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For given f ∈ L2(Ω), we are interested in regularity of u solving

∆u = f

+ BCs

Variational solution:

∆ : V ⊂ H1(Ω)→ L2(Ω)

is isomorphism, i.e., f ∈ L2(Ω) =⇒ u ∈ H1(Ω)

We want more!
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What happened so far...

Corner behavior

∆ : V 2

+ X

→

R(∆;V 2) +R(∆;V 2)⊥ =

L2(Ω)

R(∆;V 2) = R(∆;V 2) =⇒ L2(Ω) = R(∆;V 2) +R(∆;V 2)⊥
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Fredholm Property

∆ : V 2

+ X
?

→ R(∆;V 2) + N

X

= L2(Ω)

Investigate v ∈ N near Dirichlet corner Sj

Transition to polar coordinates with origin Sj

0 = ∆(x,y)v

=
∂2v

∂r2
+

1

r

∂v

∂r
+

1

r2

∂2v

∂θ2
, 0 < θ < ωj , 0 < r < ρ

Ansatz: v(r , θ) = rλϕ(θ) where ϕ ∈ {ϕ ∈ H2(0, ωj) : ϕ(0) = ϕ(ωj) = 0}

=⇒ −ϕ′′(θ) = λ2ϕ(θ)

=⇒ λj,m = mπ
ωj

ϕj,m(θ) =
√

2
ωj

sin(θλj,m)
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Fredholm Property

∆ : V 2

+ X
?

→ R(∆;V 2) + N

X

= L2(Ω)

Investigate v ∈ N near Dirichlet corner Sj

Proposition (Expansion of v ∈ N near Dirichlet corner Sj)

Let v ∈ N. Then

v(r , θ) =
∑
m≥1

αmr
λj,mϕj,m(θ) +

∑
0<λj,m<1

βmr
−λj,mϕj,m(θ)

for all (r , θ) ∈ (0, ρ)× (0, ωj) where αm, βm ∈ R and

|αm| ≤ L
√
m ρ−λj,m

where L is a constant depending only on v .

Proof: Blackboard
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Neumann Corner Sj :
Ansatz: v(r , θ) = rλϕ(θ) where ϕ ∈ {ϕ ∈ H2(0, ωj) : ϕ′(0) = ϕ′(ωj) = 0}

=⇒ −ϕ′′(θ) = λ2ϕ(θ)

=⇒ λj,1 = 0 ϕj,1(θ) =
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1
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Mixed Corner Sj (j ∈ N , j + 1 ∈ D):
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Fredholm Property

∆ : V 2

+ X
?

→ R(∆;V 2) + N

X

= L2(Ω)

Match expansions together

Lemma

For each j and each λj,m ∈ (0, 1) there exists σj,m ∈ N such that

σj,m − ηj r
−λj,m

j ϕj,m(θ) ∈ H1(Ω).

Proof: Blackboard

Theorem

dim(N) =
∑
j

card{λj,m : 0 < λj,m < 1}

Proof: Blackboard
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Fredholm Property

∆ : V 2

+ X
?

→ R(∆;V 2) + N

X

= L2(Ω)

Remark: Interpretation

dim(N) =
∑
j

card{λj,m : 0 < λj,m < 1}

Each corner contributes to dim(N) as follows

j ∈ D and j + 1 ∈ D (λj,m = mπ
ωj

):

{
0 if ωj ≤ π
1 if ωj > π

j ∈ N and j + 1 ∈ N (λj,m = (m−1)π
ωj

):

{
0 if ωj ≤ π
1 if ωj > π

j ∈ D and j + 1 ∈ N or vice-versa (λj,m = (m−1/2)π
ωj

):
0 if ωj ≤ π/2
1 if π/2 < ωj ≤ 3π/2
2 if ωj > 3π/2
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Derivation of Singular Solutions

∆ : V 2 + X → R(∆;V 2) + N = L2(Ω)

Definition of X :

∆(V 2 + X ) = L2(Ω)

