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50 Consider the boundary value problem

Lu(x) = f(x) ∀x ∈ (0, 1),

u(0) = u(1) = 0

with
Lu(x) = −u′′(x) + b u′(x)

and b ∈ R. Let Th denote the equidistant subdivision of the interval [0, 1] with mesh
size h = 1/n, n ∈ N and let the corresponding set of nodes be ωh = {x0, x1, . . . , xn}.
Consider the following variational formulation of the boundary value problem: Find
u ∈ H1

0 (0, 1) such that

a(u, v) = (f, v)L2(0,1) ∀v ∈ H1
0 (0, 1) (10.1)

with
a(u, v) = (u′, v′)L2(0,1) + (b u′, v)L2(0,1) .

For b = 0, the finite element discretization by the Courant element is equivalent to
the finite difference method

(Lh uh)(x) = fh(x) ∀x ∈ ωh ,
uh(0) = uh(1) = 0

with

(Lh uh)(x) = − 1

h2

[
uh(x− h)− 2uh(x) + uh(x+ h)

]
and

fh(x) =
1

h

∫ x+h

x−h
f(y) p(x)(y) dy,

where p(x) denotes the nodal basis function associated to the node x ∈ ωh. This
follows from the identity

1

h
a(uh, p

(x)) = (Lh uh)(x),

which is easy to show.

Consider the case b 6= 0 and find the finite difference method that is equivalent to
the finite element discretization by the Courant element.

51 Assume the notations of the previous example.

Let αh be a given positive real number and consider the following discrete variational
problem: find uh ∈ Vh such that

ah(uh, vh) = (f, vh)L2(0,1) ∀vh ∈ Vh (10.2)

with
ah(uh, vh) = (u′h, v

′
h)L2(0,1) + (b u′h, vh + αh b v

′
h)L2(0,1) ,

where Vh ⊂ H1
0 (0, 1) denotes the finite element space given by the Courant ele-

ment. Determine the parameter αh such that the finite element discretization by
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the Courant element applied to (10.2) is equivalent to the following finite difference
method:

(Lh uh)(x) = fh(x) ∀x ∈ ωh ,
uh(0) = uh(1) = 0,

with

(Lh uh)(x) = − 1

h2

[
uh(x− h)− 2uh(x) + uh(x+ h)

]
+

+ b

{ 1
h

[
uh(x)− uh(x− h)

]
if b ≥ 0

1
h

[
uh(x+ h)− uh(x)

]
if b < 0

}
.

52 A finite difference method of the form

(Lh uh)(x) = fh(x) ∀x ∈ ωh ,
uh(0) = uh(1) = 0

with
(Lh uh)(xh) = Ah(x)uh(x)−

∑
ξ∈S′

h(x)

Bh(x, ξ)uh(ξ)

is called monotone if and only if

(i) Ah(x) > 0 for all x ∈ ωh,
(ii) Bh(x, ξ) > 0 for all ξ ∈ S ′h(x), x ∈ ωh,

(iii) Dh(x) := Ah(x)−
∑

ξ∈S′
h(x)Bh(x, ξ) ≥ 0 for all x ∈ ωh.

Under which conditions on b and h are the finite difference methods for excercises
50 and 51 monotone?

53 Assume the notations of the previous exercises. Let {δr}r∈R denote the elements of
the triangulation, i. e., the intervals (xi, xi+1).

Show that
ah(uh, vh) =

∑
r∈Rh

a(r)(uh, vh + αh b v
′
h),

with the element-local bilinear forms

a(r)(w, v) = (u′, v′)L2(δr) + (b u′, v)L2(δr) .

54 Assume the notations of the previous exercises.

Show that
ah(uh, vh) = a(uh, vh) +

∑
r∈R

αh (Luh, L uh)L2(δr) .

55 Assume the notations of the previous exercises.

Consider the variational problem to find uh ∈ Vh such that

ah(uh, vh) = 〈Fh, vh〉 ∀vh ∈ Vh ,
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with

ah(uh, vh) = a(uh, vh) +
∑
r∈Rh

αh (Luh, L vh)L2(δr)

〈Fh, vh〉 = (f, vh)L2(0,1) +
∑
r∈Rh

αh (f, L vh)L2(δr).

Let u ∈ H1
0 (0, 1) be the exact solution of (10.1).

Show that if u ∈ H1
0 (0, 1) ∩H2(0, 1), then

〈Fh, vh〉 − ah(u, vh) = 0 ∀vh ∈ Vh .
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