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Preface

The following sections/subsections were not covered by the course (summer semester 2013),
and, therefore, are not part of the exam: 2.2.3, 2.3.3, 3.4. This also applies to the following
theorems/lemmas: Theorem 2.7, Lemma 3.2, Lemma 3.3.



Chapter 1
Models

1.1 Kinematics

Let © C R? be an open, bounded and connected set with Lipschitz-continuous boundary
I' = 0. The set € is called the reference configuration and describes, e.g., the initial state

or the undeformed state of a continuum (body).
A configuration (or deformation) is a sufficiently smooth, orientation preserving and

injective mapping

6 Q — R
This mapping describes, e.g., the state of the continuum at some later time or the state of
a deformed continuum. The set ¢(€2) consists of all points (or particles) = of the form

z = ¢(X)

with X € Q. X are called the material (or Lagrangian) coordinates, = are called the spatial
(or Eulerian) coordinates of a particle.
The (Jacobian) matrix

991 99 991

LX) SEx) SELx)
P(X) = Vo(X) = | e (X) pe(X) 522(Y)

093 O3 093

T SR )

is called the deformation gradient. Preserving the orientation corresponds to the condition
J(X)=detVo(X) >0 forall X €.
The displacement U: Q — R?, introduced by

UX)=2-X with z=¢(X)
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measures the deviation from the reference configuration. For
r=¢X), T=9¢(X), AX=X-X, Ar=7T—z,

we have:

Az = ¢(X + AX) — ¢(X) = VO(X)AX + o(|AX])

with the notation
J 1/2
la| = VaTa = <Z a?) for a € R%.
i=1
Therefore,
IAz]* = AXTVH(X)T'Vo(X)AX + o(]AX|*) = AXTC(z)AX + o(|AX]?)

with
C(X) = F(X)TF(X) = Vo(X)TVo(X).

The symmetric tensor C(X) is called the (right) Cauchy-Green deformation tensor. It
describes the local change in distances by the deformation.

Remark: C(X) also describes the local change in angles: For

we have:

Az; = ¢(X + AX;) — ¢(X) = Vo(X)AX; + o(AX;).
Therefore

Axy - Azy = Azd Axy = AXFVo(X)TVA(X)AX) + o(|AX, | |AXS])
= AX,; C(2)AX; + o(|AX,] |AX>])

with the notation .

a-b:bTa:Zaibi for a,b € R%.

i=1
It can be shown that there is no change in distances, i.e.:
C(X)=1 forall X € Q,
if and only if the configuration is a rigid body configuration, i.e.:
P(X) = QX +a,

where @) is an orthogonal matrix with det@ = 1 (describing a rotation) and a € R3
(describing a translation).



The deviation of C(X) from the ideal case I is measured by the symmetric tensor

the so called Green-St.Venant strain tensor. Then, of course, we have:
|Az]? — |AX]? = 2 AXTE(X)AX + o |AX]?).
E(X) can be expressed directly by the displacement U(X):
1
E[U](X) = 3 (VUX)" +VU(X)+ VU(X)"VU (X)),
or, component-wise:

Ei~[U1<X>=§<§)Ug<X>+ ax (X + g 05% <X>>.

Observe the nonlinear relation between E and U.

Remark: The displacement can also be introduced in Eulerian coordinates by
wz) =2 —X with 2 =¢(X), e ul@)=z—¢ *(z).

For
X=¢'2), X=¢"'2), AX=X-X, Ar=7T-u,

we have:

AX =¢ Nz + Az) — ¢ ' (2) =V (¢7) (z) Az + o(Ax)
= (Vo(X)) Az + o(Ax)  with X = ¢~ !(z)

and, consequently,
IAX|? = Az"c(z) Az + o(|Ax]?),

where
c(r) =b(z)™' with b(z) = F(X)F(X)" = Vo(X)Vo(X)' for X = ¢ !(a).

Furthermore,
|Az|* — |AX]? = 2 AzTe(x)Ax + o(|Az]?).

with
Finally, it easily follows that
1
eful(xz) = B (Vu(z)" + Vu(z) — Vu(z)" Vu(z)) .

b(x) is called the Finger deformation tensor or the left Cauchy-Green deformation tensor,
e(x) is called the Almansi-Hamel strain tensor or the Euler strain tensor.
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The motion of a continuum (or body) is described by a curve
L ¢y

Interpretation: The position z of a point (particle) at time ¢, whose position at time 0 was
X, is given by
r=¢(X) = (X, 1).
Then the material (or Lagrangian) velocity of this particle as a function of X and ¢ is
given by

0
Vi(X) = VX 1) = 220X, 1),
and the material (or Lagrangian) acceleration is given by
0*¢
A X) = A(X,t) = BTe — (X, 1).
Observe the following linear relation between velocity and acceleration:
ov
A(X t) = —(X,1).

ot

In the Eulerian approach the motion of a particle is described by the spatial velocity
(field) v(z,t), where v(z,t) is the velocity of that particle, which passes through z at time
t, so

v(x) =v(z,t) = V(X,t) = %(X, t) with z = ¢(X, t).
For the spatial acceleration a(z,t) of that particle we obtain:
92
ai(x) = a(z,t) = A(X,t) = 5 ?(X t) with x = ¢(X, 1).

We have for x = ¢(X, t):

ala, 1) = %wx, 1 = %{vwx, 0.0 = 32 006, 10,0 X 1)+ F6(X, 1), 1)

xt+Zvat xt)

Notation: The differential operator v - grad = v - V, given by

d

0
(v grad)f = (- 9)f = S vt
i=1 ¢

is called the convective derivative and the differential operator d/dt, given by

. 0
df_f_ f

is called the total or material derivative.

+ (v - grad) f,



With these notations the spatial acceleration can be written in the following form:
dv ov

a(z,t) = %(x,t) = E(w,t) + (v(z,t) - grad)v(z, t) = %(m,t) + (v(z,t) - V)v(z,t).

Observe that this is a nonlinear relation between velocity and acceleration in the Eulerian
approach.

Remark: For a given velocity (field) v(z,t) one obtains the trajectories ¢(X,t) of the
individual particles as solution of the initial value problem:

9¢
o Xt = w(o(X,10).0),

H(X,0) = X.

1.2 Balance Laws

The set B . .
Q=) = {6(X,1) | X €}

describes the position of all particles from the reference configuration at time t. Let w C Q
be an open set with Lipschitz-continuous boundary. Then the set wy, given by

W = th(w) = {¢(X7 t) ‘ X e w}’

describes the position of those particles at time ¢, which were in w at time ¢t = 0.

1.2.1 The Reynolds Transport Theorem

The Reynolds transport theorem describes the rate change of the quantity

F(t) :/ F(x,t) do

for a given function F of x and t:

Theorem 1.1 (Reynolds transport theorem). Let ¢ be twice continuously differentiable
and F continuously differentiable. Then

%(t): /w | [%—I;(:c,t)nLdiv(Fv)(:c,t)] dz = /w | [C;—f(x,t)—deiv(v)(:c,t) da.

Notation: divG =V - G, given by

d

divG:v-GzzaG"
=1

81‘2-

for a continuously differentiable vector-valued function G, is called the divergence of G.
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Remark: With the help of Gauss’ theorem it follows immediately that

dF oOF
%(t)— Wtadﬂj‘i‘/&wF'U'ndS.

Here n = n(x,t) denotes the outer normal unit vector at a point z on the boundary of w.

1.2.2 Conservation of Mass

Let p(x,t) denote the mass density of a body at the position x and time ¢. The principle
of conservation of mass states that no mass will be generated or destroyed, i. e.:

pr 5 p(z,t) de = 0.

Under appropriate smoothness conditions the transport theorem implies:
0
/ {a—':(a:,t) + div(pv)(a, t)} dzr =0
wi

for all t and all open sets w C Q with Lipschitz-continuous boundary. This results in the
following differential equation, the so-called equation of continuity: either in conservative
form:

o B
yn + div(pv) =0,

or, equivalently, in the convective form:

d
d—f+pdivv:0.

In the special case p = constant (incompressible fluid) the equation of continuity is given
by
dive = 0. (1.1)

We have (by the substitution rule)

/ o2, 1) do = / p(6(X, 1) J(X, 1) dX.

Hence, the conservation of mass in Lagrangian coordinates reads:

d

% (p(¢<X, t)v t)‘](X’ t)) =0,

Therefore,

plant) = gy po(X) with 7= 0(X,6) and po(X) = p(X,0).



1.2.3 Balance of Momentum and Angular Momentum

The total (linear) momentum of all particles in w; is given by

/Wt p(x, t)v(x,t) de.

Newton’s second law states that the rate of change of the (linear) momentum is equal to
the applied forces F'(w;), hence

7 plx, t)v(z,t) de = F(w,).
The forces acting on the body can be split into applied body forces Fy (w;) and applied

surface forces Fg(w;):
F((.Ut) = FV((.Ut) —+ Fs(wt).

If the body forces can be described by a specific force density (force per unit mass) f(x,t),
then we obtain the representation

Fy(w) = / plx,t)f(x,t) de.

An example of such a force is the force of gravity with f = (0,0, —g)%.
The internal surface forces can be described by a vector f(az, t,n) (force per unit area),
the so-called Cauchy stress vector:

Fs(wy) _/a t{x,t,n(z,t)) ds.

Summarizing, we obtain the following balance law for the momentum:

d plx, t)v(z,t) doe = /

y 3 3 plx,t)f(z,t) dz —l—/ t{z, t,n(z, 1)) ds.

Bwt

The total angular momentum of all particles in w; is given by

/ x X p(z,t)v(z,t) de.

Newton’s second law states that the rate of change of the angular momentum is equal to
the applied torque, so

d x X p(x,t)v(x,t) de = /

pr x X p(x,t)f(x,t) de +/ z X tlx,t,n(x,t)) ds.

8wt

These two equations are also called equations of motion, in the steady state case, also the
equilibrium conditions.



Under reasonable assumptions it can be shown that the stress vector f(:c,t,n) =
(ti(x,t,n))i=1,23 can be represented by the so-called Cauchy stress tensor ¢ = (o;;) in

the following form:
x t, n Zaﬂ T, t

Using Gauss’ theorem and the transport theorem one obtains for sufficiently smooth
functions the following differential equation (in conservative form):

0 aﬂ
5 (Pvi) + div(pviv) Z 5o,

from the balance of momentum, or in convective form

(% + pv - grad v; 00;i
Pop TPV 8GN =2 gy

+pfi

by using the equation of continuity.
It can be shown that the balance of angular momentum is satisfied if and only if o is
symmetric:
o' =o.

Therefore, the balance of momentum in convective form can also be written in the following
form:
ov

e + p(v-grad)v =dive + pf

. Do
dive = — .
X (9xj
J i=1,2,3
7 1<

So far, the equations of motion have been derived in Eulerian coordinates.
By transforming the integrals one easily obtains the equations of motion in Lagrangian
coordinates. We have:

with

/ p(z, t)v(x,t) dx:/po(X)V(X,t) dX
[ patirtat) do = [ m(XOF(X.0) ax
/ o(z,t)n(z,t) ds:/ P(X,t)N(X) dS
Owy Ow

with the specific force density F(X,t) in Lagrangian coordinates:

F(X,t) = f(z,t) for x = ¢(X, 1),



the unit normal vector N(X) in Lagrangian coordinates:
VX, ) TN(X) = [VO(X, ) TN(X) [ n(e,t) for o = (X, 1),

and
P(X,t) = J(X,t)o(z,t)Vo(X,t)"" for z = ¢(X,1),

the so-called first Piola-Kirchhoff stress tensor.

Remark: The last transformation rule is based on Nanson’s formula:

/a o(z,t)n(x,t) ds = / o(z,t) J(X,t) Vo(X, 1) T N(X) dS.

ow

Then one obtains from the balance of momentum the following differential equation in
Lagrangian coordinates:

() TLX, 1) — A P(X1) = m(X)P(X 1)
The balance of angular momentum is satisfied if and only if
S(X,t)" =S(X,t)
with
S(X,t) = Vo(X, ) 'P(X,t) = J(X, ) V(X, 1) Lo(z, t)Vo(X,t)™T for 2 = ¢(X, 1),

the so-called second Piola-Kirchhoff stress tensor.
The corresponding transformation of the tensors S — o, given by

o(x,t) = ﬁVgﬁ(X, HS(X, ) Vo(X, )T for z = ¢(X, 1)

is called the Piola transformation.

Remark: Other balance laws like the balance of energy will not be discussed here.

1.3 Constitutive Laws

The equations of motion do not yet completely describe the configuration of a body. Equa-
tions for the stress in form of a constitutive laws are necessary.
Two important special cases will be considered here:
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1.3.1 Elastic Materials

A material is called elastic if there is a constitutive law of the form
S(X) = S(X,E(X)).

For the important sub-class of hyperelastic materials the constitutive law can be rep-
resented by an energy functional:
A oV
S(X,E) = ——=(X,E
( ? ) 8E ( Y ) 9
where ¥(X, E) is the so-called stored energy function.
A material is called linearly elastic if

1
V(X E) = B Z Cijkl(X)EijEkla

ijkl

where the so-called elastic coefficients (or elasticity coefficients) Cjxi(X) (which form the
so-called elasticity tensor) have the following properties:

Cijr(X) = Crij(X)

and

Ciji(X) = Cjin(X) = Cjan(X).

From these conditions it follows that only 21 coefficients can be chosen independently from
each other. For the corresponding constitutive law we obtain the linear relations:

Sij — Z Cijkl(X)Ekla (12)
kl

which is called Hooke’s law.

An important special case of linearly elastic materials are the St.Venant-Kirchhoff ma-
terials (homogenous, isotropic, and linearly elastic materials), for which the constitutive
law has the form

S = X trace(E) I 4+ 21 E.

