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Motivation

e extend trace theorem for polygonal domain Q, when u ¢ H?(Q)
e corresponding generalization of Green's formula

e prove density results for spaces with boundary conditions (for
polygonal domains)



Standard Green formulas

Theorem

Let Q be a bounded Lipschitz open subset of R". Then for any
u,v € HY(Q)

/vD,-u dx+/ uD;v dX:/'yu v v do,
Q Q r

where D; = % and V' is the i-th component of exterior unit normal
vector v.



Standard Green formulas

Theorem
Let Q be a bounded Lipschitz open subset of R". Then for any

u,v € HY(Q)
/vD,-u dx+/ uD;v dX:/vu v v do,
Q Q r

where D; = a; and V' is the i-th component of exterior unit normal
vector v.

e For u e HY(Q), v € H*(Q2) we have "half Green formula’

/uAvdx—l—/Vu-Vvdx:/'yU'y(@) do
Q Q r ov

e for u,v € H?(2) we have the full Green formula

/QUAV dx—/QvAu dx:/rfyu 7(%) dcr—/*yv 7(25) do.



Trace theorem: Formulation

Define
D(A, L2(Q)) = {v € L3(Q): Av € L*(Q)},

where Av is understood in the distributional sense.
This is a Hilbert space for the norm

1/2
v (VP + |l Av]?) T

Similarly to [Lions-Magenes, 1968] one can prove that H2(2) is dense in
D(A, L2(Q)).



Trace theorem: Formulation

Define

D(A, L2(Q)) = {v € L3(Q): Av € L*(Q)},
where Av is understood in the distributional sense.
This is a Hilbert space for the norm

1/2
v (VP + |l Av]?) T

Similarly to [Lions-Magenes, 1968] one can prove that H2(Q) is dense in
D(A, L2()).

Theorem

Let Q be a bounded polygonal open subset of R2. Then the mapping
vi— {9, 'ng—lfj}, which is defined for v € H?(S), has a unique
continuous extension as an operator

D(A, LA(Q)) — H™Y2(T;) < H3/3(T)).
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The full Greeen formula implies for any u, v € H?(Q)

’Z{/ it %( )do /r,-% wj(g )da}’§K||u||2,Q,

where K depends on v and can be chosen as
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Trace theorem: Proof

The full Greeen formula implies for any u, v € H?(Q)

’Z{/ it %( )do /r,-% wj(g )da}’§K||u||2,Q,

where K depends on v and can be chosen as

1/2
K= (lIvilsa+lAvIGa) "
For fixed j, consider

U= {ue H(Q): yeu = (2L

ak)—Oon I for all k # j}.

Then for any u e U

‘/rj’nu vj(g:j) do / v fyj(gj) dcr’ < K|lu|l2.0.



Trace theorem: Proof

It is shown (in the previous report) that u — {fj
maps U onto H3/2(F-) x HY/2(T;) defined by
a) f0(5) = f0(5-1) = 0;

b) Ofi0 EOand fi1=0atS; and S;_;.
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Trace theorem: Proof

It is shown (in the previous report) that u — {fj viu, fi1= fyj(g—,j'j)}
maps U onto H3/2(F-) x HY/2(T;) defined by

a) fio(55) = f0(S-1) = 0;

b) 88; EOand fi1=0atS; and S;_;.

Remark
Recall that functions @; and @j1 defined on I'; and I'j;1 respectively, are
equivalent at S;: p; = pjy1, if

dj
/0 6(5(=0)) — 9311 05(0))I? dor/or < +oo.

When ¢ and @j1 are Hélder continuous near S;, it follows that

©i(5) = pira(S).



Trace theorem: Proof

Since the linear mapping u +— {(p =ju, Y= ’Yj(%)} is 'onto’ and for
J
any (¢, 1) € H3?(;) x HY2(T;) their prototype u uniformly satisfies

the following linear form

L(%%/J):/ sm(j dcf—/w'ij do

is continuous on ltl3/2(|_j) X Fll/z(rj)-

(0, %) ||H3/2(rj)xFll/2(rj)’



Trace theorem: Proof
Since the linear mapping u +— {(p =ju, Y= ’Yj(%)} is 'onto’ and for
J
any (¢, 1) € H3?(;) x HY2(T;) their prototype u uniformly satisfies

the following linear form

L(%%/J):/ wj(g dU—/w'va do

is continuous on ltl3/2(|_j) X Fll/z(rj)-

Due to the density of H*(Q) in D(A, L2(2)) and uniform boundedness of
L(w,¥) w.rt. K = ||v|lp(a,2()) there exists a (unique continuous)
extension of v — {v;v, v;2%} as an operator

(0, %) ||/T/3/2(rj)xFll/2(rj)’

D(A, L3(Q)) — H™Y2(T}) x H73/2(T)).



