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16 Let q ∈ [L2(Ω)]3 be a given vector function, and let us consider the BVP: Find
ϕ ∈ H1(Ω) such that

(∇ϕ,∇v)L2(Ω) +

∫
Ω

ϕdx

∫
Ω

vdx = (q,∇v)L2(Ω) ∀ v ∈ H1(Ω). (2.1)

Show that the BVP (2.1) has a unique solution ϕ ∈ H1(Ω) satisfying the orthogo-
nality condition (ϕ, 1)L2(Ω) = 0, i.e. ϕ⊥R in L2(Ω) !

17 Let us again consider the BVP described in 16 . Show that q − ∇ϕ ∈ H(div,Ω),
div(q −∇ϕ) = 0 in [L2(Ω)]3 and trn(q −∇ϕ) = 0 in H−1/2(Γ) !

18∗ Show that the bilinear form b(·, ·) : H0(curl,Ω)×H1
0 (Ω)→ R defined by the identity

b(v, ϕ) =

∫
Ω

v · ∇ϕdx ∀ v ∈ H0(curl,Ω), ϕ ∈ H1
0 (Ω) (2.2)

fulfils the so-called LBB-condition, i.e. there is a positive constant β1 such that

sup
v∈H0(curl,Ω)

b(v, ϕ)

‖v‖H(curl)

≥ β1‖ϕ‖H1(Ω) ∀ϕ ∈ H1
0 (Ω) ! (2.3)

19 Let κ(·) be a real function from L∞(Ω) such that 0 < κ1 ≤ κ(x) ≤ κ2 for all almost
x ∈ Ω with some positive constants κ1 and κ2. Derive the Variational Formulation
(VP) of the mixed BVP

curl(ν curl(u)) + κu = Ji − curl(M) in Ω,

u× n = gD on ΓD,

ν curl(u)× n = gN on ΓN ,

and formulate practically relevant conditions for the data ν, κ, Ji,M, gD and gN such
that the VP has a unique solution, i.e. verify the conditions of the Lax-Milgram-
Theorem !
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