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@ Variational solution:

AV CHY Q) — L3(Q)
is isomorphism, i.e., f € [2(Q) = u € H'(Q)

We want more!
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What happened so far...

For given f € L2(f), we are interested in regularity of u solving

Au="f
+ BCs

o Consider A on H?(Q):
A V2 C HA(Q) = L2(Q)

@ On smooth domains surjective, thus H?-regularity
@ How about polygonal domains?

- H?-regularity away from corners

- Corner behavior ?
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What happened so far...

Corner behavior

A:V2EX RO VY+ N = 12(Q) |

o R(A; V2) =R(A; V2) = L[2(Q) = R(A; V?) + R(A; V)L

o N:=R(A; V)

e Goal: Augment space V2 by space X C H*(), s € (1,2) s.t. A surjective
onto L%(Q)
Then: f € [2(Q) = u e H(Q) v

@ Question: dim(X) = dim(N) =7
Procedure:

1) get dim(N) < oo (Fredholm property)
2) define X s.t. A surjective onto L%(Q)
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Investigate v € N near Dirichlet corner §;

e Transition to polar coordinates with origin S;
0= A(X’y)v
82v+18v+182v 0<fhecw. 0<r<
= —_— —_—— —_ wj
ar2  ror  r2o6%’ » p
e Ansatz: v(r,0) = r*p(0) where ¢ € {p € H?*(0,w;) : ¢(0) = p(w;) = 0}
= —¢"(0) = Np(0)

= Aim = ’Z—T wim(0) =, /U%sin(ﬁ)%m)
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Proposition (Expansion of v € N near Dirichlet corner S;)

Let v € N. Then

v(r,0) =Y am™moim@) + Y Bur V"0 m(0)

m>1 0< X, m<1
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where L is a constant depending only on v.

Proof: Blackboard
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Neumann Corner §;:
Ansatz: v(r,0) = r*p(0) where ¢ € {¢p € H?(0,w;) : ¢'(0) = ¢'(wj) = 0}
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Derivation of Singular Solutions

A: V24X 5 R(A; V2 + N = [3(Q) |

Definition of X:
o A(V2+X)=1L%Q)
e XCH(Q),1l<s<?2
Define Sj.m(15:07) = mi(15) 17" 01.m(0))
and Fj n, as its Laplacian:
Fim = AS; m € D(Q)

Lemma

Sj.m is the variational solution to

ASj,m = Ijm
VSj,m =0 for k € D
0Sj m

=0 for k € .

Yk o
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Derivation of Singular Solutions

A V24X = R(A; V2)+ N = [2(Q)

Theorem

Let Q be a bounded, polygonal, open subset of R?. For each f € L?(2)
there exists a unique u € V (variational) solution of

JoVu-Vvdx =— [, fvdx

for every v € V' and there exist unique numbers ¢; , such that
. 2
0 = %5 (Socr et GimSim) =i Ur € H(Q).

v
Corollary

@ For each corner S; it holds: u € H*(Us(S;)) for every s < 2 such
that s <1+ inf{\jm:0 < Ajm <1}
m

@ Globally we have: u € H*(2) for every s < 2 such that
s<1+inf{\jm:0<\m<1}.
Jm
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A V24X = R(A; V2)+ N = [2(Q) |

Conclusion remains valid in case of non-homogeneous BCs:
Let f € L2(Q), gj € H3/2(T;) for j € D, hj € HY2(T;) for j € N
satisfying the compatibility conditions

o gi(5) = gj+1(5)) for j €D

° h-E%atS-forjeM’ (ile.j+1€D, jEN, wj=For3L)

° hJ+1—au at Sjforje M"(ie. j+1eN,jeD, wj= 20r377r)-
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A V24X = R(A; V2)+ N = [2(Q) |

Conclusion remains valid in case of non-homogeneous BCs:
Let f € L2(Q), gj € H3/2(T;) for j € D, hj € HY2(T;) for j € N
satisfying the compatibility conditions

o gi(5) = gj+1(5)) for j €D

° h-E%atS-forjeM’ (ile.j+1€D, jEN, wj=For3L)

® hij1= 81/ - at S forje M"(ie. j+1€N,jeD, wj=For).
Then there exists a unique u of the form
u=ur+3y; (Zo<>\j,m<1 cj,msj,m) with ug € H?() solution of

Au="finQ

'yé =gjfor jeD
Vigy = hjforjeN.
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with s <14 A.
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A V24X = R(A; V2)+ N = [2(Q) |

Dirichlet problem: Let A = m/maxjw; (> 1/2).
o Assume u € H}(Q) and Au € L?(Q2). Then u € H5(Q) for all s <2
with s <14 A.
@ Dual result: Assume u € H*(Q) with t > 0and > 1— A and
Au = f € [%(Q) with vju = 0 for every j. Then u € H}(Q).
Thus:
u € HY(Q) with t > 0 and > 1 — A, solution of Au = f € L?(Q) with
vju = 0 for every j
—
u € H°(Q) forall s <2 with s <1+A
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