Generalizing Green formula

It is shown in [Lions-Magenes, 1968] that the full Green formula still
holds for v € D(A, L2(2)) and u € H?(2) when

e Q) is bounded and has C boundary;

e |- are understood as duality brackets.



Generalizing Green formula

It is shown in [Lions-Magenes, 1968] that the full Green formula still
holds for v € D(A, L2(2)) and u € H?(2) when

e Q) is bounded and has C boundary;

e |- are understood as duality brackets.

Problem of extending this result for polygonal Q:
e |- as duality brackets are meaningful only if

yiu € H32(T)), %’(5) e HY/(r;)
J

and this is not true for all u € H3(Q).



Theorem for generalized Green formula

Theorem

Let Q be a bounded polygonal open subset of R2. Then for any
v e D(A,L%(Q)) and u € H*(Q) such that

~ ou ~ .
vju e H¥2(T)), vj(—ay_) e HY(T;) for all j,
i

we have

/QUAV dx — /Q vAu dx = Z((’yju,”yj(g:j» — <7jV,7j(aai)>>.

Ui
j J



Theorem for generalized Green formula: Proof

The equality holds for any u, v € H?(Q).

For any fixed u (that satisfies the conditions of the theorem) from the
proof of trace theorem one can see that both sides of the equality are
continuous in the norm of D(A, L2(Q)) w.r.t. v.

Then the statement follows from the density of H2(Q) in D(A, L2(Q)).



Other types of trace theorems

Assumption v € D(A, L?(Q2)) is made to ensure the continuity of

vH/uAvdx—/vAudx
Q Q

for u € H?(2). Since we have u € C(Q) (n = 2), we can just assume
ve DA LYQ)) ={w e L3(Q): Aw € L}(Q)}.



Other types of trace theorems

Assumption v € D(A, L?(Q2)) is made to ensure the continuity of

vH/uAvdx—/vAudx
Q Q

for u € H?(2). Since we have u € C(Q) (n = 2), we can just assume
ve DA LYQ)) ={w e L3(Q): Aw € L}(Q)}.

Theorem (Grisvard (1985))

Let Q be a bounded polygonal open subset of R2. Then H?(Q) is dense
in E(A,LP(Q)) = {v € HY(Q): Av € LP(Q)} (p > 1) and mapping

v = 7 (5%) has unique continuous extensions as an operator from
E(A, LP(R)) into HY/2(T;).

In addition, one has

ov

uAvdx:f/Vu~Vvdx+ iu, i (=—
/Q o ;<% 'Yj(ayj)>

for any v € E(A, LP(R)), u € HY(Q) such that vju € HY2(T;) for all j.
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Motivation: density with boundary conditions

While analyzing homogeneous BVP

e one has to approximate Sobolev spaces with homogeneous boundary
conditions by smoother functions with the same boundary
conditions;

e in the case of smooth domains the corresponding density results are
the consequences of trace results.



Motivation: density with boundary conditions

While analyzing homogeneous BVP

e one has to approximate Sobolev spaces with homogeneous boundary
conditions by smoother functions with the same boundary
conditions;

e in the case of smooth domains the corresponding density results are
the consequences of trace results.

In the case of polygons
e similar results are in general difficult to prove;
e we focus on the few cases of direct use.



First density result

For a mixed BVP for the Laplace equation on a bounded polygonal set
Q C R? we use

V={uecH(Q):vju=0onT;, jcD}

Theorem
The space H™(Q2) NV is dense in V for any m > 1.



Density result: Proof

We prove an equivalent statement:

* any continuous linear form on V' that vanishes on H™(Q) N V,
actually vanishes everywhere.
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Density result: Proof

We prove an equivalent statement:

* any continuous linear form on V' that vanishes on H™(Q) N V,
actually vanishes everywhere.

It is shown before that

* HY(Q) is a direct sum of H3(€) and the image R of the trace
operator v = {7;}1<j<n (more precisely, its isomorphic analogue).

One can represent a linear form on V as
I(v) =(S,v—pyv) +(g.7v),

where S € H™Y(Q), g € R*, p is a right inverse of .
e [ vanishes on H™(Q2) NV =- [ vanishes on D(Q)
e = (S,v)=00nD(Q) = S=0.