The parameters A and p are called Lamé coefficients. They are related to Young’s modulus
(or modulus of elasticity) E and Poisson’s ratio v by

P (3A + 2p) B A
Adp 2(A + )
and, vice versa
Ev E
A= , = —.
(14+v)(1-2v) 2(1+v)

11



It can be shown by arguments from physics that:

1
0<V<§andE>0.

These conditions are equivalent to
A>0and p > 0.

For St.Venant-Kirchhoff materials the stored energy function takes the form

V(E) = % (trace(E))? + u trace(E?),

S0
Cijir = Xij Ot + 1 (0ik 051 + 0 Oji)-

1.3.2 Newtonian Fluids

Starting point is the following ansatz for the Cauchy stress tensor
o=—-pl+T,

where p(x,t) denotes the pressure in the fluid at the position z and time ¢ and 7 depends
on the first spatial derivative of the velocity field v(x,t).
For a parallel flow (in z; direction) Newton postulated the linear relation

dUl
To1 = Iud_l'g

for the shear stress m;. The coefficient p is called the dynamic viscosity of the fluid.
Under reasonable assumptions it can be shown that this implies the following form for
T:
T=ANdive I 4+ 2ue(v)

with

£(0) = C0)), <) =5 (5 + 52 )

Observe that dive = tracee(v) and the formal similarity to the constitutive law for St.
Venant-Kirchhoff materials.
Arguments from physics show that

2
@w>0 and /l:)\—l—g,uzo.

The coefficient i is called bulk viscosity. In the following we will assume that i = 0, hence
A = —24/3. Therefore

2
o=—(p+ ?M dive) I 4 2pe(v).

12



For p = constant, p = constant and with the help of (1.1) (divev = 0) the expressions
for the internal surface force can be further simplified:

dive = —gradp + p Av,

where A denotes the Laplacian operator:

d 62
j=

SN

1.4 Boundary Value and Initial-Boundary Value
Problems

For a complete description we need boundary conditions and for time-dependent problems
initial conditions.

1.4.1 Elastostatics and Elastodynamics

Usually Lagrangian coordinates are used in elasticity.
In typical applications the surface force is prescribed on some part I'y of the boundary
[' = 900 of Q, given by its surface force density Ty (x). This results in the boundary
condition
(VpS)N =Ty forallzely, t>0.

For the remaining part I'p of the boundary we assume that the deformation is known.
This leads to the boundary condition

¢=¢p forall X eTp, t>0.

As initial conditions usually the initial configuration and the initial velocity are pre-
scribed:
99

¢:¢0, a:% for t = 0.

Hence we obtain the following initial-boundary value problem of elastodynamics:

13



0?¢ ) .
pow—dlv(VgﬁS) =po F in Q, t >0,

S = S(E) inQ, t>0,

1
E:§W&V¢—D inQ, t>0,

¢ =¢p onl'p, t>0,
(V¢S)N:TN onI'y, t>0,
¢:¢0’ %:% an,tZO

The corresponding time-independent problem leads to the following boundary value
problem of elastostatics:

—div(VeS) = pg F in

?

S = S(E) in Q,
1, .
E:§(V¢ Vo —1) inQQ,

® = ¢p on I'p,
(ngS)N:TN on FN.

1.4.2 Linear(ized) Elasticity

For small displacements it is justified

e not to distinguish between the Eulerian and the Lagrangian description (in the sequel
we will use the Eulerian description), and

e to replace the strain tensor by the linearized strain tensor €, given by
1 8uj a'Ll,@
Eiilu) = = + .

Then Hooke’s law (1.2) can be written in the form

oij = Y _ Clijki €
Kl

14



or, in short,

oc=Ce.

We obtain the following initial-boundary value problem of linear(ized) elastodynamics:

9%u

pow—diVU:pof in Q, t >0,

oc=C¢ in Q, t>0,

1
€= i(VuTjLVu) inQ, t>0,

U = Up onl'p, t >0,
on=1ty onI'y, t>0,
ou
uU=1uy, — =70 inQ, t=0,
00 By 0

and the following boundary value problem of linear(ized) elastostatics:
—dive = pg f in €2,

oc=Ce¢ in €2,
1 .
€= §(Vu + Vu) in

U= Up on I'p,

on=ty on I'y.

For St. Venant-Kirchhoff materials we obtain, in particular,
o= \trace(e) I +2pe
and from constitutive law and the linearized strain-displacement relations it follows that:

—dive = =2 pu dive(u) — A graddivu
= —puAu— (A + p) grad div w.

The corresponding second order differential equations for the displacement u are called
Lamé (or Cauchy-Navier) equations.

15



1.4.3 The Navier-Stokes Equations

Usually Eulerian coordinates are used in fluid mechanics. The unknown functions are, e.g.,
the velocity v(z,t) and the pressure p(z,1).
In typical applications the surface force is prescribed on some part 'y of the boundary
= 00 of Q, given by its surface force density ty(x). This results in the boundary
condition
on=ty forallzely, t>0.

For the remaining part I'p of the boundary we assume that the velocity is known. This
leads to the boundary condition

v=wvp forallz elp, t>0.
As initial condition usually the initial velocity is prescribed:
v=19 fort=0.

For the case p = constant and pu = constant one obtains the equations of motion in
conservative form

51 (Pvi) + div(puw) = = & uAvi+ pf. (1.3)
or in convective form

pgt—i—p(v grad)v = —gradp + p Av + pf (1.4)
or, after dividing by p:

gqtj + (v-grad)v = —%gradij vAv + f (1.5)

with v = p/p, the kinematic viscosity. The equations (1.3) or (1.4) or (1.5) are called the
Navier-Stokes equations.
In summary, one obtains the following initial-boundary value problem of fluid mechan-
ics:
1 :
815 + (v-grad)jv —vAv+ —gradp=f in, t >0,
p
dive=0 in€, t>0,

v=wvp onlp, t>0,

on=ty only, t>0,

v=uvy inf€, t=0,

16



and, for the steady state case, the corresponding boundary value problem:

1
(v-grad)v —vAv+ —gradp=f  in Q,
p
dive=0 in €,
v=wvp onlp,
on=ty only.

Dimensional analysis:

Starting from reference values L*, t*, U* and p* for the length, the time, the velocity and
the pressure new variables are introduced by

? L*’ ? t*’ ? U*’p p*

By transformation of variables one obtains:

* / *\2 / * * /
pU" Ov;  p(U”) T Qv pU” P Op o

T A T ke A 75 A ¥

or, after multiplication by L*/(p(U*)?)

*

Lx 0V v} L p* op
+1-Zj:v;x3 AV, + = f!

tU* ot o pLrU T T p(U)2 0,

with f/ = L*/(U*)? f. With the setting t* = L*/U*, p* = p(U*)* and
LU LU

Re ,
1] v

the so-called Reynolds number, one obtains

v

1
5 + (v - grad)v — ﬁAU +gradp = f,

and, for the Steady—state case:
V- grad)v v ra .
& Re & p

For Re < 1 the viscosity of the flow dominates, for Re > 1 the flow is dominantly
convective. For Re — oo one formally obtains the so-called Fuler equations:

% + (v - grad)v + gradp = f.

17



If the transformed equations are multiplied by (L*)?/(uU*), one obtains
L*)? v, pL*U* o~ ,0v,
p(L") UZ+P ZU/' Vi

utc ot ] T

p*L* 8p/ B
pU* oz},

fl

—1-Avj+

J=1

with f* = p(L*)2f/(nU*). With the setting t* = (p(U*)?)/u, p* = (uU*)/L* it follows that

% + Re (v - grad)v — Av + grad p = f,

and, for the steady-state case:
Re (v - grad)v — Av 4 gradp = f,
In this formulation one obtains for Re = 0 the so-called Stokes equations:

ov

E—Av—l—gradp:f.

and, for the steady-state case:
—Av +gradp = f.

18



Chapter 2

Variational Problems

2.1 Pure Displacement Problem in Linear(ized) Elas-
ticity
Let v = (v1, v9,v3)7 be a test function from some suitable space V with v = 0 on I'p. The

equilibrium conditions are multiplied component-wise by this test function, are integrated
over {) and are added. Then we obtain:

—/diva-vda::/f-vdx.
Q Q

Using integration by parts, we have

/diva-vdx:/an-vds—/a:gradvdx
Q r Q

d
A:B= Zaijbij

1,j=1

with the notation

for matrices A, B. Therefore, we obtain
/U:gradv dx—/f-vdx—l—/anwda.
Q Q r
Since o is symmetric, we have:
1 1 , 1 1 T
o:gradv = 50" grad v + 30 ¢ gradv = 30" gradv + 50" gradv' =0 : e(v).

Moreover, since v =0 on I'p and on =ty on I'y:

/an-vds:/ Un-vds:/ ty - v ds.
r I'n I'n
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Therefore

/(7:8(’0) dl':/f~vd$+/ ty - v ds.
Q Q I'n

o= Ce(u)

With Hooke’s law

we finally obtain the following variational problem:
Findue V,={veV :v=upon'p} such that
a(u,v) = (F,v) (2.1)

forallve Vp={veV:v=0o0nTIp} with

a(u,v) = /QCs(u) ce(v) do

and

<F,v>—/f-vd$+/ tn v ds.
Q I'n

A natural choice for the space V' is the Sobolev space H'({2, R?). Observe that H'({, R?)
is a Hilbert space. ||v]|; denotes the norm in H'(Q,R3), |v|; the semi-norm, built from the
first derivatives, and ||v||o the L%-norm:

3 3 2

ov;
v||2 = /v?dx:/v-vdx, v|? = /{ Z] dx:/gradv:gradvdx
ot =3 i =3 o i

1,j=1

and
[oll? = llvll§ + |v]?.

Furthermore, we assume that there is a function g € V such that ¢ = up on I'p. Then
the problem can be homogenized. Therefore, in the following, we consider, without loss
of generality, only homogeneous Dirichlet boundary conditions uy = 0 and set V =V, =
Vo = H&D(Q,RS) with

Hy (L, R*) ={ve H'(QR*) :v="0o0nIp}.

If Tp =T we use the shorter notation H}(Q, R?) for this space.
For the special case of St.Venant-Kirchhoff materials we obtain:

a(u,v) = /Q[)\ tracee(u) I + 2 pe(u)] : e(v) do
= /Q[)\ tracee(u) tracee(v) + 2ue(u): e(v)] dx
= /Q (A divudive 4+ 2pe(u): e(v)] dx.
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Therefore, the bilinear form a is symmetric
a(u,v) = a(v,u) forallu, veV

and non-negative
a(v,v) >0 foralwvelV.

From the symmetry and the non-negativity of the bilinear form a it easily follows that the
variational problem (2.1) is equivalent to the following optimization problem:
Find u € Vj such that

J(u) = inf J(v) with J(v)= %a(v,v) —(F,v).

veVy

Observe that
%a(v,v) —/Q B (tracee(v))? + pe(v) :5(1})} dx
= /Q B (trace e(v))? + p trace (e(m?)] dx = /Q U(e(v)) dx

with the stored energy function ¥ of the St.Venant-Kirchhoff material.
If o and ¢ are interpreted as 9-dimensional vectors

T
o = (011,022,033,012,021,023,03270317013),

T
£ = (811,52276337512,521,523,53275317513)7

then C' in Hooke’s law
o="Cge,

becomes a 9-by-9 matrix. With this interpretation we can write

a(u,v) = /QCa(u) -e(v) dx.

In particular, for a St.Venant-Kirchhoff material, we obtain

A2 A A

A A+ 2p A

A A A+ 20

24
C = 241
21
21
24
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C has exactly 2 different eigenvalues:
Amin(C) =24, Apax(C) =3 X+ 2 p.

So, C' is symmetric and positive definite.
The theorem of Lax-Milgram is of central importance for showing existence and
uniqueness of a solution to (2.1):

Theorem 2.1 (Lax-Milgram). Let V' be a real Hilbert space and assume that
1. FeV*.
2. a:V xV — R is a bilinear form, which is
(a) bounded on V', i.e.: there is a constant us > 0 with
|au, 0)| < pg [Jullv [Jollv - for all u,v €V,

and

(b) coercive on'V, i.e.: there is a constant py > 0 with
la(v,v)| > ||v|l} for allv € V.
Then the variational problem: find v € V' such that
a(u,v) = (F,v) forallv eV,

has a unique solution and we have

1
lully < —[[Fllv-
1

We will now discuss the assumptions of the theorem of Lax-Migram for the variational
problem (2.1) for a St.Venant-Kirchhoff material with

fe L*(QRY, tyeLl*I'y,R*) and wup =0.
1. F is linear: trivial. From the Cauchy inequality it follows:

[(E o) < I fllo.e lvllo + llExllory lvllory-

From
[v]oe < [lv[le and |lvllory < c(l'n) (o]0

the boundedness of I’ follows.

2. a is bilinear: trivial.
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(a) a is bounded: We have
|Ce(u) : £(v)] < Amax(C) [le(@)][ 7 [l(v)[| 2

with the Frobenius norm || A = (A : A)Y/2. Therefore,

la(u, )] < Amax(C)/Q||8(v)||F||€(U)||F dx

han©) ([ 0 o) " ([t ao) "

IN

Since

it follows that

[l ae= Y [eerar=y [[1(20 20 g

ig=1"% =1
3 2 2
1 v v,
< — ? J — 2 < 2'
—22/[(3) +(axi)] do = [off < ol

This implies:
|a(u, V)] < Amasx(C) [ul1 [0]1 < Amax (C) [|ull1 [|v]]1-
(b) a is coercive: We have
Ce():e(v) > Ain(C) e(v) : e(v).

Hence

a(v,v) = / Ce(v):e(v) de > Apin(C) / e(v) : e(v) dx.
Q Q
In order to continue, we need Korn’s inequality.

