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Prove formula (19) from the lecture, i.e. show that

[y ()] < / )t

holds for 5 =0,...,m — 1 and for u € C*([0,T],R").
Assume that f fulfills the Lipschitz condition (13), i.e.
|f(t,v) — f(t,w)|]| < Liv—w| YVt e [0,T] Yv,weR".

Furthermore, let the sequences (u;) and (v;) be given according to the (perturbed)
explicit Euler method:

Uj+1 = Uj‘i‘Tj f(tj,’dj> } v] :O,. ’m_]-?
Vit = v+ 75 [f(t5,05) + Y]
and vy = ug+yo for given (but arbitrary) values ug and yo, . . ., ¥, € R™. Show that
then,
1
luj — vl < e lyo|| + = <€(tj_t°)L - 1) max ||yl
L k=1,....j
for all 7 > 0.

Hint: Show and use e~ | < Lik,l eti=s)L ds.

Recall that the definitions of consistency, stability, and convergence depend on the
norms || - ||x, and || - ||y.. In this exercise, we replace || - ||y, by || - || x.-

Use Exercise to show an estimate of the form
lerllx, < Cll¢r(uv)lx,

for the explicit Euler method with a stability constant C' independent of 7.
Furthermore, show that for exact solutions u € C*([0, T],R"™),

[-(u)llx, < K7

with K = max ||u”(s)]|.
s€[0,T

Consider the general explicit 2-stage Runge-Kutta method

g1 = Uj
g2 = uj+T1ja21 f(t;, g1)
Ujr1 = U + T [bl f(tj, g1) +ba f(tj + co1y, 92)]

with coefficients as 1, b1, by and ¢, for the approximate solution of the initial value
problem to find w : [0,7] — R such that

u'(t) = f(t, ut)) vVt € (0,7),
u(t) = uog),



where uy € R is given and f : [0,7] x R — R is sufficiently smooth.

A Taylor series expansion of the local error of the form
d-(t+7) = Ag+ A7+ Ay + A3 73 + O(14),
with the expressions Ay, ..., As depending only on as i, b1, ba, c2, f, and its deriva-

tives, but not on 7, is provided in the KUSSS-system.

Find necessary conditions on the coefficients as 1, b1, b2, and ¢y such that the con-
sistency order of the method is at least 2, i.e. such that for all sufficiently smooth
functions f,

Ay = A = A, = 0.

Is it possible to get consistency order 37

Consider the classical Runge-Kutta method of order 4,
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Show that this method has the stability function

1 1 1
R(z) = 1+Z+§Z2+623+ﬂ24'

Apply the Explicit Euler method with a given stepsize 7 to the following differential
equation:
u'(t) = —50 u(t) u(0) =1
You may use a programming language of your choice (like Mathematica or Matlab).
Plot the solutions for 7 = %, %, %, i on [0,7] = [0,1]. How do the results relate
to observations in the lecture?

Remark: You will not need to reuse or expand your code in future tutorials. Just
make sure you get the results and think about them!



