= [ f( (x)dx
° We have. Ox (y) Z::o wi(xX)ei(y)w(y)

Let v € P! be v(x) = Z ajpi(x)

=5

2 2 ~
/k v(y)ox(y)dy = wa(X);aj /K @i(y)pi(y)w(y)dy

i=0

2
= N " 5,0i(x) = v(x)
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point error estimates
Point-Error-estimates

We want to obtain an error estimate of the form

lu(x) — Rpu(x)| <777, however this is not in P! so we can't use
Ox directly. For any point x let Ky € T}, be the triangle containing
x (for x sufficiently far from the singularity).

) Ragulx) = f(u(y) = Raquly))x(y)dy =[(u(x) ~ a(y)b()dy

K« Kx

-/ <UI(X)(y R R e x>) 5 (y)dy

Kx

— V() /K (v — x)dx(y)dy

~~

=0

1

+ 5 | B 0 e v - x)dy = O()

s ~— T ——
W O(h) =0(1) =0(h)
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reformulate by bilinear form

Now consider the dual problem, with right hand side J,

Find gx such that:

a(v,gx) = (0x,v)Vv eV
g& = 0on0Q
This problem has a unique solution by Lax-Milgram because dy is

in L2 and a(-,-) should fulfill appropriate conditions from the
original problem. gy is called regularized greens function.

By choosing the primary problems error as a test function we get:
a(u— Riy U, 8x) = (0x, u— Rhyu) = u(x) = Rnyu(x)+ O(h%) (11)

That means, that with the regularized greens-function the point
error is representable by the bilinear form.



Thank you for your attention!
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