For the case I'p = I' (first boundary value problem) we need the so-called first Korn
inequality:

Lemma 2.1 (First Korn Inequality). Let © C R3 be open. Then

1
/5(1}): e(v) doe > 5 lv[7 for all v € Hy(Q,R?).
Q
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Proof. The set C§°(€2) is dense in H} (). Therefore, it suffices to show the inequality for

all v € C§°(Q, R?):
avl ov (%z
Z / “ulv)eslv N ( ]> z;/ il (993]

i,j=1 /
ov; Ov; Ov;
/ <axj) Z/ ax] axz d
11 ov; Ov;
= §|U‘1 + 5”21/ a% 8:):2 dzx.

Using integration by parts twice it follows:

3 3

ov; O0v; ov; Ov;

L2 P20 dy = | (dive)? dz > 0.
Z/azax z/azax v= [ ar =0

This completes the proof. O

[\'JI»—t

|| M“ 1§ Mw

This easily implies the coercivity for the first boundary value problem:

a(0,1) > Apin(C) /Q c(0): c(v) dn > Amm( ) of? > 2A<Tli( ))

Ilvllz,

where cp denotes the constant from Friedrichs’ inequality:
[vllo < cr v,
from which it immediately follows that:
[l < (1 + cp)loli

For proving the coercivity of the second boundary value problem (I'y = I') and the
mixed boundary value problem (I'p # () and T'y # ()) the second Korn inequality is needed:

Lemma 2.2 (Second Korn Inequality). Let Q C R? be open and bounded with a Lipschitz-
continuous boundary. Then there is a constant cx = cx(Q) > 0 such that

/5(1}): e(v) dx + ||v||2 > & |lv||? for all v € H'(Q,RY).
Q

The proof of the second Korn inequality is similar to the proof of the so-called inf-sup
condition of the divergence operator, discussed later. For d = 2 the statements are even
equivalent.

A proof of the second Korn inequality can be found, e.g., in [4], [10].

In order to conclude coercivity from the second Korn inequality, we first need the kernel
of e(v):
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Lemma 2.3. Let Q C R3 be open and connected. Then:
e(v)=0<=v(r)=axz+Db

with some constant vectors a,b € R3.

Proof. Assume &(v) = 0. Then we have (in H~(Q)):

0? 0 o o
dm0z; " a2,k (W) + 5 eu(v) = 5 ey (v) = 0,

J

Therefore, v is a linear function:

v(x) = Az + b,
where A is a real 3-by-3 matrix. Hence
1 T
e(v) = 3 (A+A")
and
0 —das (05}
cV)=0¢e= A= -AT<—= A= a 0 -
—Q2 aq 0
Since
Ar=a x x
with a = (a1, as, az)”, the proof is completed. The reverse direction is trivial. O

Now the coercivity can be shown for the mixed and the second boundary value problem:

Corollary 2.1. Let Q C R? be an open, bounded and connected domain with Lipschitz-
continuous boundary I' = 0X2. Then:

1. If T'p C ' with meass(I'p) # 0, then there exists a constant cx = cx(2) > 0 such
that

/e(v): e(v) dz > c3 |v]?
Q
for allv € V.= Hj (2, R?).

2. If T'p =, then there exists a constant cx = cx(Q) > 0 with
/e(v): e(v) dx > & |v]?
Q

forallveV=HQ)={veV=H(QR| [Lvde=0, [,curlvdr=0}
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Proof. Assume that the inequality does not hold. Then there is a sequence (v,,) in V' with

/5(%): e(vy) dr — 0 and |u,|; = 1.
Q

From Friedrichs’ inequality or Poincaré’s inequality it follows that there is a constant ¢ > 0
with
|lvalli < ¢lvply = ¢ for all n € N.

Hence (v,) is a bounded sequence in H'(Q, R?).

The embedding H'(Q,R3) — L*(Q,R?) is compact. Therefore, there exists a sub-
sequence (v,,) which converges in L*(Q, R?).

The second Korn inequality implies

Gilow = ol <[ el = o) oo = ) do + o = vl
< 2/ e(vp): e(vy) do + 2/ (V) : (V) da + || — vm/H% —0
Q Q

for n’,m’ — oo.
So (v,s) converges in H'(Q, R?) towards some element vy. Then, however:

e(vg) = lim g(v,y) =0

n/—o00

and, therefore, vy = 0 because of the definition of V' and Lemma 2.3 in contradiction to

|UO|1 = 1/1II1 |Un’|1 =1.
n’—o0

In summary, we have

Corollary 2.2. Under the assumptions of Lemma 2.1 and Corollary 2.1 the bilinear form
a 1s coercive on V' with
a(v,v) > pu Jvfi

where
H1 = )\m'm<C) C%{-

So all assumptions of the theorem of Lax-Milgram are satisfied and we have:

Theorem 2.2. Under the appropriate assumptions the formulated boundary value problems
in linear(ized) elasticity are well-posed.
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Remark: In the case of pure Neumann boundary conditions the so-called compatibility
conditions

/fdx—l—/tNds:O and /xxfdx—l—/xxt]vds:o,
Q r Q r

are necessary and sufficient that a solution of the variational problem in V' is also a solution
of the variational problem in H'(Q,R?). The solution in V is unique up to an arbitrary
element from the kernel of £(v).

For estimating the discretization error or the condition number of the stiffness matrix
for finite element methods the ratio us/py (the condition number of the problem) is of
essential importance. Using |v|; as the norm in V', which is equivalent to ||v||; by Friedrichs’
or Poincaré’s inequality, we obtain the following estimate for this condition number

Amax(C) 1 1
M2 Amax(C) = = k(C)
M1 )‘min<0) Cx Ck
where £(C') = Apax(C) /Amin(C) denotes the condition number of C' .

For certain values of the data (2, I'p, I'y, C, f and g) the condition number p5 /1 can
become very large, e.g.:

1. Almost incompressible materials: For v — 1/2 we have:

C3A+2p 14w
2 1-2v

k(C) — 00.

This is called material locking.

2. Long cantilever (Kragbalken):

In this case the constant in Korn’s inequality is very small:

= sup [Vl > 1+2(£>2—O<£> — 00
v lle@)llo ~ H H

for H < L. (Choose v(z,y,2) = (2zy, —22,0)7 € V.) This phenomenon is called
geometry locking.

In the next section we will reformulate the linear elasticity problem as a mixed varia-
tional problem. In this setting material locking for v — 1/2 can be avoided.

2.2 Mixed Variational Problems in Continuum Me-
chanics

2.2.1 Incompressible and Almost Incompressible Materials

We consider only the case of a St.Venant-Kirchhoff material. The (primal) variational
problem reads:
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Find u € V, such that

/[)\ divudive + 2 pe(u): (v)] dx:/f-vdac—i-/ ty-vds
Q Q r

N

for all v € V4.

For A — oo, i.e.: v = A\/(2(A+ p)) — 1/2 the problem becomes very ill-conditioned.
The basic idea is to derive a so-called mixed variational formulation by introducing a new
variable

p=\divu.

Q/L/E(U)IE(’U) da:—{—/pdivvda::/f-vda:—{—/ ty-vds
0 0 0 In

for all v € V and
1
/qdivudm——/pqu:()
Q Ao

for all ¢ € L*(2). So the following mixed variational problem results:

Then

Find u € V, and p € L*(Q2), such that

a(u,v) +b(v,p) = (F,v) forallv eV,
b(u,q) —t*c(p,q) = 0 for all ¢ € L*(Q)

with
a(u,v) =2u/€(U) te(v) dr, b(v,p) = /pdivv dz, c(p.q) =/pq dx
Q Q Q

and
1

<F,v>—/f-vdx+/ ty-vds, tP=—.
Q I'n )\

For the limit case t = 0 the following variational problem is obtained:
Find u € V, and p € L*(2), such that

a(u,v) +b(v,p) = (F,v) forallvel,
b(u, q) = 0 for all ¢ € L*(Q)

for describing incompressible materials.
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2.2.2 The Stokes Problem in Fluid Mechanics

Consider the steady state Stokes problem in some domain €2
—vAu+gradp = f in (),
divu = 0 in €,

where, instead of the original notation v from now on the velocity is denoted by u and, for
simplicity we set p = 1.
Here we will consider only the boundary condition:

u=up, x€l.

Let v be a test function with v = 0 on I'. By multiplying the balance law of momentum
by v and integrating over {2 we obtain:

—I//Au-vdx—l—/gradp-vd:c:/f-vdx.
Q Q Q
By integration by parts it follows:

/Au-v dr = %-vds—/gradu:gradv dx:—/gradu:gradv dx
Q a0 On Q Q

/gradp-vdx:/ pv-nds—/p divvdx:—/p divo dx.
Q o0 Q Q

Therefore, we obtain the following weak form of the balance law of momentum:

V/gradu:gradvda:—/p divvd:c:/f~vd1:.
Q Q Q

The weak form of the law of continuity is obtained by multiplying with an arbitrary test
function ¢ € L*(Q) and integrating over Q:

/q divu dx = 0.
Q

In summary the weak or variational form of the Stokes equation reads:

and

Find u € V, and p € L*(Q2), such that
a(u,v) 4+ b(v,p) = (F,v) for all v € Vj,
b(u, q) =0 for all ¢ € L*(9)
with
a(u,v) = V/Qgradu cgradv dz, b(v,q) = —/Qq divo dz,

(F,v) :F(v):/f-vdx
Q
and the spaces

V=H'(QRY, Vo=Hy(QLR?Y), V,={veV:v=uponl}
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2.2.3 The Hellinger-Reissner Formulation for Linear Elasticity

Starting point is the following classical formulation: Find the displacement u and the stress
o, such that:

Clo—eu) =0 inQ,

dive = —f in Q,
u = up onl'p,
on = ty onIy.
3x3

Let 7 be a mapping from (2 to S = R, the space of symmetric 3-by-3 matrices. By
multiplying the first equation component-wise by the test function 7, integrating over 2

and adding, we obtain:
/C’_la:de—/Tza(u) dxr = 0.
Q Q

Let v be a test function mapping from Q to R* with v = 0 on I'p. By multiplying the
second equation component-wise by v, integrating over {2, and adding, we obtain (after
integration by parts):

_/QU;E(U)dx:_/Qf.vdx—/F tn - ds.

Therefore, the following mixed variational problem results:

Find o € L*(Q,S) and u € V,, C H*(Q, R?) (see the primal variational problem) such that

a(o,7) +b(t,u) = 0 for all 7 € L*(12,S),
b(o,v) = (G,v) forallvel
with
a(o,T) = / Clo:7mdx, b(r,u)=— / 7:e(u) dz
Q Q
and

(G,v):—/Qf-valx—/F ty v dx.

The norm ||.|| 22 (or, in short |.[|¢) in the space L*(12,S) is given by
3
HTH%?(Q,S) = Z HTng
ij=1

Another variational formulation is obtained by using integration by parts for the second
term in the first equation:

/Tze(u)dx:/T:gradud:c:/Tn-uds—/divr-udx
Q Q r Q
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Then we obtain for test functions 7 mapping from Q to S with 7n =0 on I'y:

/C_IO'ZTdLE—I—/diVT'udJ}:/ T™n-up ds.
Q Q I'p

Without using integration by parts the second equation reads for arbitrary test functions

v mapping  to R3:
/diva-vdm:—/f-vdx.
Q Q

Then the following mixed variational problem results:
Find o0 € V, and u € Q = L*(©2, R?), such that

a(o,7) +b(r,u) = (F,7) forall T € Vj,
b(o,v) = (G,v) forallve@

with
0(077)2/0_10:de, b(T,u):/diVT-udx
Q Q

and

<F,T>=/F Tn-up ds, <G,v)=—/ﬂf~vdm

and the spaces
V ={r= (1) € L*,S): divr € L*(Q,R*)} = H(div,,S),
Vo={r€eV :7rn=0onTyx"}
={reV : (rn,v)=0forall ve Hj,(Q,R*} = Hyn(div,Q,S)
and

Vo={reV  :"tn=tyonI'y"}
={reV : (rn,v) = (ty,v) for all v € H(},D(Q,R?’)}.

The norm ||. || g(giv,0,s) in the space V' is given by
171 Fr i) = 17115 + || div 715,

It can be shown that V' is a Hilbert space and the trace 7n is well-defined in V.
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Remark:

1. Observe that for the second variant of the Hellinger-Reissner formulation the bound-
ary condition
u=up onlp

is a natural boundary condition, while
cn=ty only

is an essential boundary condition. For the original primal variational formulation
and the first form of the mixed variational formulation the situation is the opposite.

2. In applications it is often more important to obtain accurate information on stresses
than on the displacement. The second variant of the Hellinger-Reissner formulation
helps in this direction.

3. For the case of pure Dirichlet boundary conditions (I'y = (}) one chooses the space

Vo= {7 € H(div,,S) : /tracer dr = 0}
Q

for the second variant of the Hellinger-Reissner formulation to ensure uniqueness of
the solution.

2.3 The Theorems of Brezzi and Babuska-Aziz

All mixed variational problems considered so far have the following form (after homoge-
nization):

Find u € V and p € @ such that
a(u,v) +b(v,p) = (F,v) forallveV,
b(u,q) — t*c(p,q) = (G,q) forallgeQ,

where V' and () are suitable Hilbert spaces, a : V. xV — R, b : V x @ — R and
c:Q x  — R are bounded bilinear forms, F : V — R and G : ) — R are bounded
linear functionals, and ¢ is a real parameter with ¢ > 0.

