Numerical Methods for Elliptic Partial Differential Equations SS 2010
Tutorial 10 Tuesday, 15 June 2010 10.15-11.45, T 041

Consider the boundary value problem

Lu(x) = f(x) Va € (0,1),
u(0) = u(l) =0

with

Lu(z) = —u"(z) +bu/(z)
and b € R. Let 7}, denote the equidistant subdivision of the interval [0, 1] with mesh
size h = 1/n, n € N and let the corresponding set of nodes be Wy, = {xg, x1, ..., T, }.

Consider the following variational formulation of the boundary value problem: Find
u € H(0,1) such that

a(u,v) = (f,v)r201) Vv € Hy(0,1) (10.1)
with
a(u,v) = (U, U/)L2(0,1) + (b, V)r2(0,1) -

For b = 0, the finite element discretization by the Courant element is equivalent to
the finite difference method

(Lhup)(x) = falz)  Voew,,
with .
(Lnun)(z) = =33 [un(z —h) = 2up(x) + up(z + h)]

and

1 x+h
fw) = 5 [ 0900 dy
z—h
where p®) denotes the nodal basis function associated to the node z € ;. This

follows from the identity

%@(uh,p“)) = (Lnun)(2),

which is easy to show.

Consider the case b # 0 and find the finite difference method that is equivalent to
the finite element discretization by the Courant element.

Assume the notations of the previous example.

Let ay, be a given positive real number and consider the following discrete variational
problem: find u; € V} such that

ah(uh, Uh) = (f, Uh)LQ(O,l) Yo, € Vi, (102)
with
an(un, vn) = (Up, v,)r200) + (Dup, vn + an b)) 20,
where V;, C H}(0,1) denotes the finite element space given by the Courant ele-

ment. Determine the parameter oy, such that the finite element discretization by
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the Courant element applied to (10.2) is equivalent to the following finite difference

method:
(Lhup)(z) = fulz)  Vzew,,
uh(O) = uh(l) = O,
with
(Lpup)(z) = —% [uh(x —h) = 2up(x) + up(x + h)] +

=

[un () — up(z — h)] ibeO}
[un(z + h) —up(z)]  ifb<0 J

o

A finite difference method of the form

=

(Lhup)(z) = falz)  Vzew,,
with
(Lpup)(zn) = An(z — > B, §un(§)

gesy (z)

is called monotone if and only if

(i) Ap(z) > 0 for all € wy,
(ii) Bp(z,&) >0 for all £ € S} (x), © € wy,
(i) Dp(z) := Ap(z) — ZﬁeSL(m) By (z,€) > 0 for all x € wy,.

Under which conditions on b and h are the finite difference methods for excercises

and monotone?

Assume the notations of the previous exercises. Let {4, },cr denote the elements of
the triangulation, i.e., the intervals (x;, x;y1).

Show that

ap(up, vy) = Z a™ (up,, v, + ap buy),
reRy,

with the element-local bilinear forms
a(’”)(w, v) = (W, V)2, + (bW, v) 12, -

Assume the notations of the previous exercises.

Show that
ah(uh, Uh) = a(uh, Uh) + Z Qp, (L Up, Luh)Lz((;r) .
reR

Assume the notations of the previous exercises.

Consider the variational problem to find u;, € V), such that

ap(up, vp) = (Fp, vp) Yo, € Vi,
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with

ah(uh, ’Uh) = a(uh, ’Uh) + Z (673 (Luh, LUh)LQ(JT)

reRy

(Fn, vn) = (f, vn)r20,) + Z an (f, Low)r2s,)-

reRy,

Let uw € H(0,1) be the exact solution of (10.1).
Show that if u € H}(0,1) N H?(0,1), then

<Fh, Uh> — ah(u, Uh) =0 Yo, € V}, .
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