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Let us consider the quadrature rule

/A u(€)de ~ u()|Al,

with the unit triangle A = {€ = (£,&) € R?: 0 < & <1 —6,0 < & < 1} and
the integration point £* = (1/3,1/3). Show that there exists a positive constant
¢ = const. > 0 such that

|/ )dg — u(€)|A|| < clulpay Yu € HA(A),

Hint: In 2D (d = 2), H?(A) is continuously (even compactly) embedded in C'(A),
L.e. there exists cp = const. > 0 |[ul| oz = maxeea [u(§)] < cpllullpz(a).-

Show that, for sufficiently smooth functions, e.g. for u,v € H(curl) N [CY()]?, the
curl-IbyP-formula

/chrl(u) -vdx:/ﬂu-curl(v) dx—/r(uxn)wds (2.11)

is valid. Hint: Use the classical IbyP-formula for the proof of (2.11) !

Let g € H-Y2(T') := (HY2(T))* be a given flux. Show that there exist a unique
weak (generalized) solution of the Neumann problem

0
—Au+u=0in and a—u:gonfzﬁQ (2.12)
n
satisfying the apriori estimate

lullf ) = lulliz o) + IVulliz) < cllglfew)

with some positive constant ¢ =7.



Show that the gradient ¢ = Vu of the weak solution v of the Neumann problem
(2.12) from Exercise 22 belongs to H(div) and the weak divergence of ¢ is equal to
u, i.e. div(qg) = u !

Let Qi,...,9Q,, be a non-overlapping domain decomposition of €, i.e. Q = UQ;,
NQ;=0,1i+#j Let ¢ € H(div,€;), i =1,2,...,m, such that

VniTi;4i = YniTy; 45 Y Fij = 8QZ N 89] : measd,lfij > 0.

Then the piecewise defined function

q:={qlo, =q,1=1,2,...,m} € H(div,Q) and (divq)|q, = divg;,

foralle=1,2,...,m.