In the special case t = 0 we obtain the problem

Find uw € V and p € @ such that

a(u,v) + b(v,p) = (F,v) forallveV,

b(u, q) = (G,q) forall g€ Q. (2:2)
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Remark: Let V* and QQ* be the dual spaces of V and ). The operators A : V — V*,
B:V—Q" B*:QQ — V* and C : Q — Q* are defined by

(Au,v) = a(uw,v), (Bv,q) =b(v,q), (B*q,v)=0b(v,q), (Cp,q) = c(p,q).

The operator B* is called the adjoint (operator) of B.
Then we obtain the following representation of the mixed variational problem as oper-
ator equations:

Au+ B*p = F,
Bu—t*Cp = G.

Remark: The mixed variational problem can also be formulated as a non-mixed varia-
tional problem on V' x Q:

Find (u,p) € V x @, such that
B((u,p), (v,q)) = (F,v) +(G,q) forall (v,q) eV xQ

with
B((u,p), (v,q)) = au,v) + b(v,p) + b(u, q) — t* ¢(p, q).

Observe that B cannot be coercive for non-negative bilinear forms c:

B((07Q)7 (07Q>> = _tZ C(q,Q) S 0.

Therefore, the theorem of Lax-Milgram is not applicable.

Remark: Assume, in addition, that a and ¢ are symmetric and non-negative bilinear
forms.
Then the mixed variational problem can be formulated as a saddle point problem:

Find (u,p) € V x @, such that
L(u,q) < L(u,p) < L(v,p) forall (v,q) €V xQ

with
t2

£v.0) = a(v,v) — (F,o) +b(v,) = (Ga) — Selaa).

(u,p) is called a saddle point of L.

1. Case t > 0:

If C' is invertible, then one obtains the following equivalent unconstrained optimiza-
tion problem for :
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Find u € V, such that
Ji(u) = inf Ji(v)

veV
with ] ]
Ji(v) = §a(v, v) — (F,v) + ﬁ<Bv ~ G, 0 YBv - Q)).

This can be interpreted as a penalty method for solving the constrained optimization
problem:

Find u € V, such that

J(u) = Uier%/[f/g J(v) (2.3)
with .
J(v) = Ea(v,v) —(F,v)
and

Wy ={v e V|bv,q) = (G,q) for all g € Q} = g + W,
with some g € V and Wy = W = Ker B.

2. Caset =0:
Then the functional £ is given by

£(v,4) = J(0) +b(v,0) — (G.a) = 5a(0,) = (F,0) + be,q) — (G.a).

It is the so called Lagrangian functional associated with the constrained optimization
problem.

The following result is easy to show: If (u,p) is a saddle point of L, or, equivalently,
if (u,p) solves the mixed variational problem (2.2), then u is a solution of the con-
strained optimization problem (2.3). p is called the Lagrange multiplier associated
with the constraint.

It is not at all trivial, whether the following result is also true: If w solves the
constrained optimization problem (2.3), then there exists a (Lagrange multiplier)
p such that (u,p) is a saddle point of L, or, equivalently, (u,p) solves the mixed
variational problem (2.2), see Brezzi’s theorem.

3. The constrained optimization problem (2.3) is equivalent to the variational problem:

Find u € W,, such that

a(u,v) = (F,v) for all v € W.

The next theorem is of central importance:
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Theorem 2.3 (Closed Range Theorem). Let X and Y be real Hilbert spaces, A: X —
Y™ be a linear continuous operator and A*:Y — X* be the adjoint operator, given by
(A*y, x) = (Ax,y). Then the following statements are equivalent:

1. Im A is closed;

2. Im A* is closed;

3. Im A = (Ker A*)°;

4. Im A* = (Ker A)°.

The following notations were used: W° C Z* denotes the polar of the sub-space W C Z:
We={leZ|(l,w) =0 for all w e W}.

An immediate consequence of this theorem is:

Corollary 2.3. Let X and Y be real Hilbert spaces, A: X — Y™ be a linear and contin-
uous operator, a: X x Y — R be the corresponding bilinear form, and A*: Y — X* be
the adjoint operator, given by (A*y,x) = a(x,y) = (Az,y). Then the following statements
are equivalent:

1. There is a constant py > 0 with

a(r,y)

inf  sup ————— >y >0. (24)
0#£2€X 0Lycy Hx“X “yHY

2. A: X — (Ker A*)° is an isomorphism, and there is a constant p; > 0 with

| Az|

v+ > ||zl|x  for all x € X. (2.5)

3. A*: (Ker A*)t — X* is an isomorphism, and there is a constant yy > 0 with

A Yllx- > [lylly  for all y € (Ker A% (2.6)
3.7 There is a constant p; > 0 such that, for each x* € X*, there exists a y € Y with

* * 1 *
Ay=2" and |lylly < — [lz"]x-.
M1

3.7 A*: Y — X* is surjective.
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Proof.

(1) = (2): From (2.4) = (2.5) it follows that A is injective and that Im A is closed:

Let (Ax,)nen be a convergent sequence in Im A, i.e. Az, — y*, then it follows because
of (2.4) = (2.5), that the sequence (x,,),en also converges in Y: z, — = and Az, — Ax
since A is continuous. Hence y* = Ax € Im A.

Then it follows from the Closed Range Theorem that Im A = (Ker 4*)°. So, A: x —»
(Ker A*)° is bijective and continuous. The inverse mapping is continuous because of (2.4)
= (2.5).

(2) = (1): trivial

(2) <= (3): The equivalence of the isomorphism of A and A* directly follows from the
Closed Range Theorem. It remains to show the equivalence of the inequalities:

Assume (2.5) and let y € (Ker A*)*. Then (y,.)y € (Ker.A*)°. Therefore, a x € X
exists with Az = (y,.)y because of (2) and it follows:

Az |y

lylly = ; lylly > [lylly-

ey il _ sl
el x

"l =l llellx

Assume (2.6) and let x € X, then (z,.)x € X*. Therefore, a y € (Ker A*)* exists with
A*y = (x,.)x and it follows:

| A"yl

2 x
lylly llylly lylly lylly

(3) = (3): For y choose the unique solution of A*y = z* in (Ker A*)*.

(3') = (3): (3’) implies that A* is surjective. It remains to show that (2.6) is satisfied:
Let y € (Ker A*)* and set #* = A*y. From (3’) it follows that there exists a § € Y with
A*y = z* and

[ Az]ly- >

~ 1 * 1 *
19lly < —lla"[lx+ = — [ A"yl|x~.
H1 H1

Since § —y € Ker A* and y € (Ker A*)*, we have [|ylly < ||7]|y-

(3) = (3"): trivial

(3") = (3): By the Open Mapping Theorem it follows that the inverse of a bijective
mapping is continuous, which implies the existence of p. O

Now the theorem of Babuska and Aziz can be easily shown:

Theorem 2.4 (Babuska and Aziz). Let X and Y be real Hilbert spaces, A: X — Y™ be
a linear and continuous operator with corresponding bilinear form a: X xY — R, given

by a(z,y) = (Ax,y). Then A is an isomorphism if and only if the following conditions are
satisfied:

1. There exists a constant py > 0 with
a(z, y)| < po [zl x [lylly  forallz e X, yey,

1.€e.:

[ Az]

v < pellzl|x  forallz € X.
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2. There exists a constant py > 0 with

a(z,y)

inf sup ———— > u,
0£zeX oxyey ||zl x|ylly

1.6e.:
| Az|

v+ > ||zllx  forall x € X.

3. For each y € Y with y # 0 there exists an x € X with

a(z,y) # 0,
.e.:
Ker A* = {0}.
Proof. The statement immediately follows from Corollary 2.3. ]

Remark: From the theorem of Babuska-Aziz the theorem of Lax and Milgram follows:
Let X =Y =V, then the coercivity of a implies the second condition:

a(u,u)

[ullv

a(u,v) S

sup > [[ullv

vev |vllv
The third condition also follows from the coercivity: For v # 0 choose u = v. Then:
CL(U, U) = CL(U,U) > 241 ||U||%/ > 0.
For mixed variational problems existence and uniqueness of a solution follow from the
theorem of Brezzi:

Theorem 2.5 (Brezzi). Let V and Q be real Hilbert spaces, F' € V*, G € Q*, a: VXV —
R andb: VxQ — R be bilinear forms. Assume that there exist constants oy, ag, By, B2 > 0
with

1. Ja(u, v)| < asllullv]lvlly for allu,v eV,

2. [b(v,¢)| < Ballvllvllglle for allv eV, g€ @,

3. a(v,v) > aq||v||? for allv e W =KerB={v eV :b(v,q) =0 for all ¢ € Q},
b(v, q)

. inf  sup ——— > (1 > 0.
0#49€Q 0£peV [v]lv HQHQ

Then the variational problem
Findu eV and p € Q, such that

a(u,v) +b(v,p) = (F,v)  forallveV
b(u, q) = (G,q) forallqe@



has a unique solution and we have:

1 1
lul < 1Pl + 5 (142 )

B
vt g (H )

1
Il < 5 (1+22) 17
A
Proof. Condition (4) corresponds to the condition (1) in Corollary 2.3 for

X=Q, Y=V, A=DB"

Because of Corollary 2.3 (3) there is a unique g € W+ with
Bg=G

and we have

lolly < 5

g = o

Let w € W be the unique solution of the variational problem
a(w,v) = (F,v) —a(g,v), forallveW.

From the theorem of Lax-Milgram it follows

1
< —(|F
lwlly < 2= (I1F]

ve +azllgllv) .

Finally, from Corollary 2.3 (2) it follows that there exists a unique solution p € @ of the
equation
B'p=F — Au
with u = g + w, since
(F— Au,w)y =0 forallweW, so F—AuecW°,
and we obtain )
< —(||F
Iplle < 5 (17

Then v € V and p € @) solve the mixed variational problem and the following estimates
hold:

V= + CYQHUHV) .

1
lully =< liglly + llwlv < ligllv + 2= (1]

v+ + asllgllv)

1 1
< —||F|lv-+—= 1+
Il ﬁl( )
and
1
Iplle < — (IF[lv+ + azllullv)
B
1 9
< —(1+ Flly« 1+ —=
3 (e e 5 (152 16t
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2.3.1 Incompressible and Almost Incompressible Materials

First we consider the variational problem for incompressible materials. For simplicity only
the homogenous case up = 0 is discussed:

Find u € V and p € L*(Q), such that
a(u,v) +b(v,p) = (F,v) forallvelV,

b(u, q) =0 for all ¢ € L*(Q),
with
a(u,v) =2u /5(u) ce(v) dey,  b(v,q) = / q divoe dz

Q Q
and

(F,v) :/f~vdx+/ tn v ds.

Q I'n

and

Vo FAI(} »(Q,R3)  for non-trivial T'p
H(Q) forI'y =T

First we consider only the case of pure Dirichlet boundary conditions (I'p = TI'):
It is obvious that p is not uniquely determined: Since

b(v,l):/divvdx:/v-nds:o
0 r

(u,p + ¢) is also a solution for each constant ¢ € R, if (u,p) is a solution. In order to
guarantee uniqueness, an additional scaling condition is introduced:

/pdx:().
Q

Find u € V = H}(2,R3) and p € Q = L3(Q2), such that

This leads to the variational problem:

a(u,v) +b(v,p) = (F,v) foralwvelV,
b(u, q) =0 for all g € Q

with
L3(Q) = {qe L*(Q): /Qq dx = 0}.

The two variational problems are equivalent in the following sense: Each solution of
this variational problem is also a solution of the original variational problem, and each
solution (u,p) of the original variational problem induces a solution (u,p’) with

1

p(x) = p(x) - P

(y) dy.

39



From the first Korn inequality it follows that a is coercive on V' and, therefore, also
coercive on Ker B C V.

It remains to prove the inf-sup condition.

Let p € L*(Q2). The gradient of p can be introduced as the linear functional
gradp: H}(Q,R?) — R, given by

(grad p,v) = —(p,divv)g = — / pdivo dx.
Q

It is easy to see that gradp € [H}(Q,RY)]* = H1(Q,R?). If p is interpreted as linear

functional (p,.)o, then p € [H}(Q)]* = H~1(Q2). The norms of p in H~() and gradp in
H=Y(Q) and H~*(Q,R?) are given by

d —(p.di
Ipll-1 = sup (p.)o |gradp||_1 =  sup M: sup (p, divv)o

0#£qeHL(Q) lqll: 0£ve HE(Q,R3) vl veH}(Q,R3) vl

Then we have the following important inequality:

Lemma 2.4 (Necas). Let Q C R? be a bounded and open set with Lipschitz-continuous
boundary. Then there exists a constant cy > 0, such that

Ipllo < en (lpll-1 + [l grad pl|-1)  for all p € L*(%2). (2.7)
Proof. See [9], under stronger assumptions also [4]. O
Then it follows:

Theorem 2.6. Let Q@ C R? be a bounded, connected and open subset with Lipschitz-
continuous boundary. Then there exists a constant ¢ > 0, such that

Ipllo < c¢||gradp||—1 for allp € Lg(Q). (2.8)

Proof. The embedding i: Hj(Q2) — L*(Q) is compact. Therefore, the (adjoint) embed-
ding i*: L*(Q) — H~1(Q) is also compact.

Assume the inequality (2.8) is not valid. There there exists a sequence (py,) in LZ(Q)
with ||px|]lo = 1 and || grad pg|]|-1 — 0. Because of the compact embedding of L*(Q) in
H~(Q) there exists a convergent sub-sequence (p},) in H~1(2). From (2.7) it follows that
(p},) is a Cauchy-sequence in L?*(2) and, therefore, pj, — p in L*(Q) with p € L3(Q).

We have: grad p = limy_,., grad p}, = 0. Hence, p is constant, since p € LZ(Q) it follows
p = 0, in contradiction to ||p|lo = ||pk/lo = 1. O

Therefore, the inf-sup condition holds:

di —(p, di
sup (pa 1VU>0 _ sup (p7 IVU)O

1
>~ |pllo for all p € L5(Q).
ve HL(Q,R3) o]l vEHL(QR3) [v]l1 ¢

40



Remark: If Corollary 2.3 is applied to the case
X=Q=LyQ), Y=V=H(QR), A=B"=—grad: Lj(Q) — H '(Q,R?
then the adjoint operator is the divergence:
A" = B =div: H}(Q,R?) — L3(Q).

