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Introduction
Introduction

Model Problem
Let Q be bounded polygonal domain and f € L?(f2). Consider

—Au="f in Q
u=20 on 0f)

@ Here: Q I-shaped (for g 2

simplicity)

@ Note: All results generalize to
polygonal domains with more
than one re-entrant corners
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Introduction

Recap (Talk 26/11/2013 by P. Gangl)

A:V2+ X = 12(Q) = R(A; V?) + R(A; V2)L surjective )

o V2=H?*Q)NHQ) (Dirichlet case)
e X = span {5 m}

0<A; m<1
° 5 m(rJve)—nj(rJ) " j.m(0;)

e n;(rj) ... cut-off functlon
@ \j.m, @j,m such that

— 07 m(07) = Aj,m@j,m(0))

Dirichlet case:  Ajm =25 jm(6) = \/w?/sin(w,-,m)
Si,m € HI(Q) for \jm >0
Sim & H*(Q) for 0 < \jm < 1
Sim € H(Q) for r <14 inf{X\jm:0 < A\jm <1}
J.m
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Introduction

Recap (Talk 26/11/2013 by P. Gang|)

A:V2+ X = 12(Q) = R(A; V?) + R(A; V2)L surjective )

Image Space:

o [2(Q) = R(A; V) + R(A; V?)* because R(A; V) closed

o N:=R(A; V3!t = span {ojm}
O<>\j,m<1

o ujm(rj,0;) =mni(r;)r; fi mSpj,m(gj)

Dirichlet problem on I-shaped domain:
o Dirichlet Problem: 0 < \j = "X <l<=m=1Aw; >

@ [-shaped domain: only 1 non-convex corner with angle w(= 37’7)
° s+(r ) = SJ m(r, 0;)" = n(r) rr/ sin(Z0)

s—(r,0) := “u;m(rj, 0;)" = n(r) r=™/“sin(Z0)
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Introduction

Recap (Talk 26/11/2013 by P. Gang|)

A:V2+ X = 12(Q) = R(A; V?) + R(A; V2)L surjective )

Theorem

Let Q be a bounded, polygonal, open subset of R?. For each f € L?()
there exists a unique u € V := H3(Q) (variational) solution of

JoVu-Vvdx =— [, fvdx

for every v € V and there exist unique numbers ¢; , such that

u=3%; (ZO<A,-,M<1 Cj’msj,m> =w € H*Q).

On l-shaped domain: u=w + us = w + K sy

K ...stress intensity factors

6/19



Introduction

Recap (Talk 26/11/2013 by P. Gangl)

Some functions:

1 r<n B
on(nN=<{ 1+e’Nt p<r<n W\
0 r]- S r 06 ‘\".
w(r) = % (rllfr - rjro) 04F ".‘
Note: n € C*(R) 0] '\\
e 0z 04 \O*E 0z 10
n(r)
Relations:



Introduction

Recap (Talk 26/11/2013 by P. Gangl)

Some functions:

1 r<rn
on(r)=< Q+e?Nt p<r<n
{ 0 n<r
v =13 (& - =)
Note: n € C*(R)
o s (r,0) =n(r)r~/“sin(m/wb)

Relations:

5+(r7 0)
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Introduction

Recap (Talk 26/11/2013 by P. Gangl)

Some functions:

1 r<rn
e n(r)= { (1+e¥N)1 n<r<n
0 n<r
w(n=1(% - 25)
Note: € C*(R)
o s.(r,0) =n(r)r*/“sin(r/wb)
e As,

Relations:

A5+(r, 0)
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Recap (Talk 26/11/2013 by P. Gangl)

Some functions:

1 r<rn

e n(r)= { (1+e¥N)1 n<r<n
0 n<r

v =13 (& - =)
Note: n € C*(R)

o s (r,0) =n(r)r~/“sin(m/wb)

e As,

o s (r,0) =n(r)r—™/“sin(m/wh)

Relations:

s_(r,0)



Introduction

Recap (Talk 26/11/2013 by P. Gangl)

Some functions:

1 r<rn

e n(r)= { (1+eN)1 p<r<n
0 n<r

0 =3 (55~ 5)
Note: € C*(R)

o s.(r,0) =n(r)r*/“sin(r/wb)

e As,

o s (r,0) =n(r)r—™/“sin(m/wh)

° vim (€ HY(Q))

Relations:



Introduction

Recap (Talk 26/11/2013 by P. Gangl)

Some functions:

1 r<rn

e n(r)= { (1+eN)1 p<r<n
0 n<r

v =13 (& - =)
Note: n € C*(R)
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Relations:




Introduction

Recap (Talk 26/11/2013 by P. Gangl)

Some functions:

0 n<r

w(n=1(% - 25)
Note: n € C*(R)

