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116 Let
F=(L7) m=(iea) P=(0)

Show that

1/\ —

-D < M and K < 2D.

Consider the one-dimensional boundary value problem

—u"(x) = f(x) vz € (0, 1)
w0) = go, u(l) = g

Let K}, denote the stiffness matrix obtained by the finite element method using the

Courant elements on a subdivision 0 =zg < x; < --- < xy, = 1.
Show that .
mka EDp < Kjp < 2Dy,
6cr

where D), = diag(K}), cp is the constant arising in Friedrichs’ inequality, and
hk =Ty — LTk—1-
Hint: Use that Dj can be split into element contributions D,(Zl) =K ](11) = % and

k . k . > N
D}(l) = diag (K,(l )) = %dlag(K) = h—lkD.

Programming

Define a data type Mesh which contains all the information on the mesh 7;, that is
necessary for the computation of Kj.

Consider first the case I'p = (), T'g = {0, 1}, and «a(z) = 0, which corresponds to
homogeneous Neumann boundary conditions (i. e., you needn’t worry about any boundary
conditions so far).

Write a function AssembleStiffnessMatrix(|mesh, Tmatrix) that assembles the
global (nj, + 1) x (ny + 1) stiffness matrix matrix = K} for a given subdivision
mesh = 7; of Q.

Hint: Set K = 0, then start with K }(11) and loop over all elements T}, to update
the matrix Kj,. On each element T}, use the function ElementStiffnessMatrix to
compute K ,(f) and pay attention to put the entries of K ,(f) at the correct positions
in the global matrix K.

Write a function AssembleLoadVector (] (xf) (x), |mesh, Tvector) that assem-
bles the global (n, + 1)-dimensional load vector ~ vector = f , for agiven mesh
mesh =7; of Q.

Hint: Set f , = 0, then start with ig) and loop over all elements T}, to update the
vector f . On each element T}, use the function ElementLoadVector to compute

i Ef) and pay attention to add the entries in the right place.



The stiffness matrix and load vector above are now modified, such that we obtain the
correct system for other types of boundary conditions, here of Robin/Neumann type.

Write a function ImplementRobinBC(|i, |g, |alpha, Jmatrix, [vector) toim-
plement the Robin boundary condition

u' () = o) (QR(%) - U(ﬂ«"z‘))

for given values g=gg(z;), alpha=a(z;) at the boundary node x; identified by the in-
dex i=t. The function ImplementRobinBC must update the stiffness matrix matrix
and the load vector vector, previously computed by AssembleStiffnessMatrix
and AssembleLoadVector, respectively, in the case of homogeneous Neumann con-
ditions.

Test the implemented data types and functions using some simple examples, e. g., consider
equidistant nodes z; for different values of n,, and simple functions f(z) =1, f(x) = =,
etc.