Condition (3”), which is equivalent to the inf-sup condition, then reads: div: H}(Q, R3?) —
L3(92) is surjective, i.e.: for each ¢ € L3(Q) there is a v € H}(Q, R?) with dive = q.

The inf-sup condition can be shown in a similar way

1. for the spaces V = Hj p(Q2,R?) and Q = L*(f2) in the case of non-trivial sets I'p and
I'y and

2. for the spaces V = H(Q) and Q = L?(Q) in the case of pure Neumann boundary
conditions (I'y =T).
Summary:

The inf-sup condition is equivalent to the surjectivity of the operator B = div. Surjectivity
of div is guaranteed for the following settings:

1. div : HJ(,R®) — L2(2). This covers the case I'p = I' (pure Dirichlet boundary
conditions);

2. div : Hjp(Q,R?*) — L*(Q) if both I'p and I'y are non-trivial (mixed boundary
conditions);

3. div : H(Q) — L%(Q). This covers the case I'y = I' (pure Neumann boundary
conditions).

The mixed variational problem for almost incompressible materials is equivalent to the
pure displacement problem. Therefore, existence and uniqueness follow from the theorem
of Lax-Milgram. However, for the condition number one obtains

1
& = ’%<C)Ta
H1 Ck

which approaches to infinity for v — 1/2. The question now is whether v-independent
estimates are possible.

By the theorem of Brezzi the operator IC; : V x Q — (V' x Q)*, given by
<ICt<U,p), <U7 q)) = Bt<<u7p)7 (Ua Q)) = CL(U, U) + b(U,p) + b(ua Q> - t26<p, q>7
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is an isomorphism for ¢ = 0. Under the assumption that ¢: Q) x ) — R is bounded, i.e.:
there is a constant v, such that

lc(p. @) < e llpllellalle for all A pe @,

it immediately follows that IC; as a small perturbation of the isomorphism /C, remains an
isomorphism for sufficiently small parameters t.

Under slightly stronger conditions one can show the following slightly stronger result
as an extension of the theorem of Brezzi:

Theorem 2.7. Let V, Q) be real Hilbert spaces, F € V*, G € Q*, a: V xV — R,
b: VxQ—Randc: Q xQ — R be bilinear forms. Assume that there exist constants

ar, ao, B, Ba, v2 > 0 with
1. |a(u,v)| < as|lullv||v|lv for all u,v € V,
2. 1b(v, q)| < Ballvllvillallq for allv eV, q € Q,
3. (a) a(v,v) >0 for allveV,
(b) a(v,v) > aq|jv||} for allv € W = Ker B,

inf sup M > [ > 0.

" 0£a€Q ovev V]IV gl

5. (a) c(q,q) >0 for all g € Q.
(b) c(p.q) = c(g,p) for all p,q € Q.
(¢) lelp, @)l < 2llpllellallq for allp,q € Q.

Then the linear operator KCy: V x Q — (V' x Q)*, given by

(Ki(u,p), (v,q)) = Bi((u,p), (v, q)),

with the bilinear form

Bi((u,p), (v,9)) = alu,v) + b(v, p) + b(u, q) — t*c(p, q)
18 an isomorphism and we have
_1 1
Il < vay I < o
1

uniformly for all t € [0, 1].
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Proof. The upper bound easily follows from the boundedness of the bilinear forms:

“up a(u,v) + b(v,p) +b(u, q) — t* c(p, q)

< vy || (u, p) || x %0t
(1,9)EV XQ (v, @) |lvxq x

with
vy = (0 + 255 +73)'/%
For t = 0 it follows from the theorem of Brezzi, that there exists a constant p; > 0
such that

sup a(u,v) + b(v, p) + b(u, q)

>y ||(u, p)|lvxq
(v,9)€EVXQ ||(U7Q)HV><Q x

with
(v, )3 = IvllF + gl

Now we have:

tle(p,a)| < [t e(p,p) (g, 0)]* < 72 [ elp,p)] " Nldllo
72 [Eep.p)]" 11w, 9)llvo-

IN

t* le(p, q)|

IN

Hence one obtains:

sup a(u,v) + b(v, p) + b(u, q) — t°c(p, q)

1/2
> i1 || (w, p)llv o — 7 [ e(p,p)]*.
(1,0)EVXQ (v, 9)|lvxo

On the other side it follows (set (v,q) = (u, —p)):

sup A t) (v, p) +b(u,q) — t*e(p. q)
(.0)EV*Q (v, @)lvxq
a(u,u) + b(u, p) + b(u, —p) — t2c(p, —p) _ a(u,u) + t*c(p, p) - t2c(p, p)
[(w, =p)[lvxa [(w,p)llvxe  — [l(w,p)llvxe

So, in summary, we have:

a(u,v) + b(v, p) 4+ b(u, q) — t*c(p, p)

sup
(0.0)EVXQ (v, @) |lvxq
2 12 t*c(p,p)
> max (g1 [[(u,p)llxxo — 72 [t c(p;p)] T ves)
9 X
Since , _2
: ( y ) 7
min max ( i — Yy, — | = —
>0 X X
with

1T — Y2y =

—2
Yy
)

X
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le.:

it follows that )
2 2
Y Y2 72
_ ) > [ 1= Iz
max(ﬂlx ’Y2y7x>_< 2+ 4+/L1> x
This implies:

“up a(u,v) + b(v,p) + b(u, p) — t*c(p, 1)
(v,1)EVXQ (v, 1) [lvxq

2 2
2
V2 73 2 1
V= —— + —+ﬂ1 = .
( 2 4 ) (72+\/7§+4u1>

From the symmetry of B,((u,p), (v, 1)) the third condition of the theorem of Babuska-
Aziz is satisfied. O

> v |[(u,p)|lvxq-

with

2.3.2 The Stokes Problem in Fluid Mechanics

The analysis is completely analogous to the case of incompressible materials.

2.3.3 The Hellinger-Reissner Formulation

The first variational formulation for the case of a non-trivial boundary part I'p with up = 0
has the following form:

Find o0 € V = L*(,S) and u € Q = Hj p(Q2,R?), such that

a(o,7) +b(r,u) = 0 for all 7 € V,
b(o,v) = (G,v) forallve@Q
with
a(o, ) = / Clo:rdr, b(t,u)=— / 7:e(u) dr
Q Q
and

<G,v>——/ﬂf~vdx—/FNtN-vds.

Obviously G is linear and bounded.
a and b are bilinear and we have:
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1. a is bounded:

1
la(o,7)| = [(C7 o, 7)o| < Amax(C™ Yol I7llo = mﬂal\o 17 lo-
2. b is bounded:
b(a,v)| = |(0,€(v))ol < lloflolle@)llo < llollo vl

3. a is coercive on Ker B, since a is coercive even on V:

1

a(r,7) = (C77, 7)o = Ain(CH)(7, 7)o = mHTHS-

4. b satisfies the inf-sup condition: Under the assumptions of Corollary 2.1 it follows:

bro) (e o (E0),e(v)
v  rerre 1=(0) o

? = Jle(llo > ex o]
T€L2(,S) 17 [lo T€L2(Q,S) 17 1lo

>

The second variational formulation for the case of a non-trivial boundary part I'y with
ty = 0 has the following form:

Find o € V = Hy y(div,Q,S) and v € Q = L*(Q,R3), such that

a(o,7)+b(t,u) = (F,7) forallTeV,
b(o,v) = (G,v) forallve@

with
a(o,7) = / Clo:rdx, b(t,u)= / divr - u dx

Q
and

Q
<F,T):/FDTn~uD ds, <G,v):—/ﬂf-vd3:.

Obviously the functionals ' and G are linear and bounded.
a and b are bilinear and we have:

1. a is bounded:

|a( )!<—1 leflo 7| < o] [al
a\o, T g T o iy e o '
= N () NN TNO = () 1 N H A2 8) T H (v, .5)
2. b is bounded:
1b(o,v)| = |(divo,v)e| < || divallolv]lo < o]l a@iv.as) [v]o-
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3. a is coercive on Ker B:

Ker B = {7¢€ Hyn(div,Q,S)|(divT,v)e = 0 for all v € L*(Q,R?)}
= {7 € Hyn(div,,S) | divr = 0}.
Hence

1 1

a(t,7) > mHTHg = mnﬂﬁﬂdiv,ﬂs)

for all 7 € Ker B.

4. b satisfies the inf-sup condition: One has to show that div: Hy y(div,2,S) —
L*(Q, R3) is surjective: Let v € L*(Q, R3) be given. There exists a7 € Hy y(div, 2, S)
with div7 = v. For this we choose the ansatz 7 = £(u) with

(e(u),e(w))g = —(v,w)o for all w e H&D(Q,R?’).

From the discussion of the primal variational formulation the existence of such a u
and, consequently, the existence of 7 is guaranteed and the following estimates hold:

Cr
le()lls < llvllollullo < e [lvllo Jul < o [v]lo lle(u)lo,

hence cp
I17llo = —l[vllo
K
and, therefore,

C2
IBaeas < (14 £ ) 1ol
K

This finally implies
(le T, ’U)O CK
sup

vllo-
revy |7l m@ives) — \/m [v]lo

So far the analysis was based on the coercivity in L?((, S)

1
a(t,7) >

= m ||T||g for all 7 € L2(Q,S)

for the bilinear form

a(o,7) = / Clo:7dr=(C""o,7).
Q

For St.Venant-Kirchhoff materials in the almost incompressible case it follows that

v — 1/2 and 1/Apax(C) — 0, while the norm of @ is bounded uniformly in v. This
implies that the estimate of the condition number of the problem approaches infinity in
this case.

By a refined analysis of the Hellinger-Reissner formulation one can actually show v-

independent estimates.
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Actually, by the theorem of Brezzi the L?(), S)-coercivity is needed only on the sub-
space

Z = {relLl*Q,S) ‘ (7.€(v))o = 0 for all v € Hj ,(Q,R%)}
= {7’ € H07N(diV,Q,S) | divt = O}

We have

Lemma 2.5. There exists a constant ¢ > 0 independent of v with

/ Clrirdr>cl|||3 foralreZ.
Q

_ 1—-2v 14+v
oo = {1525

A1 = (1 —2v)/E is a simple eigenvalue of C~! with eigenvector oy = I and A\ = (1+v)/E
is an eigenvalue of C~! with multiplicity 8.
An arbitrary element 7 € Z can be written in the following way:

Proof. We have:

1 1
T=n+7p withn = 3 trace(r) I and 7p =7 — 3 trace(7) I.
Since (7p, I)o = 0, it follows that:

(0_17, T)o = M (71, 71)o + A2 (7D, TD)o-

From the inf-sup condition for div it follows that there exists an element v € H (2, R?)
such that
dive = trace(r) with ||v||; < ¢ || trace(7)||o.

Then
1 1, .. 1
(11,7)0 = g(trace(T),trace(T))o = g(le v, trace(T))o = g(e(v),trace(T) D)o
= (e(v),m)o = (e(v), 7 = Tp)o = (v,div 7)o — (¢(v),7p)o = —(g(v), Tn)o,
This implies the following estimates:
||71||3 < lle)llollmollo < llvll1 [I7nllo < e || trace(r)|o |7pllo = \/301 [7llo I7ollo,

hence
I71llo < V3eilmpllo

and, therefore,

715 = 7115 + I7olls < (1 + 3¢D)lI7olls.
This implies:
A 1

o1 > A > ——— i > s
( T,T)o = 2(7-D77-D)0_ 1—|—3C% ||7_D||0— E(1+3C%)

I7113-
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Chapter 3

Finite Element Methods

3.1 FEM for the Primal Variational Problem

The pure displacement problem in elastostatics leads (after homogenization) to a (primal)
variational problem of the following form:

Find u € V, such that
a(u,v) = (F,v) forallveV

with V' C H'(Q,R3).

We use Galerkin’s principle for discretization: An appropriate finite-dimensional sub-
space V;, C V is chosen and an approximate solution u, € V}, is computed as the solution
of the (finite-dimensional) variational problem:

a(up,vp) = (F,vy) for all v, € V.

The standard assumptions of the theorem of Lax-Milgram for the continuous problem have
been shown, therefore, the standard assumptions of the theorem of Lax-Milgram are also
satisfied for the discrete problem. Hence there exists a unique solution of the discrete
problem and the solution depends continuously on the data.

Under the standard assumptions of the theorem of Lax-Milgram Cea’s lemma gives the
following estimate for the discretization error:

Mo .
U — U < = inf |lu—w )
| nllv < o | nllv

So the discretization error can be estimates by the approximation error. The spaces V}, are
to be chosen such that the functions in V' can be accurately approximated by functions in
Vj,. The finite element method is based on a subdivision of the domain € C R? in polyhedra
(e.g.: tetrahedra, hexahedra, ...). The functions in V}, are typically piecewise polynomial
functions with respect to this subdivision. In order to obtain conforming function spaces,
ie. V, CV C HY(Q,R3), the functions have to be continuous.

A few examples of C%-elements (continuous elements):
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1. The P;-element on a tetrahedral subdivision: For each component of the displacement
continuous and piecewise linear elements are used.

2. The Q1-element on a hexahedral subdivision: For each component of the displacement
on the unit cube (the reference element) trilinear elements (i.e. linear with respect
to each coordinate) are used. By a trilinear transformation from the unit cube to
an arbitrary hexahedron the so-called isoparametric trilinear element on hexahedral
subdivisions results.