1 r<rn
e n(r)= (14 e"’(’))*1 n<r<n

o s (r,0) =n(r)r~/“sin(m/wb)
e As,
o s (r,0) =n(r)r—™/“sin(m/wh)
o vim (€ HY(R)
° gjm (€ N)

Relations:

e As, not orthogonal to N = span{c; m}



Introduction

Recap (Talk 26/11/2013 by P. Gangl)

Some functions:
1 r<rn
on(nN=<{ 1+e’N) p<r<n
0 n<r

w(n=1(% - 25)
Note: n € C*(R)

o s (r,0) =n(r)r~/“sin(m/wb)
e As,
o s (r,0) =n(r)r—™/“sin(m/wh)
o vim (€ HY(R)
° gjm (€ N)

Relations:

e As, not orthogonal to N = span{c; m}

Gj,m

® Tjm =S~ Vim
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Formula for Stress Intensity Factors

Calculation of Coefficient

For a I-shaped domain we have

u=w-++ us
=w+ Z "{j,msj,m
0</\j,m<1
=W+ KS;
with w € H2(Q) N H}(Q) and s, (r,0) = n(r) r™/« sin(Z0).

Question: Kk = 7
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Formula for Stress Intensity Factors r

Calculation of Coefficient

For a I-shaped domain we have

u=w-++ us
=w+ Y KimSim
0</\j,m<1

=W+ KS;

with w € H2(Q) N H}(Q) and s, (r,0) = n(r) r™/« sin(Z0).

Question: Kk = 7

If & was known: Consider

—Aw =f + kAs, in Q
w=20 on 00

= Good convergence rate (since w € H*(Q2))
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Formula for Stress Intensity Factors

Calculation of Coefficient

Consider

/(uAs, —s_Au)dx
Q
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Formula for Stress Intensity Factors r

Calculation of Coefficient

Consider

/(uAs, —s_Au)dx
Q

= /(WAS, —s,Aw)dx+/(usAs, —s_Aus)dx
Q Q

() (%)
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Formula for Stress Intensity Factors

Calculation of Coefficient

Regular part (x):

/(wAs_ —s_Aw)dx
Q
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Formula for Stress Intensity Factors r

Calculation of Coefficient

Regular part (x):

/(wAs_ —s_Aw)dx
Q

Recall: Lemma
There exists o € N such that

o —n(r) r ™ sin((r/w)8) =: —v € HY(Q).

Recall (proof): v = R[(—A)s_] with R : H}(Q) — H}(2) Riesz
isomorphism
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Formula for Stress Intensity Factors r

Calculation of Coefficient

Regular part (x):
/(wAs_ —s_Aw)dx
Q

= /(WAS_ — R[(=A)s_]Aw)dx — /(s_ — R[(=A)s_])Awdx
Q Q

Recall: Lemma
There exists o € N such that

o —n(r) r™sin((r/w)f) =: —v € HY(Q).

Recall (proof): v = R[(—A)s_] with R : H}(Q) — H}(2) Riesz
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11/19



Formula for Stress Intensity Factors r

Calculation of Coefficient

Regular part (x):
/(wAs_ —s_Aw)dx
Q

= /(WAS_ — R[(=A)s_]Aw)dx — /(s_ — R[(=A)s_])Awdx
Q Q

=0

Recall: Lemma
There exists o € N such that

o —n(r) r™sin((r/w)f) =: —v € HY(Q).

Recall (proof): v = R[(—A)s_] with R : H}(Q) — H}(2) Riesz
isomorphism
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Formula for Stress Intensity Factors r

Calculation of Coefficient

Regular part (x):
/(wAs_ —s_Aw)dx
Q

= /(WAS_ — R[(=A)s_]Aw)dx — /(s_ — R[(=A)s_])Awdx
Q Q

=0

_ /(WAS_ + VR[(~A)s_] - Vw)dx
Q

Recall: Lemma
There exists o € N such that

o —n(r) r ™ sin((r/w)8) =: —v € HY(Q).

Recall (proof): v = R[(—A)s_] with R : H=}(Q) — H}(2) Riesz
isomorphism
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Formula for Stress Intensity Factors r

Calculation of Coefficient

Regular part (x):
/(wAs_ —s_Aw)dx
Q

= /(WAS_ — R[(=A)s_]Aw)dx — /(s_ — R[(=A)s_])Awdx
Q Q

=0

_ /(WAS_ 4 VR[(~A)s_]- Vw)dx = 0.
Q

Recall: Lemma
There exists o € N such that

o —n(r) r ™ sin((r/w)8) =: —v € HY(Q).

