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2 The Variational Framework

2.1 Function Spaces and Properties.

09 Show that if there exists a week curl c = curl(u) ∈ [L2(Ω)]3 of a vector function
u ∈ [L2(Ω)]3 in the sense of Definition 2.1 then c is uniquely defined !

10 Show that if g = ∇w ∈ [L2(Ω)]3 is the weak gradient of a scalar function w ∈ L2(Ω)
in the sense of Definition 2.1 then g ∈ H(curl) and the weak curl of g is 0, i.e.
curl(g) = curl∇w = 0 in [L2(Ω)]3 !

11 Show that, for sufficiently smooth functions, e.g. for u, v ∈ H(curl) ∩ [C1(Ω)]3, the
curl-IbyP-formula∫

Ω

curl(u) · v dx =

∫
Ω

u · curl(v) dx−
∫

Γ

(u× n) · v ds (2.1)

is valid. Hint: Use the classical IbyP-formula for the proof of (2.1) !

12 Let Ω1, . . . , Ωm be a non-overlapping domain decomposition of Ω, i.e. Ω = ∪Ωi,
Ωi ∩ Ωj = ∅, i 6= j. Let qi ∈ H(div, Ωi), i = 1, 2, . . . ,m, such that

trni,Γij
qi = trni,Γij

qj ∀ Γij = ∂Ωi ∩ ∂Ωj : measd−1Γij > 0.

Then the piecewise defined function

q := {q|Ωi
= qi, i = 1, 2, . . . ,m} ∈ H(div, Ω) and (divq)|Ωi

= divqi,

for all i = 1, 2, . . . ,m.

13 Let Ω1, . . . , Ωm be a non-overlapping domain decomposition of Ω, i.e. Ω = ∪Ωi,
Ωi ∩ Ωj = ∅, i 6= j. Let ui ∈ H(curl, Ωi), i = 1, 2, . . . ,m, such that

trti,Γij
ui = trti,Γij

uj ∀ Γij = ∂Ωi ∩ ∂Ωj : measd−1Γij > 0.

Then the piecewise defined function

u := {u|Ωi
= ui, i = 1, 2, . . . ,m} ∈ H(curl, Ω) and (curlu)|Ωi

= curlui,

for all i = 1, 2, . . . ,m.
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