3. Higher order elements on tetrahedral subdivisions ( Py-elements, continuous and piece-
wise polynomial of degree < k) or on hexahedral subdivisions (Q-elements, piecewise
polynomial of degree < k in each coordinate of the unit cube, transformation to ar-
bitrary hexahedra).

Under appropriate assumptions the approximation error of Pj- and QQx-elements can be
estimated by:

nf =l < e

For the actual computation of the approximate solution u, € Vj we need a basis
{p; € Vp:i=1,...,N} of V}. Then each function u, € V}, can be represented in the form

up(z) = Z uj p; ().

For the vector u;, of the coefficients a linear system of equations results from the discrete
variational problem:

The so-called stiffness matrix K, is symmetric and positive definite as a consequence of
the properties of the bilinear form a.

The condition number of the stiffness matrix K} is a measure of the degree of difficulty
for solving the linear system. Typically we have

R(K) = 22 0(h7?),
231

where h denotes the mesh size of the subdivision (e.g.: the length of the longest edge of a
tetrahedral or hexahedral subdivision).

Efficient methods for solving the linear systems are multilevel or multigrid methods.
These methods can be accelerated by Krylov subspace methods (e.g. the CG method).

This short review shows the importance of the condition number 15 /11 of the variational
problem the discretization error as well as for the solution methods of the linear system.

In the case of almost incompressible materials the condition number p5 /1 diverges to
oo. This leads to a large discretization error and to growing difficulties for solving the
linear systems. The actually computed displacements u are too small, in general (locking).
A remedy of this problems is provided by FE methods which are based on the mixed
variational formulation.
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3.2 Mixed Finite Element Methods

An approximate solution of the mixed variational problem

a(u,v) + b(v,p) = (F,v) forallv eV
b(u, q) = (G,q) forallqe@

is obtained by chosen appropriate finite-dimensional subspaces
Vi CV, QnCQ.

By Galerkin’s principle the approximate solutions u, € V} and p, € @) solve the discrete
variational problem

a(up,vp) + b(vp,pr) = (F,vp) for all v, € V},

P
b(un, qn) = (G, qn) for all g, € Q. (P2)

The analysis of the discrete problem (P,) is done analogously to the problem (P).
We have the following generalization of Cea’s lemma:

Theorem 3.1. Assume the notations and assumptions of the theorem of Brezzi (2.5). Let

Vi, CV, Qn C Q be finite-dimensional subspaces. Assume that there exist constants ay, 5y
with

3" a(vp,vp) > aq||vall? for all v, € Wy, = Ker By, = {v, € Vi: b(vn,qn) = 0 for all
an € Qn},

b ~
4’ inf sup MZ@’1>O-
0£an€Qn 00, evi, 10R v llanllo

Then the problem (Py,) has a unique solution (uy,pp) € Vi, X Qp and:

Qg B . B2 .
uU—u < ([1+=|(1+= ) inf |lu—w + — inf — ,
=l < (14 52) (14 2) inf el + 22 int I - aila
o Qo
p-mle < (1+5) (1+2) 2 inf u- ol
a1 B/ By vr€Vh
o .
Pl 2 (2] Ip — anllo-
51 aq ah€Qn

Proof. The existence and uniqueness of u;, € V} and p;, € @), follows from the theorem of

Brezzi. We have
a(u,w)+b(w,p) = (F,w) forallweV,

b(u, ) = (G,r) forallre Q.
and
a(up, wp) + b(wp,pr) = (Fywy) for all wy, € V3,
b(uh, Th) = <G,T’h> for all ry, € Qh-

20



By subtracting one obtains

a(up, — u,wp) + b(wy, pr, —p) = 0 for all wy, € Vj,
b(up, — u,rp) = 0 forall r, € Q.

Hence, we have for arbitrary v, € V}, and ¢, € Q)

a(up, — vp, wp) + b(wp, pp — qn) = alu — v, wp) + b(wy, p — qn) for all wy, € Vy,
b(up — vp, 1) = b(u—ovp, 1) for all r, € Q.

From the theorem of Brezzi it follows that

@h

(0% (0% ~
V;+§_§ (1+&—2) |G|
1 1

1 =~ 1 o ~
lin = onlly < | Flle + (1+~—2) 1@
a1 Io a1

1 « ~
I — o < 7(1+~—2) |F
b1 Qi

o

with
(F,wp) = a(u — vp,wp) + blwp,p—qn) and (G, rp) = b(u — vp, 13).

Now we have:

£

ve < azllu—wplly + Bellp—anlle and ||Gllg; < Bollu — vnllv-.

With
lu = unlly <llu—=wallv + llun — vl and [[p = pulle < [lp — anlle + [IPn — anlle
the statement easily follows. ]

Observe that Ker B, ¢ Ker B, in general. Therefore, the coercivity of a on Ker B does
not necessarily imply the coercivity of a on Ker By,.

Similarly, the continuous inf-sup condition does not necessarily imply the discrete inf-
sup condition.

So the assumptions (3') and (4') must be explicitly verified for the chosen subspaces V,
and Qp,.

If these assumptions (3’) and (4') hold with constants which are independent of h, then
the discretization error approaches 0 for A — 0 if the approximation error does so.

A very helpful tool for showing the discrete inf-sup condition

b ~
inf  sup _ blonan) > [ >0, (3.1)

0#£0,€Qn 0v,ey, |[Vnllv [[anllq
is the following lemma:

Lemma 3.1. Assume there exists a linear operator I1,: V. — V}, with

51



1. b(ITpv, qn) = b(v, qn) for all g, € Qp, and allv € V and
2. | Hpvlly < cljv|ly for allv e V.

Then the inf-sup condition for b and the spaces V' and Q with a constant 31 > 0 implies
the discrete inf-sup condition for b and the spaces Vi, and Qp with a constant 1 = p1/c.

Proof. We have:

b b(II b
Billanllqo < sup (v, gn) < osup b(ITxv, gn) <c su (Umqh).
0£vev  ||v]lv ozvev a0y ozonevi |onllv
By dividing by ¢ the statement follows. 2

The operator I is called a Fortin operator.
For the actual computations of the approximate solution (upn,pp) € Vi, x Q) we need
bases {¢;} for Vj, and {¢} for Q. Then these approximate solutions can be represented

in the following form:
up =Y u; @i ph= Y Pk Ui
J k

From the discrete variational problem a linear system of equations is obtained:
Ah ij; Uy, — ih
By 0 py, 9y

A = (alp),»i),
B, = (b(@p%),
u, = (uj), p, =), [f,=UF¢)), g,=G ).

with

3.3 Mixed FEM for the Stokes Problem

For simplicity only the case I'p = I' (pure Dirichlet boundary conditions) with up = 0 is
considered.

The bilinear form a is coercive on V = H}(Q,RY), therefore, a is also coercive on
Ker B, C V with the same h-independent constant oy = .
_ The discrete inf-sup condition for the bilinear form b with an h-independent constant
1 > 0 has to be investigated explicitly.
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3.3.1 The (-Fy Element

Let @ = (—1,1) x (=1,1), n € N and h = 1/(2n). The nodes (z;,y;) with z; = ¢ h and
y; = j h define a subdivision

Tn=AT: | i,j=—2n,...,2n — 1}

of Q with the squares T} ; = (2, Ti41) X (Y5, Yj+1)-
The following spaces are introduced:

Co(LR?) = {v e OO, R?)] v=0onT}

and

P, = {w(x,y) = Z Cij 'y},

0<i+j<k

Qr = {w(z,y)= Z cij 7'y’ }.

0<i,j<k

Then the spaces V}, and @)}, are defined by:
Vi = {v e G, RQ)‘ vlr € Q for all T € Ty}

and
Qn=0QrNLXQ) with Q,={q¢e LQ(Q)‘ glr € Py for all T € T;,}.

Obviously we have
Vi CV =Hi(QR?*) and Qn,C Q= L3NQ).
These spaces satisfy the following approximation properties:
1. For u € H}(Q,R?) and p € L3(2) we have:

lim inf Iy — _ 4 Lim inf lo— —o.
hlg(lJvirethHu vl =0 an pm P —anllo =0

2. Under the stronger assumption u € Hg (2, R?) N H*(Q,R?) and p € LE(Q) N H'(Q)
we have: There is a constant C' with

inf flu—wvplh <Chllulls and  inf |lp —gnllo < CR||plh.
an€Qn

v EVR
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Discussion of the inf-sup condition:
The functions ¢;; € {v € Co(Q) | v|r € @ for all T € T} are given by the conditions
Pi,j (Dﬁk, yl) = 5(z‘,j),(k,l)-

The following basis functions for V}, are used:

Pij ((1)) and @ ; ((1]) withi,j=—-2n+1,...,2n — 1.

Then the following representation for an arbitrary function v, € V}, follows:

~

The following basis functions for @), are used:
wi,j<x ) y) = {

1 for (z,y) € T;,
0 fOI' ($7y) € T‘i,j'

Then the following representation for an arbitrary function ¢ € Qy, follows:

2n—1

qn = E qi+%,j+% ¢z’,j‘

ij=—2n

With these representations one obtains:

2n—1 2n—1
—/qhdivvhdm = — g / qn divu, doe = — g qi+1j+1/ vp - ds
27 2
Q ij=—2n" Tij ij=—2n 9T,

2n—1 1 1
= - Z Uit L+l |:§<ui+1,j+1 + Uit1,5) + §(Uz‘,j+1 + Vit1,5+1)

i,j=—2n

1 1
— = (w1 +uig) — 5 (viy + Uz’+1,j)} h.

2 2
Since
2n—1 2n—1
E Tivlj+l Wij = E Qit1,5+1 Wiy
ij=—2n ij=—2n+1
2n—1 2n—2 2n—1 2n—1
E Qi i+l Wir1j = E E Qit 1+l Wit1j = E qi—1,5+1 Wi
ij=—2n i=—2n j=—2n+1 ij=—2n+1
2n—1 2n—1 2n—2 2n—1
E Qi+ 5 j+5 Wi+1 = E E Ti+§ j+5 Wig+1 = E Qit3,5-5 Wi
i,j=—2n i=—2n+1j=—2n 1,j=—2n+1
2n—1 2n—2 2n—1
E Tigdj+l Wil j+1 = E Qitlj+l Wirljr1 = E 41,51 Wij
ij=—2n ij=—2n ij=—2n+1
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it follows that

2n—1

—/ adh div Up, dx = h2 Z [um (qu%,j -+ Ui,j (VQq)i,j]
Q ij=—2n+1
with
1
(Vig)iy = o [qur%,jf% + Qivi+1 —di-l4-1— qze%,]ur%} )

1

(VQC])i,j = % [qi_%7j+% + qz‘+%7j+% - qi_%,j_% - qz»%,j_%} .

From this representation it is easy to see that the function

2n—1

ph= Y Mg i
ij=—2n
with
_ i+j
1,1 = (—1
/’[’Z+§,]+§ ( )
satisfies:

b(Uh,,U,h> = — / p diVUh dr =0 for all Vp € Vh.
Q

That means that py;, € Ker Bf'. Since, additionally,

/Mh:()»
Q

it follows that p, € @, and the inf-sup is not satisfied.

Remark: The function uy is called a “spurious pressure mode”, in this particular case it
is also called a “checkerboard mode” (“checkerboard instability”).

A first attempt to stabilize the QQ1-F, element is to consider only those functions g, € @),
which are orthogonal to p:

Qn="{am e Qh‘ /Q%Mh dx = 0}.

Since the constant functions and the multiples of y, are the only functions in Ker BY, there
exists a constant 3 with

inf sup M > El,h > 0.

0£an€Qy, 0oneVi, Va1 [lanllo

However, it can be shown that

El,h = O(h).
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Hence there is no lower bound 51 > 0 which is independent of h.
In order to stabilize the Q)1-F, element, the space ), must be further reduced: By
constructing one macro-element from 4 neighboring elements of the original subdivision 7y,

Mi,j = (1’217352#2) X (y2j7?/2j+2)7 1, =—-n,n—1,
a second subdivision is obtained:

My, = {M;;

ij=-n,...,n—1}.

We introduce the following space:
Qan ={q € Lg(Q)‘ qla € By for all M € M, }.

Now we have

Theorem 3.2. For the spaces Vi, and oy, the discrete inf-sup condition is satisfied with a
constant independent of h.

Sketch of the proof: Let v € H}(Q,R?). By Lemma 3.1 a v, € V}, must be constructed
such that

/ qn div(vy, —v) de =0 for all g, € Q.
Q

This is equivalent to
0:/ div (v, — v) d:B:/ (v, —v)-nds forall M € M,,.
M oM

Let M € M) be an arbitrary macro-element with vertices x1, 9, 3, x4 and midpoint
x5 and the edges 51, 95,93, 94.
From the analysis from above it suffices for v, to satisfy the condition

/vhds:/vds fori=1,2,3,4.
S; S

1

Usually a function in V} is defined by its values at the nodes. Here we fix v, by the
following conditions:

1. For the four vertices and the midpoint of the macro we prescribe the value of vy,:

).
v dx for x; € €,

on(;) = |Ail Ja,
0 for z; € I,

where A; is the union of all elements 7} of the original subdivision whose closure T;
contain z; as a vertex.
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2. Instead of prescribing the value of v, in the midpoints of the edges, we require

/vh ds:/vds.
Si Si

It is easy to check that vy, is well-defined and continuous and vanishes on the boundary
I' = 092, therefore vy, € V},, and that the mapping v — vy, is linear.
By a so-called scaling argument one shows the existence of an h-independent constant
C with
[[onlly < Cllo]]s.

Remark:

1. Although the discrete inf-sup condition is not satisfied for the original spaces V},
and @)y, the convergence u;, — u can be shown. However, p, does not, in general,
converge to p.

2. The results can easily be carried over to more general quadrilateral subdivisions by
using the isoparametric bilinear element.

