Numerical Methods for Elliptic Partial Differential Equations SS 2010
Tutorial 2 Tuesday, 16 March 2010 10.15-11.45, T 041

Consider the linear differential operator L,

2 d

Z: ) i, >+Zlbj<x>a—%<x>+c<x>u<x>,

where z € Q C R%.

(a) Show (under sufficient smoothness assumptions on u) that we can assume
without loss of generality that a;; = aj;.

(b) Show that if a;; € C*(2) then there exist coefficients a@;;, Ej and ¢ (specify
them!) such that

:Zai,(Z% (% )+i5j(x)§—;+’5(x>u(x)~

i=1 = J j=1

Let €2 be a bounded domains with sufficiently smooth boundary 02 and outwards
unit normal vector m on ). Furthermore, let 0 : Q - R, ¢ : Q — R, u: Q — R3,
and v : Q — R? be sufficiently smooth functions. Complete the following identities
by integration by parts:

/Q(gradso(:c))w:c)dx = —/ng(x) dx—i—/mgo(x) ... ds
/Q (grad ¢()) - v(z) dz =
| (@ivute) vt de -
/Q (divu(z)) - v(z)de =
/Q (cwrlu(e)) ¥(z) de —
/Q (cwrlu(@)) - v(z) dr =

o(x) ... de+
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Consider the equilibrium conditions
—dive = f in 2

and Hooke’s law
o = Ndivul +2pue(u),
(

with the linearized strain e(u) = 1(gradwu + (gradw)'). From these identities,

derive the Lamé equations

—pAu — (A4 p)grad (dive) = f in Q.



Multiply the Lamé equations by a test function v and integrate over the domain
). Then eliminate second-order derivatives using integration by parts and put the

result in to the form
/...da: —/ oodr = /f-vdx.
Q a0 Q

Check whether the domain integral coincides with the bilinear form

a(u,v) = /Qa':e('v)dx = /Q[)\divudivvjtlue(u):s('v)] dx

and if the integral over the boundary coincides with the expression

/aQa'n-vds = /aQ A (divau) (v-n)+2pe(u)n - v] ds.

Consider the 2" boundary value problem for the biharmonic equation:
Find u : €2 — R such that

Ay = f in €,
u = g on 051,
Au = gy on 0f),

with given functions f, go, g2 : € — R. Derive the variational formulation, i.e.,
specify a(-, ), F', V,, and Vj. Are there solvability conditions like in the 2@ boundary
value problem for Laplace’s equation?

Consider the domain Q = {z € R®* : x; > 0, x5 > 0, 23 > 0, |z| < 1} and the

functions
o(r) =r" with r=|z| = /22 + 22 + 22,

v = grad ¢.

and

(a) Show that curlv = 0.
(b) Find an exponent a € R such that

/ [v|* dv < oo and / |divv|? dr = oo,
Q 0

which implies that v € H(curl, Q) but v &€ H'(Q)?).
Hint: Use spherical coordinates.



