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Element stiffness matrices:

(Kh vh, wh)`2 = a(vh, wh) =

nh∑
k=1

nh∑
i,j=1

∫
Tk

ϕ′i(x)ϕ
′
j(x)dx︸ ︷︷ ︸

=0 if i 6∈{k−1,k}
or j 6∈{k−1,k}

vj wi

= K (1)
h w1 v1 +

nh∑
k=2

(
K (k)

h

[
vk−1
vk

]
,

[
wk−1
wk

])
`2

where

K (1)
h =

∫
T1

ϕ′1(x)
2 dx =: K (1)

11

K (k)
h

k>1
=

 ∫
Tk

ϕ′k−1(x)
2 dx

∫
Tk

ϕ′k−1(x)ϕ
′
k (x) dx∫

Tk

ϕ′k (x)ϕ
′
k−1(x) dx

∫
Tk

ϕ′k (x)
2 dx

 =:

[
K (k)

00 K (k)
01

K (k)
10 K (k)

11

]
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(Kh vh, wh)`2 = K (1)
11 w1v1 +

nh∑
k=2

([
K (k)

00 K (k)
01

K (k)
10 K (k)

11

] [
vk−1
vk

]
,

[
wk−1
wk

])
`2

To obtain entries Kij of Kh, we use that for

vj = 1, other entries of vh zero
wi = 1, other entries of wh zero

we have

(Kh vh, wh)`2 = Kij
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General formula:

(Kh vh, wh)`2 = K (1)
11 w1v1 +

nh∑
k=2

([
K (k)

00 K (k)
01

K (k)
10 K (k)

11

] [
vk−1
vk

]
,

[
wk−1
wk

])
`2

Case i = 1, j = 1: v1 = w1 = 1

K (1)
11 w1v1 +

nh∑
k=2

([
K (k)

00 K (k)
01

K (k)
10 K (k)

11

] [
vk−1
vk

]
,

[
wk−1
wk

])
`2

k = 2
k = 0

Hence:
K11 = K (1)

11 + K (2)
00
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General formula:

(Kh vh, wh)`2 = K (1)
11 w1v1 +

nh∑
k=2

([
K (k)

00 K (k)
01

K (k)
10 K (k)

11

] [
vk−1
vk

]
,

[
wk−1
wk

])
`2

Case i = 1, j = 2: v2 = w1 = 1

K (1)
11 w1v1 +

nh∑
k=2

([
K (k)

00 K (k)
01

K (k)
10 K (k)

11

] [
vk−1
vk

]
,

[
wk−1
wk

])
`2

k = 2
k = 0

Hence:
K12 = K (2)

01
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General formula:

(Kh vh, wh)`2 = K (1)
11 w1v1 +

nh∑
k=2

([
K (k)

00 K (k)
01

K (k)
10 K (k)

11

] [
vk−1
vk

]
,

[
wk−1
wk

])
`2

Case i = 2, j = 1: v1 = w2 = 1

K (1)
11 w1v1 +

nh∑
k=2

([
K (k)

00 K (k)
01

K (k)
10 K (k)

11

] [
vk−1
vk

]
,

[
wk−1
wk

])
`2

k = 2
k = 0

Hence:
K21 = K (2)
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General formula:

(Kh vh, wh)`2 = K (1)
11 w1v1 +

nh∑
k=2

([
K (k)

00 K (k)
01

K (k)
10 K (k)

11

] [
vk−1
vk

]
,

[
wk−1
wk

])
`2

Case i = 2, j = 2: v2 = w2 = 1

K (1)
11 w1v1 +

nh∑
k=2

([
K (k)

00 K (k)
01

K (k)
10 K (k)

11

] [
vk−1
vk

]
,

[
wk−1
wk

])
`2

k = 2
k = 3

Hence:
K22 = K (2)

11 + K (3)
00
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and so on ...
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General formula:

(Kh vh, wh)`2 = K (1)
11 w1v1 +

nh∑
k=2

([
K (k)

00 K (k)
01

K (k)
10 K (k)

11

] [
vk−1
vk

]
,

[
wk−1
wk

])
`2

Case i = nh − 1, j = nh − 1: vnh−1 = wnh−1 = 1

K (1)
11 w1v1 +

nh∑
k=2

([
K (k)

00 K (k)
01

K (k)
10 K (k)

11

] [
vk−1
vk

]
,

[
wk−1
wk

])
`2

k = nh − 1
k = nh

Hence:
Knh−1,nh−1 = K (nh−1)

11 + K (nh)
00
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General formula:

(Kh vh, wh)`2 = K (1)
11 w1v1 +

nh∑
k=2

([
K (k)

00 K (k)
01

K (k)
10 K (k)

11

] [
vk−1
vk

]
,

[
wk−1
wk

])
`2

Case i = nh − 1, j = nh: vnh = wnh−1 = 1

K (1)
11 w1v1 +

nh∑
k=2

([
K (k)

00 K (k)
01

K (k)
10 K (k)

11

] [
vk−1
vk

]
,

[
wk−1
wk

])
`2

k = nh

k = 0

Hence:
Knh−1,nh = K (nh)

01
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General formula:

(Kh vh, wh)`2 = K (1)
11 w1v1 +

nh∑
k=2

([
K (k)

00 K (k)
01

K (k)
10 K (k)

11

] [
vk−1
vk

]
,

[
wk−1
wk

])
`2

Case i = nh, j = nh: vnh = wnh = 1

K (1)
11 w1v1 +

nh∑
k=2

([
K (k)

00 K (k)
01

K (k)
10 K (k)

11

] [
vk−1
vk

]
,

[
wk−1
wk

])
`2

k = nh

k = 0

Hence:
Knh,nh = K (nh)

11
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Global stiffness matrix:

K (1)
11 + K (2)

00 K (2)
01 +K (0)

00 0 · · · · · · · · · 0

K (0)
00 +K (2)

10 K (2)
11 + K (3)

00 K (3)
01 +K (0)

00
. . .

...

0 K (0)
00 +K (3)

10 K (3)
11 + K (4)

00 K (4)
01

. . .
...

...
. . . K (0

00+K (4)
10

. . . . . . . . .
...

...
. . . . . . . . . K (nh−1)

01 +K (0)
00 0

...
. . . K (nh−1)

10 K (nh−1)
11 + K (nh)

00 K (nh)
01

0
...

...
... 0 K (0)

00 +K (nh)
10 K (nh)

11
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Assembling

Start: empty matrix (zero)

0 0
0 0 0

0 0 0

0
. . . . . .
. . . . . . 0

0 0 0
0 0


a
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Assembling

Add contribution from element 1

� 0
0 0 0

0 0 0

0
. . . . . .
. . . . . . 0

0 0 0
0 0


a
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Assembling

Add contribution from element 2

�� �
�� � 0

0 0 0

0
. . . . . .
. . . . . . 0

0 0 0
0 0


a
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Assembling

Add contribution from element 3

�� ��
�� �� �

�� � 0

0
. . . . . .
. . . . . . 0

0 0 0
0 0


and so on ...