3.3.2 The P;-F, Element

The corresponding element on triangular subdivisions is the P;-F, element. In this case,
we have, in general

Ker B, = {0},

since

dim Qh > dim V.
Proof. Obviously we have:
dlth = QNI, dlmQh INe,

where NV; denotes the number of nodes in €2 and N, denotes the number of triangles of the
subdivision. For a general triangular subdivision we have:

N.=2N;,+ N, — 2> 2Nl,
where N, denotes the number of nodes in I'. O

The P;-F, element can be stabilized analogously to the stabilization of the QQ1-Fp el-
ement: Let 7, be a triangular subdivision of {2 and let 7}/, be that refined triangular
subdivision which is obtained by uniform refinement: Each triangle T € 7}, is subdivided
into four congruent sub-triangles.
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The spaces

Vi ={v € Co(Q,R?*)| v|r € P, for all T € Ty, o}

and
Qn=1{qe L%(Q)‘ glr € Py for all T € T3}

satisfy the discrete inf-sup condition with an h-independent constant. The proof is done
by constructing a Fortin operator analogously to the case of the ();-F, element.

The stabilized Q)1-F, element and the stabilized P;-F, element are suitable finite el-
ements for the mixed variational problem for incompressible and almost incompressible
materials.

In the following we discuss in more details the application of this element for almost
incompressible materials:

The first equation reads

2/1/ e(up) : e(vy) dx —i—/ph div vy, dz = (F,vy).
Q 0

Since py, is piecewise constant, it follows
1
/ph divwy, doe = Z /ph divy, doe = Z m/ph dx / div vy, dzx,
£ e, VT TET T T

where |T'| denotes the area (volume) of T'.
From the second equation

1 ~
/qh div uy, dx——/phqh der =0 forall g, € Qn
Q A Ja

we obtain:
/ph dr = \ /divu;Z dx for all T € T,.
T T
Hence
1 S -
/ph diveo, de =AY m/divuh d:c/ dive, de =\ Y diva, dive, |T],
Q T T

TeTh TeT

where div th denotes the mean value of divw, over the element 7. In summary, the
following (primal) variational problem for u, results:

2,u/ e(up) @ e(vy) dr + A Z divuhT divth |T| = (F,v) for all v, € V.
0

TET,

This coincides with the discretization of the pure displacement problem in V},, except that
instead of the original second term

A / divuy, divoy, dz
Q
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the following approximation by a quadrature rule is used:
A Z divu, divo, |T|.
TeTh

This technique is called selective reduced integration.

3.3.3 The MINI Element

Let 7, be a triangular subdivision of the domain Q C R2. Consider the so-called P;-P
element on this subdivision, given by

Vi ={v € Co(R?) : v|p € P, forall T € Ty}

and
Qn={qeCOQNLiN): gl € P, forall T € T}.

Observe that, contrary to the Q)1-Fy element or the P;-F, element, here the pressure is
approximated by a continuous function.

The spaces Vj, and @)y, fulfill the corresponding approximation properties on regular
meshes. However, the element is not stable.

In order to stabilize the element the space V}, is enlarged.

Consider an arbitrary triangle T' € 7T;, with vertices x;, ¢ = 1,2,3. Each point x € T
can uniquely be represented in the form

3
=1

with

The coefficients \; are called the barycentric coordinates of x. We introduce the following
function:

bT(l’) = /\1 )\2 )\3.

Obviously we have: by € P3. Because of the property by(z) = 0 for all z € 9T the function
br is called a bubble function.
The following extension of V}, is introduced:

Vi={veCo(QR*): vlp =pr+brfr, pr€ P, fr e R*forall T € T, }.
We have

Theorem 3.3. For reqular triangular subdivisions the spaces V', and Qy, satisfy the discrete
inf-sup condition with a constant independent of h.
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Sketch of the proof: We use Lemma 3.1 and construct a linear and bounded operator
II,: V — V,, such that

0 = /qhdiv(vh—v) dx:—/(vh—v)-gradqh dx
0

Q

= —Zgradqh-/(vh—v) dz for all ¢, € Qn
Q

TeT,

with v, = II,v. It suffices to satisfy the following condition:

/vhdx:/vd:v for all T € T,
T T

Let A; be the union of all triangles from 7y, which contain z; as a vertex. Let v, € V, be
given by

1
vh(x,-):K/Avdx fori=1,2,3

/vhda::/vdx.
T T

It is easy to show that vy, is well-defined and the operator I, is linear.
By a so-called scaling argument one shows the existence of an h-independent constant
C with

and

lonlls < Cllolls.
O

The additional degrees of freedom by by adding the bubble functions Sr can be locally
eliminated (static condensation):
With the ansatz

Up = U;ll + uz, U}ll € Vh, UZ = Z br 5T € (33)2
TETh

where
Bs = span{by : T € T}

one obtains from
a(un, vp) + b(vp, pr) = (F,vp)

for the test functions bre;, i =1, 2:

Z a(bT 6]', bT 67;) /BTJ + CL(U}Z, bT 62‘) + b(bT ei,ph) = <F, bT 67;> fOI' 7 = 1, 2.

Jj=1
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So the values fr; can be expressed in terms of the restriction of the unknowns uj and py,
on the triangle 7.
Especially for the Stokes equation we have:

a(bT ej, bT 62‘) = 5T 6ij with 6T =V / H grad(bT)HZ dx
T

and
a(vp, wy) = a(wy,vy) =0 for all vy, € Vi, wy, € (Bs)?.

Hence

§T5T—/ph grad by d:c:/be dx.
T T

This implies

1 1 -
Br = /(be + pp grad br) dz br (f — gradpy) dx = (f —gradps)
or T 5T T or
with
—T 1
”YTZ/deJU, f=— [ brfdax.
T Yr Jr

Using the ansatz for the second equation

—/ gndivuy, de =0
Q

we obtain
0 = —/ pdivuy dr — /qh divub dx
Q
= /q dlvuhdx—Z/qhdlv (br Br) d
Q2 TET,
= /qh dlvuh dx + Z /bTﬁT grad g, dx
L TET
= —/qhdivu,l1 dr + Z or (?T — grad pp,) - gradqh/ br dx
Q or T
TeT
= / div uy dx + Z /(TT — grad py,) - grad q;, dx
Q TeT T
with

2 2
a(T) = = O(h7).
Together with

alup, vi) + b(vi, pr) = a(uy,vy) + b(vy, pr) = (F,v}) for all v} € V,
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one obtains a mixed variational problem in the original spaces, however, with a modified
second equation:

a(u}“ U}L) + b(v,l“ph) = (F,v) for all v,lL eV,
b(u}ln an) — cn(Pr,an) = (Gh,qn) for all g, € Qp

with

en(proan) = Y afT) /gradph'gfad% dz,

TET, T
<Gh7Qh> = Z a(T) /?T-gradqh dx.
TET, T

So, adding the bubble functions corresponds to a modification of the second equation with
a new mesh-dependent bilinear form ¢, and a mesh-dependent linear functional G, .

3.3.4 The Taylor-Hood Element

As an example of an element with higher accuracy we consider the Taylor-Hood element
on a triangular subdivision 7;, of Q C R2. Let

Vi ={v € Co(R?) : v|p € Py forall T € Ty}

and
Qn={qeCQNLIQ): qlr € P, for all T € Tp,}

Of course, we have
Vi CV =H}(QR?*) and Qn,CQ=L3NQ).
These spaces satisfy the following approximation properties:
1. For u € H}(Q,R?) and p € L3(2) we have:

g, el =0 and i e, T = anllo =0

2. Under the stronger assumptions u € Hj(Q, R?) N H3(Q.R?) and p € L(Q) N H*(Q)
there exists a constant C' with

inf |lu—ov < Ch?|u and inf — < Ch? .
nf u— ol < OB ully e int flp— il < O ol

The inf-sup condition can be shown by the so-called Verfiirth trick, which consists of
two steps:
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Lemma 3.2. Let Q C R? be a bounded domain with Lipschitz-continuous boundary. Let
Vi CV = H}Q,RY) and Q, C Q = LAQ)NHY(Q) be closed subspaces. Assume that there
exists a linear operator Ry, : V — V}, and a constant c independent of h such that

1/2
(Z hy? (v — thllﬁ,T> <colvlly and |[Rpvlly < el
TeT,

Then there exist two positive constants co and c3 such that

/qh div vy, dz 1/2
sup = > ¢ [lqnllo — s <Z hi ||g1"ath||(2),T> :

vREVR thul TET;

Proof. The inf-sup condition holds:

/q divoe dx
Q

inf sup*==>—r———>p3; > 0.
ez vev  |[v|l1]l¢llo

Therefore, for each g, € @), there exists a v € V with

divo d
/Qqh Vv ax 51

- = = llanllo-
9] 2

This implies

fQ qn div vy, dx maX(Oa /Q qn div Rjv d:lj)

sup > —
vREVh [[vn1 | A 0][1
/ qn div R}ﬂ_} dx
Q
N e ||9]l1
/ qn divo dx / qn div(Rpv — 0) dx
c1 [|0])x c1 [[o])x
/ grad gy, - (R0 — 0) dx
> Do - 22 ,
201 C1 ||U||1
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Now we have

/ gradqy - (Rpo — ) dx = Z /grad qn - (Rpv — 0) dx
Q T

T,
< > hrleradgullor byt o — Ryllor
T,
1/2 1/2

< (X shmaniis) (3050 - molds)

TeTh TeT),

1/2
< ¢ <Z hi ||grath||(2),T> 1911
TeTh

Hence

/qh div v, dz 5 . 1/2
1 0
sup Z2 > llanllo — C_1 (Z h% || grad CMH%,T)

vp €VY th || 1 2¢1 TET,

The operator Ry, is called a Clément operator.
The second step of Verfiirth’s trick is contained in the next lemma:

Lemma 3.3. Let T, be a reqular triangular subdivision of Q0 with the property that each
element T € T, has at least two internal edges. Then there exists a positive constant cy

with
/qh divvy, dx 1/2
sup £2 > Cy4 (Z h7 | grad Qh”(%,T)

vpEVR thHl TET;

Proof. We have
/qh div vy, dxr = —/gradqh~vh de = — Z grad qp, - / vy, dx
Q 9] TeT, T

Let &, be the set of all internal edges of triangles in 7,. To each edge E € &, a parallel
unit vector tp is assigned.

Let g, € @, be arbitrary but fixed. Let v, € V), be that function which vanishes in all
vertices of triangles in 7, and which fulfills:

vn(mg) = —hi (grad g, - tp) s,

where mg denotes the midpoint of the edge E.
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Since vy, € P, on T, it follows that

/th dr = @ > on(mp).

ECOT
Hence
. 1
/qh divu, de = — Z grad gy, - / v, dx = Z Z §|T|h% (grad gy - tg)?
Q TET; T TET;, ECOT
> ¢ > |Thg |lgradgullz, = 1 Y b |l grad gallf -
TeTh TeT),
> cicr Y hi|lerad gilld s
TeTh

because

Z (tg - 2)*> > c1||z]l;, and minhg > ¢ hy.
EcoT per

as a consequence of the regularity of the subdivision.
Furthermore, the regularity of the subdivision implies

lonllfr < chg? IT| Y fon(ma)l.

ECOT
Therefore,
lonll} = D llwnllie <e > h?|T] Y Jo(ma)|”
TeT TeT, ECoT
= ¢ > h?|T| Y hi(gradg,-tg)’ < Y W3 |T||| grad g7,
TeT, Ecor TETs
= ¢ > hilleradallgy
TeT),

]

3.4 Mixed FEM for the Hellinger-Reissner Formula-
tion

For simplicity only the case of pure Dirichlet boundary condition with up = 0 is considered:

Find 0 € V and v € Q = L*(Q,R?) such that

a(o,7) +b(t,u) =0 for all 7 € V,
b(o,v) = (G,v) forallve@
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with
a(J,T):/C_la:de, b(T,u):/diVT'udCC, (G,v>:—/f-v dx
Q Q Q

and
V ={r € H(div,,S) | / trace T dx = 0}.
Q

By Galerkin’s principle appropriate subspaces V,, C V, @), C @ are chosen and the
approximate solution (oy,up) € Vj, X @, is given by the variational problem

a(op, ) + b(Th,up) =0 for all 7, € V4,
b(O’h,’Uh) = <G,Uh> for all vy, € Qh.

As discussed in the last chapter the coercivity of a on the kernel Ker B, and the discrete
inf-sup condition of b with a constant independent of A do not automatically follow from
the corresponding conditions of the continuous problem.

This time the coercivity of @ on V' does not hold. Coercivity of a could only be shown
on the set

W=KerB={reV|br,v)=0foralve@}={reV|divr =0}

Only for the case that
W, =KerB, CW =KerB

with
W, = Ker B, = {Th eV, ’ b(Th,Uh) =0 for all v, € Qh}

one immediately obtains the coercivity of a on Ker B;, with a; = ay. All requirements
formulated so far are not easy to fulfill for simple piecewise polynomial finite element
spaces.

A mixed element for triangular subdivisions in R?, which satisfies all these requirements

is defined as follows, see D. A. Arnold, R. Winther, 2001:
Vi={reV:r|,€Psand divr|, € P for all T € T;}

and
Qh:{veQ:v|T€P1 forall T € Ty}

An element 75, in V}, is given by
1. the values of 75, at the vertices,
2. the values fs w1 ds and fS TN s ds on each edge S and

3. the value [, 7, dx on each triangle 7.
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This results in 24 degrees of freedom on each triangle.

