Numerical Methods for Partial Differential Equations WS 2009 / 2010
Tutorial 10 Monday, 18 January 2010, 10.15-11.45, T 212

Consider the sequence u, € X, defined according to the explicit Euler method and
the perturbed sequence v, € Y, defined by

w1 = uj+ 75 f(t5, uy),

Vi1 = v+ 15 [t v) + Y,

with vy = ug+ o, for given initial data ug and given perturbations y, € Y. Assume
further, that f satisfies the Lipschitz condition

If(t, v)— f(t, w)|| < Llv—w| Yo, w e R* Vte |0, T].
Show that

- 1 _
lo; — ;]| < BT |yl + E(e(tj b 1) max |-

Hint: Follow your lecture notes and use that e—t)L | < ftik_l eti=9lds (and
show this!).

Consider the general initial value problem to find w : [0, 7] — X such that

u'(t) = f(t, u(t)) Vt e RS,

w(0) = up, (10.1)

with f: R x X — X and uy € X, where X is a Banach space.

Assume that there exists a constant L > 0 such that
£t w) = f(E o)l < Llw=v|  VEeRy Vo,weX,  (102)

where | - || is a norm in X. Show that for each given ¢; > 0 and u; € X, there exists
a unique solution u;; € X to the implicit equation

Ujrr = uj+ 75 f(tj1, wi),
if 7 < 1/L. Hint: Use Banach’s fixed point theorem.
Assume that X is a Hilbert space with the inner product (-, -), and that
(ft,w) = flt,v),w—v) <0 VteR] Yo, weX, (10.3)

holds additionally to (10.2). Show that for each given 7 > 0, ¢; > 0, and uy € X,
there exists a unique solution u;,; € X to the implicit equation

Ujpr = wj+ 75 f(tn, uje).
Hint: Apply Banach’s fixed point theorem to the equivalent equation
w1 = Glujpr) = (1= phujsr + pluj + 75 f(t41, wjr1)]

for some parameter p € (0, 1), which you should choose such that G is a contraction.
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For the following exercises we consider the implicit Euler method:
Ui = w7 [t uj),

here with equidistant time steps 7; = 7. Let

U (t+71) = %[u(t +7)— u(t)] —ft+1ult+71))

denote the consistency error of the implicit Euler method, where u(t) is the exact solution
to problem (10.1). Furthermore, let ey := u(t;) — uy denote the global error.

Show that the following estimates holds, provided u € C?*(Ry):

t+1
It +7)| < / (o) do

Obviously, it follows from the above definitions that

utjr) = ulty) +7f(t1, ultjp)) + 79 (t40),
ejr1 = €5+ 1 [f(tin, ultinn)) = fltiens wien)] +¢r(tjsa). (10.4)

Let the assumptions of exercise be fulfilled. Show that

lejrall < llegll + 7 [t
Hint: Multiply (10.4) by e;j4; and apply Cauchy’s inequality to the right hand side.

Let the assumptions of exercise be fulfilled. Show that

tj
lu(t;) — ] < ~ / (o) do,

provided u € C*([0, 7;]).
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