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10 Let Ω = Ω1 ∪ Ω2 ∪ Γ and v1 ∈ [C1(Ω1)]3, v2 ∈ [C1(Ω2)]3. We define

v(x) :=

{
v1(x), x ∈ Ω1

v2(x), x ∈ Ω2

}
∈ [L2(Ω)]3.

Show that

v ∈ H(curl ,Ω) ⇐⇒ v1 × n = v2 × n on Γ. (4.1)

11 Consider the smoothing operators Sε
g from the lecture. Show that

∃C > 0 ∀ ε ∈ (0, ε0) ∀w ∈ L2(Ω) : ‖Sε
g w‖L2(Ω) ≤ C‖w‖L2(Ω). (4.2)

Hint: Use the definition of Sε
g , exchange

∫
Ω

and
∫
B(0,1)

, transform Ω to φε(Ω) and

use Lemma 2.10 from the lecture to bound the Jacobi determinant.

12 Let T̂ , T be tetrahedra, φ : T̂ → T an affine linear bijective map, F = φ′, J =

detF = |T |
|T̂ | > 0. Let f̂ ⊂ ∂T̂ be a (flat) face with normal n̂ and let f = φ(f̂) be

the corresponding face of T with normal n.

Show that for v̂, ŵ ∈ [C1(T̂ )]3:∫
f

(v × n) ·w dσ =

∫
f̂

(v̂ × n̂) · ŵ dσ̂, (4.3)

where v and w are the covariant transformations of v̂ and ŵ, e.g. v ◦ φ = F−T v̂.

Hint: Use that

n =

(
J

Jf
F−T n̂

)
◦ φ−1 with Jf =

|f |
|f̂ |

and that (Ay)× (A z) = (detA)A−T (y × z) for A ∈ R3×3, y, z ∈ R3.
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