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Introduction

Model Problem

Let Ω be bounded polygonal domain and f ∈ L2(Ω). Consider

−∆u = f in Ω

u = 0 on ∂Ω

Here: Ω Γ-shaped (for
simplicity)

Note: All results generalize to
polygonal domains with more
than one re-entrant corners
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Recap (Talk 26/11/2013 by P. Gangl)

∆ : V 2 + X → L2(Ω) = R(∆;V 2) +R(∆;V 2)⊥ surjective

V 2 = H2(Ω) ∩ H1
0 (Ω) (Dirichlet case)

X = span
0<λj,m<1

{Sj,m}

Sj,m(rj , θj) = ηj(rj) r
λj,m

j ϕj,m(θj)

ηj(rj) . . . cut-off function
λj,m, ϕj,m such that

−ϕ′′
j,m(θj) = λj,mϕj,m(θj)

Dirichlet case: λj,m = mπ
ωj

ϕj,m(θ) =
√

2
ωj

sin(θλj,m)

Sj,m ∈ H1(Ω) for λj,m ≥ 0
Sj,m 6∈ H2(Ω) for 0 < λj,m < 1
Sj,m ∈ H r (Ω) for r < 1 + inf

j,m
{λj,m : 0 < λj,m < 1}
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Recap (Talk 26/11/2013 by P. Gangl)

∆ : V 2 + X → L2(Ω) = R(∆;V 2) +R(∆;V 2)⊥ surjective

Image Space:

L2(Ω) = R(∆;V 2) +R(∆;V 2)⊥ because R(∆;V 2) closed

N := R(∆;V 2)⊥ = span
0<λj,m<1

{σj,m}

uj,m(rj , θj) = ηj(rj) r
−λj,m

j ϕj,m(θj)

Dirichlet problem on Γ-shaped domain:

Dirichlet Problem: 0 < λj,m = mπ
ωj

< 1⇐⇒ m = 1 ∧ ωj > π

Γ-shaped domain: only 1 non-convex corner with angle ω(= 3π
2 )

s+(r , θ) := “Sj,m(rj , θj)“ = η(r) rπ/ω sin(πω θ)

s−(r , θ) := “uj,m(rj , θj)“ = η(r) r−π/ω sin(πω θ)
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Recap (Talk 26/11/2013 by P. Gangl)

∆ : V 2 + X → L2(Ω) = R(∆;V 2) +R(∆;V 2)⊥ surjective

Theorem

Let Ω be a bounded, polygonal, open subset of R2. For each f ∈ L2(Ω)
there exists a unique u ∈ V := H1

0 (Ω) (variational) solution of∫
Ω
∇u · ∇v dx = −

∫
Ω
f v dx

for every v ∈ V and there exist unique numbers cj,m such that

u −
∑

j

(∑
0<λj,m<1 cj,mSj,m

)
=: w ∈ H2(Ω).

On Γ-shaped domain: u = w + uS = w + κ s+

κ . . . stress intensity factors
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Recap (Talk 26/11/2013 by P. Gangl)

Some functions:

η(r) =


1 r ≤ r0

(1 + eψ(r))−1 r0 < r < r1
0 r1 ≤ r

ψ(r) = 1
2

(
1

r1−r −
1

r−r0

)
Note: η ∈ C∞(R)

s+(r , θ) = η(r)rπ/ωsin(π/ωθ)

∆s+

s−(r , θ) = η(r)r−π/ωsin(π/ωθ)

vj,m (∈ H1(Ω))

σj,m (∈ N)

Relations:

∆s+ not orthogonal to N = span{σj,m}
σj,m = s− − vj,m

η(r)
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Calculation of Coefficient κ

For a Γ-shaped domain we have

u = w + uS

= w +
∑

0<λj,m<1

κj,mSj,m

= w + κ s+

with w ∈ H2(Ω) ∩ H1
0 (Ω) and s+(r , θ) = η(r) rπ/ω sin(πω θ).

Question: κ = ?

If κ was known: Consider

−∆w = f + κ∆s+ in Ω

w = 0 on ∂Ω

=⇒ Good convergence rate (since w ∈ H2(Ω))
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Calculation of Coefficient κ

Consider ∫
Ω

(u∆s− − s−∆u) dx

=

∫
Ω

(w∆s− − s−∆w) dx︸ ︷︷ ︸
(∗)

+

∫
Ω

(uS∆s− − s−∆uS) dx︸ ︷︷ ︸
(∗∗)
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Calculation of Coefficient κ

Regular part (∗):∫
Ω

(w∆s− − s−∆w) dx

=

∫
Ω

(w∆s− − R[(−∆)s−]∆w) dx −
∫

Ω

(s− − R[(−∆)s−])∆w dx︸ ︷︷ ︸

=0

=

∫
Ω

(w∆s− +∇R[(−∆)s−] · ∇w) dx = 0.

