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1.3 Scalar Elliptic BVP of the Fourth Order.
Show that the first biharmonic BVP

u€ Vo= HZ(Q): /QAu(:L‘)AU(x)dx = /Qf(x)v(x)dx Vv e V) (1.7)

has a unique solution, where HZ(Q) := {v € H*(Q) :u=%*=0onT} !

Hint: Use the Lax-Milgram theorem and the following inequility
[ 1av@)Pds = n ol (1.9

that is valid for all v € HZ().

Show inequality (1.8) !

Give the variational formulations for BVPs of the second, the third and the fourth

kind mentioned in Example 1.3 !
07*| Prove that the so-called Kirchhoff plate bilinear form

P*u v Pud*v  Pud*v
= Au(x)A 1—o0)|2 — — d
CL(U, U) /Q { U(ZE) U(l’) + ( U) 8x18x2 8x18x2 8[)3% 8%% 895% 8x%} } v
(1.9)
is identical to the biharmonic bilinear form given in (1.7) in the case of the first BVP
(i.e., on H3(Q)), where o € (0, 1) is a given material parameter (Poisson-coefficient).

Derive the natural boundary conditions for the plate bilinear form (1.9) ?

Pu . d*u

5udes = uenor» and two times partial integrations !

Hint: Use Schwarz’ theorem, i.e.

Derive a mixed variational formulation for the first biharmonic boundary value
problem (1.7) by introducing the new variable w = Au !



