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Traces of H(curl)
Trace operators!

C*(09) :w—n x (wxn)

C0N):w—wxn
Theorem 2.26. There exist unique extensions

vy - H(curl, Q) — H™Y2(0Q), ~% : H(curl, Q) — H/2(6Q)
as linear and bounded operators.

WARNING: ~;, 7 as stated in Theorem 2.26 are not surjective!
First, this is because (a x n) -n = 0 and so

Yrw, Yrw € H.,_.l/Q((?Q) ={y € H_1/2(89) s -m =0 ae. on 0N}
However, ., 77 still not surjective w.r.t. this space.

Definition 2.27. Y := v (H(curl,Q)), |[s]lyx == inf  ||u|acur,o)
’ ucH(curl,?)
Yru=s

Theorem 2.28.

(i)
(i)
)
)

Y; is a Hilbert space
H(curl,Q) — Y7 is surjective and has a bounded right inverse
(iii) The map vy, : H(curl, Q) — (Y7)* is well-defined

(iv) For any v, w € H(curl, ),

)"

/(curl w) -vdr = / w - curlv dr — (yjw, 'YT’U>Y’1>§><(Y><
0 Q

Remark. One can also show that v, : H(curl, Q) — (Y7)* is surjective,
and so Y7 and Y7 are dual to each other.

Lemma 2.29.

Hy(curl, Q) := CSO(Q)”'HH“"”]‘Q> = {w € H(curl, Q) : y,w = 0}
= {w € H(curl, Q) : v;w = 0}

IShort hands: C*(D) := C*(D)3, L2(D) := L*(D)?, H*(D) := H*(D)?
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The following is additional information (not part of the lecture)

Proof of Theorem 2.28.
Part (i):
seY7r, v € H(curl,Q),v;v =s

For ¢ € H(curl, 2), define linear functional

Ls(o) ::/chrlv-qbdx—/gfv-curlqbdx

Properties: (exercise!)
e [, depends only on s
o |Ls| < lIsllyz llceurno)

This shows that Ls € H(curl, Q)*.
Due to Riesz’ theorem, there exists ws € H(curl, Q):

Ls(¢) = (ws, ¢)H(cur1,ﬂ) = (curlws, curl ¢)L2(Q) + (ws, ¢)L2(Q)

and ||ws||H(curl,()Q) - ||LSHH(cur1,Q)*

Further properties: (exercise!)

o curlw, = —ws; € H(curl, Q) Hint: test with ¢ € C°(Q)

o v (curlw,) =s Hint: ¢ € H'(Q), use Thm.2.26
Then

Isllyx < lleurlws|laeure) = [wsllaeuro) = | LsllmeurLe) < llsllyx
= Isometry between Y7 and closed (!) subspace of H(curl, €2) O
Part (ii) follows by construction O

Part (iii) For smooth s, ¢:

Thm.2.26
{(vro, 3>(Y§)*XY§ =" Ls(o)

Properties of Ls + density = ~v,¢ € (Y} )" bounded in ||¢||acurr,o) O
Part (iv) follows from the above O
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Characterization of the two trace spaces

Observation: vy w could have additional smoothness: for u € C*(Q),

“w, Vu b2 A density /w-cueru dx—/ curlw ) - Vudx
(vrw, y7(Vu))oo R ) Q(\ )

=77 =0 €H(div,Q)
L.2.24 .
= (divcurlw) udx — (y,(curlw), yu)gn
/Q =0 =77

Differential operators on the surface (part I)

e Surface gradient Vyq: for u € C*(Q), ¢ = yu,

ou
Voap = vp(Vu) = 'qu—%n

Definition only depends on ¢. Extension: Vg : H3/2(0Q) — HY*(99)
For Q =R? x R™, Vanp = (01, Dapp, 0)7

e Surface divergence divyg : H;1/2(8Q) — H3/2(00))
defined by duality:

(divau, ©)aa = —(v, Vaap)aq
For Q = R? x R™, divggv = §2 + 52

We have shown above that

(diVaQ"/;wa Tu)sn = <"Y;’w7 Voaru)oa = (n(curlw), yu)sq

=77 (Vu) eH-1/2(69Q)
Hence:  divpgyyrw € HV/2(0Q) !

Lemma (without proof):
For C''-domains {2,

Y = HY2[Div,00) == {¢ € H;2(09Q) : divogrp € H/*(0Q)}
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Differential operators on the surface (part II)
e Vectorial surface curl:
curlpop = —n X Vyqp
For Q = R? x R™, curlpaopy = (—dyp, D1, 0)T
e Scalar surface curl:
curlpov = —divga(n X v)
For Q =R? x R, curlypov = 0Oyv; — 0102
Lemma (without proof):
For C'-domains §2,
Y;r = HY2(Cwl,00) = {¢ € H;V?(09Q) : curlygyp € HY?(00Q)},

is surjective and has a bounded right inverse.

Further characterizations:

e Lipschitz polyhedra: continuity properties needed across edges ~~

H,'*(Curl,0Q),  H;'*(Div,00)

[Buffa & Ciarlet, M2AN 24:9-30, 2001].

e General Lipschitz domains:
[Buffa, Costabel, & Sheen, JMAA 276:845-867, 2002].



