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2 Tools from the Theory of Sobolev Spaces

Let us consider the function

(z) = 14z, —1<2<0
Y=Y 12, 0<2< -1

Obviously, u € C(Q) C Ly(Q) C Line(Q) € D'(2), but u ¢ C(Q) !
Compute

L u=0%e?

2. U =0uer

3. u" =0%u€?

in the distributive sense !

Show that

= inf 2.10
lollwaay = _pinf el (210)

defines a norm in HY2(T') := 7oH'(Q) (check the norm axioms) ! The infimum in
(2.10) is realized. Characterize the minimizer u* € H'({2) as a unique solution of a
variational problem !

Show that
1/p
HuH*sz(Q) = (/F lulPds + /F |0 ulPds + |u|%/g(sz))

defines a new norm in Wg(Q) that is equivalent to the standard norm

1/p

1/p
Jullwz@) = Z/Q\aawdx = (/Q\u|pd:c—|—/Q\Vu\pdx+\u]%,g(m) :

<2

where d,u(z) = 2%(z) = (Vu(z),n(z)) = Vu(z)'n(z) = Vu(z) e n(z), and

lulwzi) = (3422 Jo [0%ulPdz)'/P denotes the standard semi-norm in W2(Q).



Show that there exists a positive constant cp = const > 0 such that

/(u(m))de < cfp/ |Vu(x)|?de Yu e Vo= Hy ()
Q Q

with

Cp = —= 'min (bl — CL,L'),
where Q CI1:= {z = (z1,...,29) E R 1 q; < x; < b;,i=1,...,d}.
Show that there exists a positive constant ¢ = const > 0 such that

inf flu = qllz,@ < c|Vullz,@ Vo€ W)



