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Triangulations

Ω ⊂ Rd bounded Lipschitz polytype (d = 2: polygon, d = 3: polyhedron)

T h(Ω) regular triangulation, i.e.,

• T h(Ω) = {T}, where T non-degenerate simplices (d = 2: triangles,
d = 3: tetrahedra), T = T

• Ω =
⋃

T∈T h(Ω) T

• the intersection of two different elements is either empty, one edge or
one face of both elements

Examples:

We define

hT := diam(T ), h := max
T∈T h(Ω)

hT

ρT := radius of larges ball inscribed in T

A family of triangulations {T h(Ω)}h∈Θ is called

• shape regular iff ∃c > 0 ∀h ∈ Θ ∀T ∈ T h(Ω) : ρT ≥ c hT

• quasi uniform iff shape reg. and ∃c > 0 ∀h ∈ Θ ∀T ∈ T h(Ω) : hT ≥ c h
For a (fixed) triangulation we define

set of vertices : V = {Vi}
set of edges : E = {Eik}
set of triangles : T = {Tik`} (for d = 2)

set of faces : F = {Fik`} (for d = 3)

set of tetrahedra : T = {Tik`m} (for d = 3)
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Finite Elements

Definition 3.1. A finite element (T, V, N ) consists of

• geometric domain T (element domain)

• finite-dimensional space V of functions on T (space of shape functions)

• setN of linearly independent functionals (set of nodal variables) which
form a basis of V ∗

Lemma 3.2. Let T , V be as in Def. 3.1 and N = {ψ1, . . . , ψN} ⊂ V ∗.
Then the following statements are equivalent:

• N is a basis of V ∗

• ∀v ∈ V : [∀i = 1, . . . , N : ψi(v) = 0] =⇒ v = 0 (N determines V )

• ∀β1, . . . , βN ∈ R ∃! v ∈ V : ψi(v) = βi ∀i = 1, . . . , N (unisolvence)

Definition 3.3. Let (T, V, N ) be a finite element with N = {ψ1, . . . , ψN}.
The (unique) basis {ϕ1, . . . , ϕN} of V fulfilling

ψi(ϕk) = δik

is called nodal basis.

Definition 3.4. Two finite elements (T̂ , V̂ , N̂ ) and (T, V, N ) are called
affine equivalent if there exists an affine linear map Φ(x) = F x+ b with

• T = Φ(T̂ )

• V ◦ Φ = V̂ (V̂ is pull-back of V )

• N = {v 7→ ψ̂(v ◦ Φ) : ψ̂ ∈ N̂} (N is push-forward of N̂ )
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