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2 Theorem of Babuska and Aziz

Theorem 1.5: (Babuska und Aziz, 1972)

Let U and V be Hilbert spaces. Then the linear map (operator) A : U —— V* is an
isomorphism (bijective, A and A~ continuous) if and only if (= iff) the corresponding
bilinear form a(.,.) : U x V — R! fulfills the following conditions:

1. continuity, i.e. 3 us = const. > 0:

(8) |a(u,v)| < pollullu||v|ly Yu € U, Yv €V,
2. inf-sup-condition, i.e. 3 u; = const. > 0:

(9) inf sup alu, v) > pp = const. > 0,
el vev |lullullvllv

3. Voe V\ {0} JueU :
(10) a(u,v) #0.
Proof:
1. < sufficiency, i.e (8) - (9) = A is an isomorphism !
e 8) <= A : U — V* - continuous (= bounded), i.e. A € L(U,V*) and
1Az < po.
e A is injective (= one-to-one mapping). Indeed, assuming Au; = Auy <~
a(uy,v) = a(uy,v) Yo € V and using (9), we obtain

a(uy — usg,v)

0 = sup > pal|ur — uel|u,

veV [[v][v
i.e. up = us.
o A:U < A(U) C V* yields 3A~" : A(U) > U.
e A7': A(U) + U is continuous. Indeed,

< Au,v > < fiv>
pllullo < sup ———— = sup —=— = || flv~,
veV ||U||V veVvV ||U||V
el A7 fllu < || fllv- Vf € AU),

i.e. A7!is bounded, i.e. A7! is continuous.



e A:U «— A(U), A7': A(U) « U - continuous = A(U) = A(U).

e Closed Range Theorem (Theorem 1.4) yields: A(U) = A(U) = (kerA*)? =
{0}° = V* due to (10). Indeed,
kerA* = {v € V : < A", u >pexp=< Au,v >yexy= a(u,v) = 0Vu € U} =

(o).

An alternative proof of the sufficiency follows from Exercises 13*. This results in a
constructive proof !

2. = necessity: see Exercises 10 - 12 !

Show that the fact that A € L(U, V™) is an isomorphism yields the continuity (=
boundedness) of the bilinear form a(u,v) =< Au,v > ! Define the boundedness
constant po of the bilinear form a(.,.) !

Show that the fact that A € L(U,V*) is an isomorphism yields the inf-sup-condition
of the bilinear form a(u,v) =< Au,v > ! Define the inf-sup-constant p; of the
bilinear form a(.,.) !

Show that the fact that A € L(U,V*) is an isomorphism also yields the third
condition of the Babuska-Aziz-Theorem 1.5 !

Let us assume that the sufficient conditions (8) - (9) of the Babuska-Aziz-
Theorem 1.5 are fulfilled. Let us consider the variational problem: find v € U such

that
Au,v) =< F,o> YveV, (2.10)
where the bilinear form A(u,v) and the linear form < F,v > are defined by the
identities
Alu,v) =< A*JAu,v >  Yu,v € U (2.11)
and
<Fov>=<AJfv> WYwel, (2.12)

respectively. Here A* : V' — U* denotes the adjoint to A : U — V* operator and
J : V* — V is the Riesz isomorphism between the Hilbertspaces V* and V. Show
that the linear form < F,. > and bilinear form A(.,.) fulfil the assumption of the
Lax-Milgram-Theorem and provide the ellipticity and the boundedness constants of
the bilinear form A(.,.) !