Recall: Lemma

There exists σ ∈ N such that

σ − η(r) r−π/ω sin((π/ω)θ)︸ ︷︷ ︸
=:s−

=: −v ∈ H1(Ω).

Recall (proof): v = R [(−∆)s−] with R : H−1(Ω)→ H1
0 (Ω) Riesz

isomorphism
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Calculation of Coefficient κ

Singular part (∗∗):∫
Ω

(uS∆s− − s−∆uS) dx = κ

∫
Ω

(s+∆s− − s−∆s+) dx

Since

∆s± =

[
η′′(r) +

(
1± 2π

ω

)
1

r
η′(r)

]
r±π/ωsin(

π

ω
θ)

we have ∫
Ω

(s+∆s− − s−∆s+) dx

= −4π

ω

∫
Ω

(
1

r
sin2(

π

ω
θ)ηη′

)
dx

= −4π

ω

(∫ ω

0

dθ

)
︸ ︷︷ ︸

ω/2

(∫ ∞
0

η(r)η′(r)dr

)
︸ ︷︷ ︸

−1/2

= π.
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Calculation of Coefficient κ

Combining (∗) and (∗∗), we obtain∫
Ω

(u∆s− − s−∆u) dx

=

∫
Ω

(w∆s− − s−∆w) dx︸ ︷︷ ︸
(∗)

+

∫
Ω

(uS∆s− − s−∆uS) dx︸ ︷︷ ︸
(∗∗)

= 0 + κπ,

and thus

κ =
1

π

∫
Ω

(u∆s− − s−∆u) dx

=
1

π

∫
Ω

(u∆s− + s−f ) dx
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Calculation of Coefficient κ

Alternative respresentation:
Using∫

Ω

u∆s− = −
∫

Ω

∇R [(−∆)s−] · ∇udx =

∫
Ω

R [(−∆)s−] ∆udx

we have

κ =
1

π

∫
Ω

(u∆s− − s−∆u) dx

=
1

π

∫
Ω

(s− − R [(−∆)s−]) (−∆)u︸ ︷︷ ︸
f

dx

Summary: Stress intensity factor

κ =
1

π

∫
Ω

(u∆s− + s−f ) dx

=
1

π

∫
Ω

(s− − R [(−∆)s−]) f dx
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Standard FEM Estimates

We know: u ∈ H r (Ω) ∀r < 1 +
π

ω

κ =
1

π

∫
Ω

(u∆s− + s−f ) dx

Let Th be a quasi-uniform grid, Vh ⊂ H1
0 (Ω) piecewise linear FE space,

ũh ∈ Vh satisfies ∫
Ω

∇ũh · ∇v dx =

∫
Ω

f v dx ∀v ∈ Vh.

Let

κ̃h =
1

π

∫
Ω

(ũh∆s− + s−f ) dx

Then:
|u − ũh|H1(Ω) .ε h

(π/ω)−ε‖f ‖L2(Ω),

‖u − ũh‖L2(Ω) .ε h
2(π/ω)−ε‖f ‖L2(Ω),

|κ− κ̃h| .ε h2(π/ω)−ε‖f ‖L2(Ω)

for any ε > 0.
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Multigrid Method I

Idea: u = w + κs+

Let f ∈ L2(Ω). Consider

−∆w = f + κ∆s+ in Ω

w = 0 on ∂Ω

If κ was known: good convergence rate (since w ∈ H2(Ω))
Unfortunately κ unknown

Use solution uk−1 on coarser mesh to approximate κ:

κ ≈ κk =
1

π

∫
Ω

uk−1∆s− + s−f dx

Solve
−∆wk = f + κk∆s+ in Ω

wK = 0 on ∂Ω

for wk

uk = wk + κks+
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Multigrid Method II

Consider f ∈ H1(Ω). Then the solution u of the Poisson-Dirichlet
problem on an Γ-shaped domain Ω can be written as

u = w +
∑
`∈L

κ`s+,`

where w ∈ H3−ε(Ω) ∩ H1
0 (Ω) for any ε > 0 where

L = {` ∈ N : `
π

ω
< 2} and

s+,`(r , θ) = η(r)r `π/ωsin(`
π

ω
θ)

Multigrid Algorithm II:

similar idea as before

produces approximate solution

uk =
∑
`∈L

κ`,ks+,` + wk

where wk piecewise linear function on level k .
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Multigrid Method II

End of part I

Thank you for your attention!
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