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4 Analysis and Numerics of Mixed Variational Pro-
blems

4.1 Mixed Variational Problems

Consider the mixed variational problem: Find v € X and A € A, such that

a(u,v) +b(v, ) = (f,v) YweX,
b(u, p) = (9,1) YpeA.

In order to guarantee a unique existence of the solution (see Theorem 2.4 (Brezzi) in the
lectures) one has to verify the following conditions:

1. The linear forms f and g are continuous, i.e.,

fex , geAr, (4.15)

2. the bilinear forms a(-,-) : X x X — R and b(+,-) : X x A — R are continuous, i.e.,
Jag, B = const > 0:

asllullx[lvllx Vu,veEX, (4.16)

<
< Bollvllxllplla Vv e X, VueA, (4.17)

3. LBB (Ladyshenskaja — Babuska — Brezzi) condition: 33; = const > 0:

b(v, p)

inf sup > 1, (4.18)
o V<X [ollx[[lla
4. Ker B—ellipticity, i. e., da; = const > 0:
a(v,v) > aq|v]|3% Vv € Ker B, (4.19)

where KerB={ve X |Bv=0 (in A")} ={ve X | blv,u) =0 Vue A}
——

=(Bv, u)



Consider the mixed formulation of the 1st BVP of the biharmonic equation (see

Example 1.3 in the lectures, and Exercise 9 of the tutorials): Find w € X := H'(Q)
and u € A := H}(Q) such that there holds

/wmdx—/VmVudx = 0 VmelX,
Q Q

—/VwVvda: = /fvda: Yo e A,
Q Q

Show, that for this problem, the conditions (4.16) and (4.18) are satisfied | What
can you say about (4.19) ?

Consider the Stokes problem (see Example 1.1 in the lectures): Find v € X =

[H(Q)]” and p € A == {q € Ly(Q) | [, gdz = 0} such that there holds

Vu Vvda:—/divvpdx = /fvdx Yo e X,
Q

Re Q

—/divuqu = 0 VgeA,
Q

where the Reynolds number Re is positive, and where : denotes the inner product
A:B= Z?,j:l Q45 bij; defined for matrices A = (aij)iJ:Lz’gg and B = (bij)i,j:1,2,3-
Show, that for this problem the conditions (4.16) — (4.19), except for the too difficult
part (4.18), are satisfied.

Consider the mixed formulation of the Dirichlet problem for the Poisson equation

(see Example 1.2 in the lectures): Find ¢ € X = H(div,Q) = {7 € [Lo(Q)]’ |
divr € Ly(Q)} with the norm ||7([% = [|7]17,q) + [[div 7|7, ) and u € A == Ly()
such that there holds

/JTde+/diVTudx = 0 VrelX,
Q Q

/divavdx = /fvdx Vv e A.
Q Q

Show, that for this problem the conditions (4.16) — (4.19) are satisfied.
Hint: In order to show (4.18), 1. e
b
361 > 0 : inf sup(T—U) > (1, where b(1,v) = / divr vdax,
Q

vos rex Imllxllvlla

you can use Example : For an arbitrary v € A = Ly(Q2) choose 7 = —Vy,
where p € Hg () solves the variational problem

/V/LTVndx:/vndx Vn € Hy(S2).
Q Q

Let X and A be real Hilbert spaces and B : X — A* a bounded linear operator.
Show, that B satisfies the LBB-condition

341 > 0: inf sup —- (BT, v)

1N rex HT|||| [

> b,

if and only if there exists ¢ = const > 0 such that for all v* € A* there exists a
7 € X such that BT = v* and ||7]|x <




