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Beside the magnetostatic variational problem (problem (16) in Chapter 2 of the Lectures)
Find u € Vo = Ho(curl) : a(u,v) = (F,v) Yv eV, (2.1)

we consider the regularized magnetostatic variational problem
Find u. € Vo = Ho(curl) : ac(u.,v) = (F,v) Yv € Vj, (2.2)

where ¢ € R% is some positive regularization parameter, and the linear form and the
bilinear forms are given by the following identities:

= /f ) dx Vv eV, (2.3)

a-(u,v) = /( (x) curl(u(zx)) - curl(v(z)) + e u(x) - v(x)) de  Yu,v € Vg, (2.4)

a(u,v) =

v(z)curl(u(x)) - curl(v(x)) de Vu,v € V. (2.5)

@\

We assume that the assumptions (Al) v € Lo(Q) : 0 < 1y < v(x) < 1y for almost all
r € Qand (A3) f € H(div,0), i.e. f € (Ly(R2))? with div(f) = 0 are fulfilled.

Show that the regularized magnetostatic problem (2.2) has a unique solution u. € V;
satisfying the a priori estimate ||u.|/z,0) < e | fllra@)-

Let u € V, be that solution of the original magnetostatic problem which is Lo-
orthogonal to the gradients of Hj-functions, i.e. (u, V)1, = 0 for all v € H}(Q).
Show that

[ = vell (eury < €[]l La() (2.6)
where u. € Vj is the solution of the regularized magnetostatic problem (2.2) and ¢

is some positive constant.

In addition to the primale variational formulation of the regularized magnetostatic pro-
blem (2.2) we now consider the mixed variational problem: Find (u., p.) € Vo x A :=
Ho(curl, Q) x Hg(€2) such that

/(V curl(u) - curl(v) + e u. - v) do + / v-Vo. dor = / frvde YveVy (2.7)
Q Q Q

/ug-dea: = 0 WeA (2.8)
Q



Show that the regularized magnetostatic mixed variational problem (2.7)-(2.8) has
a unique solution (ug, p.) € Vo x A, and, for u., the a priori estimate

el r(eurty < e 1 f || La(e (2.9)

is valid.
Hint: Use Brezzi’s Theorem B4 !

Show the following statement: If (u., p:) € Vo x A denotes the unique solution of
the regularized magnetostatic mixed variational problem (2.7)-(2.8), then u. € V;
solves the primale regularized magnetostatic variational problem (2.2) !

Let (u = up, = 0) € Vp x A be the solution of the original mixed variational
problem (= problem (19) in Chapter 2 of the Lectures = (2.7)-(2.8) for ¢ = 0)).
Show that then the error estimate

HU - usHH(curl) S ce HfHLg(Q) (210)

is valid, where u. € V; is the primal part of the solution of the regularized magne-
tostatic mixed variational problem (2.7)-(2.8).

Hint: Use Brezzi’s Theorem B4 !