Density result: Proof

| depends only on yv =
e we need only to check that T™(T) is dense in T*(I),
e where T™(I) is the space of traces of elements of H™(Q) N V.
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Density result: Proof

| depends only on yv =
e we need only to check that T™(T) is dense in T*(I),
e where T™(I) is the space of traces of elements of H™(Q) N V.

As it was proven (in the previous report),

o TY(T) is a subspace of { [T HY3(T;)},
JEN
e = any element of T*(I') can be denoted by {g;}jcn-
Since gj = 0 for j € D, it is known that

gj+1 = gj at S5; for every j. (1)
As it was proven,
e T™(T) is a subspace of { [T H™~1/2(T;)} defined by
JEN

gi+1(S5;) = g;(S;) for every j. (2)



Density result: Proof

We characterize the condition (1) by
o the function o — gj11(xj(c)) — gj(xj(—0)) belongs to HY/2(R)
near zero when j € N'?;

e the function o — gj1(x;(0)) belongs to H/2(R. ) near zero when
j€Dand j+1eN;

e the function o — gj(x;(—c)) belongs to H/2(R. ) near zero when
jENand j+1€D.



Density result: Proof

We characterize the condition (1) by
o the function o — gj11(xj(c)) — gj(xj(—0)) belongs to HY/2(R)
near zero when j € N'?;

e the function o — gj1(x;(0)) belongs to H/2(R. ) near zero when
j€Dand j+1eN;

e the function o — gj(x;(—c)) belongs to H/2(R. ) near zero when
jENand j+1€D.

Then the density of T™(I') in T1(T) follows as
> the condition (2) is clearly fulfilled when g; € D(R}.);

> D(R,) is dense in HY/2(R..).



Second density result

In studying a mixed BVP for the Laplace equation on a bounded polygon
Q C R? will be used a space of strong solutions

V3(Q) = {u € HX(Q): y;u=0onT;, j €D and yj(%) —0on'Tj,j e/\/}.
J

Theorem
The space H™(Q) N V2(Q) is dense in V2(Q) for any m > 1.



Density for strong solutions: Proof

Equivalent statement:
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Density for strong solutions: Proof

Equivalent statement:

% any continuous linear form on V2(Q) that vanishes on
Vm(Q) = H™() N V2(Q), actually vanishes everywhere.

It is shown before that
* H™(Q) is a direct sum of HJ’(2) and the image Z™(Q2) of the

_ o'
operator 7y = {’YJ(aT,J{) }1gjg/v,oglgm—1'
One can represent a linear form on V as
I(v) = (S,v—pyv) + (g, ),

where S € H=™(Q), g € Z™(T)*, p is a right inverse of ~.
e [ vanishes on V™(Q) = [ vanishes on D(Q)
e = (S5,v)=00nD(Q) = S=0.
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Density for strong solutions: Proof

I depends only on yv =
e we need just to check that Z™(T") is dense in Z2(T),

e where Z™(T) is the space of traces of elements of V™(Q).
As it was proven, Z2(I') is a subspace of [| H3/2(I';) x H*/2(T;), whose
J

elements {gj, hj}jcnr are defined by
g =0onTjforjeD
hi=0onT;forjeN
8i(5)) = g+1(5)
g/ = —gj 11 coswj + hjpisinw; at S; for every j

. P .
hj = —hji1cosw; + gj g sinw; at 5; for every j



Density for strong solutions: Proof

Lemma
The image of H™(Q2) by the mapping

ou
ur {yu =g, Ui = hiticjen

is the subspace of [ H™~1/2(T';) x H™=3/2(T';) defined by
j

8i(S) = g+1(S)
8/(5)) = —gj11(S)) coswj + hj11(S)) sinw;
hi(S)) = —hjs1(S)) coswj + g71(S)) sinwj
— g/ (Sj) cosw; — hi(Sj)sinw; = —g/11(S)) cosw; + hi,1(S5)) sinw;

when m > 4 and

1" /o — 11 / H
—gj coswj — hisinw; = —gi'y cosw; + hjysinw; at S;

when m = 3.



Density for strong solutions: Proof

Then we describe Z™(T') as a subspace of [ H™/2(I';) x H™=3/2(T;)
j
defined by

gi=0onTjforjeD
hj:00n rijI’jGN

and (3), (4), (5), (6),



Density for strong solutions: Proof

Then we describe Z™(T') as a subspace of [ H™/2(I';) x H™=3/2(T;)
j
defined by

gi=0onTjforjeD
thOOFI ijorje./\f

and (3), (4), (5), (6),
Proving density of Z™(I) in Z?(T) is carried out by
e considering the conditions for gj, h; near each corner Sj;

o applying density of D(R,) in HY/2(R,).
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