Recall (proof): v = R[(—A)s_] with R : H=}(Q) — H}(2) Riesz
isomorphism
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Formula for Stress Intensity Factors

Calculation of Coefficient

Singular part (xx):

/(usAs_ —s_Aus)dx = H/(S+AS_ —s_As;)dx
Q Q
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Formula for Stress Intensity Factors r

Calculation of Coefficient

Singular part (xx):

/(usAs_ —s_Aus)dx = H/(S+AS_ —s_As;)dx
Q Q

Since
Asy = |n"(r)+ 1+ 2 1r]’(r) ri”/“sin(EH)
* w)r w

we have
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Formula for Stress Intensity Factors r

Calculation of Coefficient

Singular part (xx):

/(usAs_ —s_Aus)dx = H/(S+AS_ —s_As;)dx
Q Q

Since
Asy = [n”(r) + (1 + 27T) 1n’(r)} ri”/“sin(EH)
w r w
we have

/(5+As_ —s_Asy)dx
Q

= —%T A (1sin2(20)7777'> dx

(L[ o)

w/2 -1/2
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Formula for Stress Intensity Factors r

Calculation of Coefficient

Combining (*) and (%), we obtain

/(uAs_ —s_Au)dx
Q

= /(WAS_ 7S_AW)dX+/(USAS_ —s_Aug)dx
Q Q

(*) ()
=0+ &km,
and thus

1

K= —/(uAs, —s_Au)dx
T Ja

= 1/(uAs,—i—s,f)dx
TJa
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Formula for Stress Intensity Factors r

Calculation of Coefficient

Alternative respresentation:
Using

/uAs_ /VR[ s_]-Vudx:/QR[(—A)s_]Audx

we have
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Formula for Stress Intensity Factors r

Calculation of Coefficient

Alternative respresentation:
Using

/uAs_ /VR[ s_]-Vudx:/QR[(—A)s_]Audx

we have

™

_ 1/ (s — R[(=A)s_]) (—A)udx
Q \\,—/

™
f

K= 1/(uAs_ —s_Au)dx
Q
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Formula for Stress Intensity Factors r

Calculation of Coefficient

Alternative respresentation:
Using

/uAs_ /VR[ s_]-Vudx:/QR[(—A)s_]Audx

we have

1

K= */(UAS_ —s_Au)dx
T™Ja

= 7/ (s — R[(—A)s_]) (—A)udx
Q N——

f

nzl/(uAs,Jrs,f)dx
TJa

1
== /Q (s — R[(—A)s_]) f dx

™
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Two Multigrid Methods

Outline

© Two Multigrid Methods
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Standard FEM Estimates

We know: ue H'(Q) vr<l+ z
w

Let 75 be a quasi-uniform grid, Vi, C H3(S2) piecewise linear FE space,
iy € V), satisfies

/Vﬁh~Vvdx:/fvdx Yv € V.
Q Q

Then: ()

|u— Gn| (o) Se h 11l 20
Ju — dnlli2(0) Se PP/l 20
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Standard FEM Estimates

We know: ue H'(Q) vr<l+ z
w

Hzl/(uAs_Jrs_f)dx
T Ja

Let 75 be a quasi-uniform grid, Vi, C H3(S2) piecewise linear FE space,
iy € V), satisfies

/Vﬁh~Vvdx:/fvdx Yv € V.
Q Q

Let

1
Rp = 7/(17/-,A57 +Sff) dx
T Jao

Then: ()

|u— Gn| (o) Se h 11l 20
Ju — dnlli2(0) Se PP/l 20

|5 = Fal Se P77 f 2
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Two Multigrid Methods
Multigrid Method |

Idea: u = w + ks
Let f € L?(Q2). Consider

—Aw =f + kAsy in Q
w=20 on 022

e If k was known: good convergence rate (since w € H?())
@ Unfortunately x unknown
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Two Multigrid Methods

Multigrid Method |

Idea: u = w + ks

Let f € L?(Q2). Consider
—Aw =f + kAsy in Q
w=0 on 00

e If k was known: good convergence rate (since w € H?())
@ Unfortunately x unknown

@ Use solution ux_1 on coarser mesh to approximate &:

1
KR K = 7/ ug_1As_ + s_fdx
™ Ja
@ Solve i
—Awy = f + ks, in Q
wk =0 on 0f2
for wy

@ Up = Wk + KiSt
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Two Multigrid Methods

Multigrid Method ||

Consider f € H*(Q). Then the solution u of the Poisson-Dirichlet
problem on an '-shaped domain €2 can be written as

u=w-+ E KeSy ¢
LeL

where w € H37¢(Q) N H}(Q) for any € > 0 where
E:{KGN:€E<2} and
w

sio(r,0) = n(r)r™/“sin(¢Z0)
w

Multigrid Algorithm 1I:
@ similar idea as before

@ produces approximate solution
ux = E Ko kSt,0 + Wk
teL

where wy piecewise linear function on level k.
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Two Multigrid Methods

Multigrid Method ||

End of part |

Thank you for your attention!
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