Another possibility is to abandon the strong formulation of the symmetry of the stress
tensor. So far, the starting point of the variational formulation was the following classical
formulation of the linear elasticity problem:

Clo—e(u) =0 inQ,
dive = —f in Q,

u =0 on [
From the first equation the symmetry of ¢ immediately follows. Now we have

e(u) = Vu — w(u)

wu)i; = = — .
" 2 83:j 8:151
Observe that w(u) is an anti-symmetric tensor. This motivates the following equivalent
formulation of the first equation:

with

Clo—Vu+vy=0, o =o.

Obviously, v = w(u) is the only anti-symmetric tensor that satisfies the first equation,
which then is equivalent to the original first equation.
So the new starting point of a mixed variational formulation is the following system:

Clo—Vu+vy =0 in €,

ol —o =0 in €,
dive = —f in (),
u =0 on I

By multiplying the first equation component-wise by a test function 7, integrating over
) and adding up, one obtains:

/0_102Td.CE—/TZVUd.CE+/T:’deZ:0.
Q Q Q

By integration by parts it follows that:

/0_10:7'dx+/div7‘-udm—|—/7‘:7dm:0.
Q Q Q

By multiplying the second equation component-wise with an anti-symmetric tensor 7, one

obtains:
/JT:ndx—/a:ndx:(),
Q Q
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which is equivalent to

/J:ndx:(),
Q

because 7 is anti-symmetric. Finally one obtains from the third equation

/divo-vd:c:—/f-vdx.
Q Q
By adding, one obtains

/diva-vdx—i—/a:ndx:—/f'vdx.
Q Q )

Therefore, the following mixed variational problem results:

Find 0 € V and (u,7) € @ such that

a(o,7) +b(7, (u,y)) =0 for all 7 € V,
b(o, (v,n)) = (G,v) forall (v,n) €Q

with

a(o, ) = /QCla c7dw,  b(T, (u,7y)) = /

Q

(G,v>:—/9f-vdm

div7'~udx+/7:fyda:,
Q

and the spaces
V = H(div, Q,R*?®), Q= L*(Q,R%) x {y € L*(Q,R¥?)|v+~" = 0}.

The best-known element in R? which is based on (the two-dimensional analogue of) this
variational formulation is the PEERS-Element (Blane elasticity element with reduced
symmetry) for a triangular subdivision of . It consists of the following components:

1. The Raviart-Thomas element of degree 0 (the RTj element) enlarged by functions,
piecewise given by
cr curlby  with ¢ € R,

where by = A1 Ay A3 denotes the bubble-function on a triangle T, for the rows of op;
2. Piecewise constant functions (the Py element) for wp;

3. Continuous and piecewise linear functions (the P element) for 7.

The Raviart-Thomas element of degree 0 (the RT} element) is an H (div, 2)-conforming
element, piecewise given by functions of the form

ar +drx with ar € Rz, dr € R.

The PEERS element is also suitable for almost incompressible materials.
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Chapter 4

Solution of the Discretized Equations

The discussed mixed FEMs lead to linear systems of equations of the following form:

T
AB () = (1) (A1)
B —-C) \p g
Throughout the chapter we will assume that A is symmetric and positive definite, that C'is
symmetric and positive semi-definite, and that the so-called (negative) Schur complement

S=C+ BA'BT

is non-singular.
Under these assumptions the matrix K, given by

A BT
£ (5 %)
is non-singular and allows a block LU factorization
A 0 I A'BT
e=(4 0 (4. w2

The system (4.1) is equivalent to the following system:

Au+B'p = f,
Sp = h with h=BA'f—yg.

4.1 The Uzawa Method and Variants

Let p(® be a given initial guess for p. The classical Uzawa method is given by the following
steps:

(k+1) _ T, (k)
Au f—B"p",
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with some positive parameter 7 > 0. It is clear that, in the case of convergence, the limit
values solve the system (4.1).
If u*+1) is eliminated, one obtains:

p" = p® 47 (h — 5p™),
which is the classical Richardson method applied to the system
Sp = h.

Since S is symmetric and positive definite, the convergence is guaranteed for sufficiently
small parameters 7 > 0.

The convergence can be improved by using the preconditioned Richardson method with
an appropriate preconditioner S for S. Then the iterative method reads

pFD = p®) 4 51 (h — §p*))y,
In the original form we obtain the so-called preconditioned Uzawa method:

Au(k+1) — f BT (k)

An obvious disadvantage of the preconditioned Uzawa method is the necessity to com-
pute u**t1) as exact solution of the system

Au=b with b= f— BTp®.

If instead one step of some preconditioned Richardson method is used for determining
(k+1)
u

ut D = 4 L A7 — Au®),

where A is an appropriate preconditioner for A, then one obtains a so-called inexact pre-
conditioned Uzawa method (also called preconditioned Arrow-Hurwicz method):

WD — LAY (f - Au® — BTp(k))’
Pkt L5 (Bu (1) _ k) _ 9).
Hence
A( (k+1) u(k)) = f— Au® — BTpH®),
B(u(k“) _ u(k)) _ S*(p(kﬂ) _ p(k)) = g— Bu® 4 cp®.
That is

LB ) f u®
L <p<k+1> _p<k>) = (g) -K (p<k>)
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or, equivalently,
o) = Gin) +€7[(5) = Gin))
= + L7 - K
<p(k+1) p® g p®
A A 0
L= A
(5 %)

So the inexact preconditioned Uzawa method can be interpreted as preconditioned Richard-
son method for (4.1) with the block triangular preconditioner L.

with

Remark: With the setting

A=A, g1
T

one obtains the classical Uzawa method. With the setting

A:lL S =

g

il

one obtains the classical Arrow-Hurwicz method.

Observe that the preconditioner £ is formally obtained from (4.2) by replacing A and
S by A and S in the first factor and ignoring the second factor.

If instead the second factor in (4.2) is treated analogously to the first factor, then the
preconditioner K is obtained:

o A 0\ (I A'BT\ [A BT
~\B =S/ \o I “\B BA'BT_S)"

Observe that K is a symmetric and indefinite block matrix.
One step of the preconditioned Richardson method

MY u®\ T/ f u®
(een) = (o) = [(5) = (om)

requires the solution of the system

o (kD) g (R) f (k)
u u u
K = - K .
(p“+”-—p“”) (9) (p“°)
This can be done in three steps:
( (k+1) u(k)) = f-— Au® BT (k)

A
S« ( (k+1) p(k)) Bl (k+1) Cp(k — g,
A ( (k+1) u(k)) — f . AU . BT k+1)'
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Interpretation: From the first and the third equation one obtains:
u(k+1) — a(kJrl) . AleT(p(kJrl) . p(k)>. (43)

(4.3) is considered as ansatz for the next approximation u*+1) which is required to solve

the equation
Bu(k+1) . Cp(k-‘rl) =g.

This leads to the equation:
H(p"*) — p*) = Biigyy — Cp™ — g

with R
H=C+ BA'BT.

H is called the so-called inexact Schur complement. If compared with the second equation,
one could interpret S as preconditioner for H and the second equation is just one step of
the corresponding preconditioned Richardson method applied to the equation

Hp' =c¢ with ¢ = Bl — Cp(k) -9

k+1) _ ok

with starting value 0 for computing p’ = p( p~.

Remark: For the case C' = 0 and the choice S = H = B/AlleT, ie.:

A BT . A BT
= (45 wa - (27,

the preconditioned Richardson method

(k+1) (k) . f (k)
U u u
= + K - K
(ron) = (o) +[(5) - G
can also be written as a projection method:

u* ) = P(u® 4 A7 — Au®)).

Here P is the A—orthogonal projection on the linear manifold V, = {v € R" : Bv = g}, i.e.:
w = Pu € V, is the unique solution of the variational problem

(w,v) 4 = (u,v) 4 forall ve V= KerB.
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4.2 Preconditioner for the Schur Complement

An approximate solution of the mixed variational problem

a(u,v) +b(v,p) = (F,v) forallveV
b(u, q) = (G,q) forallqge@

is obtained by an appropriate choice of finite-dimensional subspaces
Vi CV, QnCQ.

By Galerkin’s principle the approximate solutions u;, € Vj, and p, € @)y, are the solutions
of the discrete variational problem

a(up,vp) + b(vp,pr) = (F,up) for all v, €'V},
b(un, qn) = (G,qn)  forall g, € Q.

Let {¢;} be a basis for Vj, and let {¢;} be a basis for ;. Then the approximate
solution can be represented in the following way:

un =) Uy 95 pr= ) Pk ke
J k

From the discrete variational problem one obtains the following linear system of equations
Ah B},I; Uy, — ih
By 0 by, 9y,

Ap = (alg;, @),
Bh - (5(9037%))7
u, = (u), p, =), [,= (Fe)), g,= (G).

Assume that the following conditions are satisfied:

with

1. The bilinear form a is symmetric, coercive and bounded on V.. Then ||v||y = a(v, v)'/?

can be chosen as a norm in V.

2. The bilinear form b is bounded:
1b(v, q)] < B2 v]lv]dlle-

3. The discrete inf-sup condition is satisfied:

inf sup M > 51 > 0,

0#gh€Qn 0£v), €V}, HUhHV HQhHQ

where E is independent of h.
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Then we have:
(Budy' By q,.0,) = (A4,'°Bl q,,A;,' By )0

—1/2
I PBL g, w)? up B2 ),
w, 20 (wy,, wy,)e, 0,20 (Anly, V)0,

_ b(vn, qn)® b(vn, qn)?
= sup ———~— = Sup ————.
0oneV A(Vn, Vn)  ozunevi  |lUnllY

Therefore, the following estimates hold:

Billanlly < (Budy' By 4, 0,)e < B3 lanlle-

Now
lanlly = (Mig,, q,)e,  with My = ("), 40)q) .

Hence _
B My, < S), = BhAﬁlB}? < B3 M.

The spectral constants 312 and 32 are independent of h. Therefore, M is a spectrally
equivalent preconditioner of the Schur complement S; = BhA,ZlB,Cf. The corresponding
preconditioned Uzawa method has the convergence rate

R(Mfflsh) —1 < (52/@:1)2 —1
KM, Sh) + 17 (Bo/Br)? + 1

q= <1,

which is independent of h.

Application to the Stokes problem

For ||v|lyv = |v|; and for pure Dirichlet boundary conditions we have

b(v,q) = — / qdive dr < [|gllo[| divollo < flglolv]s-
Q

Hence: By = 1.
The matrix M, is the mass matrix, which is spectrally equivalent to h?I for regular
meshes:
ah® T < My, < eh I

Therefore, the Uzawa method (without preconditioner) for 7 = O(h?) converges optimally
(h-independent convergence rate). If instead of Richardson’s method the gradient method
is applied to Sp = h it suffices to set the parameter 7 = 1.

The method can be additionally accelerated by the CG method.
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4.3 Convergence Analysis for Inexact Uzawa Meth-
ods

We have
= + L - K
(p(kJrl) p(k) g p(k)

with the iteration matrix

Therefore, it follows for the error

that
e+ — Agek)
Now
M = LYL-K)

B A1 0 A-A -pB7

O \SIBAL g1 0 -S+cC

B ATY(A - A) —A'BT

— \S'BAYA—-A) -5 C+ BABT]

A _A-1prg A-A 0
= sBA 5 - 5c+BABTS) 0 8§
= NO.

This factorization of the iteration matrix into symmetric factors is the key for the conver-
gence analysis, see [11] for typical results.
Here we concentrate on one special case: If

A< A

then Q is symmetric and positive definite and, therefore, defines a new scalar product:

() ()= (2(): (), =4~ mones s,

The iteration matrix M is symmetric with respect to this scalar product:

(Miﬂ,y)g = (QNQmay)éz = (QNvax)ez = (Myax)Q‘

Therefore, M and £'K = I — M have only real eigenvalues. In particular the following
convergence property can be shown:
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Theorem 4.1. If R R R R
A<A<a@A and cS<S5<7S

then the matriz LK is symmetric with respect to the scalar product (z,y)o and we have

o (ﬁ—lzc) c A € (0, 00)

A=~ [a(l +0)— \/52(1 +0)2—4dac ] A= % {a(l +7) + \/52(1 +7)2 —4dac

Proof. Let ¢(A) be the negative Schur complement of K — AL or, in short:
©(A) = — Schur(K — A £).

Then we have:

A—)A B
p(A) = —Schur ((1—/\)B —(J+/\5’)
= C—-AS+(1-NBA-XA)"'BT.

It is immediately clear that

0(0)=S5>0

and
©(A) >0 for A <0.

The first block-diagonal block A—\ A of the block matrix K—\ £ is symmetric and positive

definite for A < 0. A
So A— XA and () are non-singular for A < 0. This implies that the matrix L — A £

is non-singular in this case and, therefore, all eigenvalues of LK are positive.
For 0 < A <1 it follows that

0<A-AA§(1-§)A
[0}

and, therefore,

A~ 1—=A 1—=X A
go(A)zC—/\SJrl_éBA*lBTz _A—;]S:Q(A)S
with L%
Q()‘>:1_%_E'

The smallest root of #(\) is the smallest root A < 1 of the quadratic equation

N —a(l+ o)A +ag=0.
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For @ < \ < oo it follows

and, therefore,

—A _ 1—X A _
p(\) <C—AS+ - —F BA IBT < _A—EIS:H(A)S
with L%
I\ = —= - Z.
» 1-2 7

The largest root of () is the largest root A of the quadratic equation
M —a(l+a)\+ac=0.

These estimates show that A — A A and ¢(A) are non-singular for A < A and for A > A
This implies that C — X £ is non-singular. Therefore, ) is not an eigenvalue of L71KC. O

As a simple consequence the following sufficient condition for convergence is obtained:
A<2, ie: @(2+470) <4

In any case the problem is symmetric and positive definite with respect to the scalar
product (z,y)o and, therefore, the CG method can be applied.

Remark: The statements of the last theorem date back to the work in [2], see also [11].
Similar results can be shown for the symmetric variant, see [11].
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