X ⊂ Hs(Ω), 1 < s < 2

Define Sj,m(rj , θj) = ηj(rj) r
λj,m

j ϕj,m(θj)

and Fj,m as its Laplacian:

Fj,m := ∆Sj,m ∈ D(Ω)

Lemma

Sj,m is the variational solution to

∆Sj,m = Fj,m

γkSj,m = 0 for k ∈ D

γk
∂Sj,m
∂νk

= 0 for k ∈ N .
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Derivation of Singular Solutions

∆ : V 2 + X → R(∆;V 2) + N = L2(Ω)

Observe: Sj,m(rj , θj) = ηj(rj) r
λj,m

j ϕj,m(θj) satisfies

Sj,m ∈ H1(Ω) for λj,m ≥ 0

Sj,m 6∈ H2(Ω) for 0 < λj,m < 1

{Sj,m} linearly independent

{∆Sj,m} linearly independent

Lemma

Fj,m is not orthogonal to N if λj,m < 1.

Proof: Blackboard
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Fredholm Property Derivation of Singular Solutions

Derivation of Singular Solutions

∆ : V 2 + X → R(∆;V 2) + N = L2(Ω)

Theorem

Let Ω be a bounded, polygonal, open subset of R2. For each f ∈ L2(Ω)
there exists a unique u ∈ V (variational) solution of∫

Ω
∇u · ∇v dx = −

∫
Ω
f v dx

for every v ∈ V

and there exist unique numbers cj,m such that

u −
∑

j

(∑
0<λj,m<1 cj,mSj,m

)
=: uR ∈ H2(Ω).

Corollary

For each corner Sj it holds: u ∈ Hs(Uδ(Sj)) for every s ≤ 2 such
that s < 1 + inf

m
{λj,m : 0 < λj,m < 1}.

Globally we have: u ∈ Hs(Ω) for every s ≤ 2 such that
s < 1 + inf

j,m
{λj,m : 0 < λj,m < 1}.
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Derivation of Singular Solutions

∆ : V 2 + X → R(∆;V 2) + N = L2(Ω)

Remark

Conclusion remains valid in case of non-homogeneous BCs:
Let f ∈ L2(Ω), gj ∈ H3/2(Γj) for j ∈ D, hj ∈ H1/2(Γj) for j ∈ N
satisfying the compatibility conditions

gj(Sj) = gj+1(Sj) for j ∈ D
hj ≡ ∂gj+1

∂νj
at Sj for j ∈M′ (i.e. j + 1 ∈ D, j ∈ N , ωj = π

2 or
3π
2 )

hj+1 ≡ ∂gj
∂νj+1

at Sj for j ∈M′′(i.e. j + 1 ∈ N , j ∈ D, ωj = π
2 or

3π
2 ).

Then there exists a unique u of the form

u = uR +
∑

j

(∑
0<λj,m<1 cj,mSj,m

)
with uR ∈ H2(Ω) solution of

∆u = f in Ω
γju = gj for j ∈ D

γj
∂u
∂νj

= hj for j ∈ N .
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Derivation of Singular Solutions

∆ : V 2 + X → R(∆;V 2) + N = L2(Ω)

Remark

Dirichlet problem: Let Λ = π/maxjωj (> 1/2).

Assume u ∈ H1
0 (Ω) and ∆u ∈ L2(Ω). Then u ∈ Hs(Ω) for all s ≤ 2

with s < 1 + Λ.

Dual result: Assume u ∈ H t(Ω) with t ≥ 0 and ≥ 1− Λ and
∆u = f ∈ L2(Ω) with γju = 0 for every j . Then u ∈ H1

0 (Ω).

Thus:
u ∈ H t(Ω) with t ≥ 0 and ≥ 1− Λ, solution of ∆u = f ∈ L2(Ω) with

γju = 0 for every j
=⇒

u ∈ Hs(Ω) for all s ≤ 2 with s < 1 + Λ
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