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Tutorial 3 Tuesday, 23 March 2010 10.15-11.45, T 041

The following exercises are around the space H (curl, Q). Let us fix the domain 2 C R3
with sufficiently smooth boundary 0f) and recall that

H(curl, Q) := {v € L*(Q)* : curlw € L*(Q)*}

with w = curlv (the weak curl) defined by the relation

/w pdr = /v-curlgodx Y € C5°(Q)°.
We use the norm y
HUHH(curl,Q) = <H’LL||%2(Q) + HCUI"I’U,“%Q(Q)) .
Furthermore, recall that
Ho(curl, Q) := {v € H(curl, Q) : v x n =0 on 00} = C° Q)3” lorceurt @)

We also define the weak divergence w = div v by the relation
/ngpdx = /Q'v~gradg0dx Vo € C5°(92),
and the space H(div, Q) :={v € L*(Q)? : dive € L*(Q)}.
Assume that there are two disjoint open subdomains €2; and €y such that
QUQ,=Q.

Let m; and my the unit normal vectors outwards to 2; and €2, respectively, and
define the interface T' := 9Q; N 9Qy. We fix the two functions v; € C*(£2;)? and
vy € CY(Q)%. Obviously, v; € H(curl, ;) and vy € H(curl, Q). Show that the
function v* € L?(2)? defined by

’U*( ) 'Ul($) ifl’e@l
€T) =
'UQ([E) ifz € QQ,

satisfies v* € H(curl, Q) if and only if
/U1X7’L1—|—’02X’nzd820
r

(the tangential component of v* is continuous).

Recall from exercise that for sufficiently smooth functions u and v,

/curlu-vda: = /u-curlvdw—/ (uxmn)-vds
Q Q G

Show that if we define for w € H(curl, €2) the operator v, by
(mru,v) = /u-curlvdm—/curlu-vdw Vv € H'(Q)?,
Q Q

then there exists a constant C such that
(vew,v) < Clul|gea o) |V]| H1@

Note: Using this estimate, one can show that the tangential trace w x n is well-
defined for u € H(curl, Q) as a functional in the dual of H'/2(9€)3, where H'/2(02)
is the trace space of H'({2).



Consider the variational formulation to find w € Hy(curl, Q):

1
/—Curlu~curlv+au~vdm‘ = /J~vd:c Vv € Hy(curl, ), (3.1)
Q M Q
—a(uw) —(Fv)

with constant parameters p > 0 and o > 0.

Show that if ¢ > 0, then the bilinear form is Hy(curl, Q2)-coercive and -bounded,
and that the linear functional F' is Hy(curl, 2)-bounded.

Counsider the case o = 0.

(a) Show that for all p € HJ(9):
curlgradp =0 weakly in (2.

Hint: Use the definitions of the weak curl and gradient and that divcurlp = 0
for smooth functions ¢.

(b) Show that gradp x m = 0 for all p € H} ().
Hint: Start with 0 = fQ pdiv curl ¢ dz and use integration by parts twice.
Note: (a) and (b) together imply that gradp € Hy(curl, Q) for all p € H}(Q).

(c¢) Show (assuming that o = 0) that

a(gradp,v) =0  Vp € H)(Q), Yo € Hy(curl, Q).
Consider again the case ¢ = 0. Show that if a solution to problem (3.1) exists, then
/J-gradpda::O Vp € Hy ().
Q

Show that this implies
divJ =0 weakly in €.

Consider again the case ¢ = 0. Show that the bilinear form a(-,-) is Vp-coercive
where

Vo := {v € Hy(curl, Q) : / v-gradpde =0 Vpe Hy(Q)}.
Q
Use the “Friedrichs type inequality”
|v][2) < CF |lcurlv|| 2o Yo € W,

which holds provided that the domain is simply connected and has a connected
boundary (cf. Monk, 2003, Corollary 3.51).



