Numerical Methods for Partial Differential Equations WS 2009 / 2010
Tutorial 2 Monday, 19 October 2009, 10.15-11.45, T 212

Consider the Dirichlet boundary value problem

—(a(x) u'(w)o)/ - Loee G, (2.3)

u(0) =0, a@)u'(1) =0,
where a(z) = 2z — 22. Justify that
u(z) = V2x — 22

is a classical solution of (2.3), i.e., u € X := C%*(0, 1)NC*(0, 1]N C[0, 1). Further-
more, show that

1
/ v/ (z)]* dz = oo .
0

Note: This example shows that u ¢ H'(0, 1), i.e., u is no weak solution.

Let the coefficient a € Lo (0, 1) be defined by
ax for z € [0, 1],

a/(],') = { f |:1 2:|
a9 or x € (5, 1

with positive constants a; # as. Derive a variational formulation for the boundary
value problem

—a(z)u"(z) = f(x)  Vre(0,1)\ {5},
U(O) = 01, U(l) = g2,
with the transmission conditions

) =l

) = a

_|_
'(31),

where, w(3—) and w(3+) denote the left sided and right sided limit of a function w,
respectively. Hint: Integration by parts is only valid on the sub-intervals, separately.
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Derive the variational formulation
findueV,: a(u,v)=(f, v) Vv eV (2.4)
of the pure Neumann boundary value problem

—u"(z) = f(z) forze(0,1),
u'(0) = go,
—U/(].) = 01,

and show the following statements:

(a) If (2.4) has a solution, then

(f, c)=0, VeeR. (2.5)



(b) If w is a solution of (2.4), then, for any constant ¢ € R, u := u + ¢ is also a
solution.

(c) If we choose ¢ = — fol u(zx) dr, then
1
ueV={veH (1) :/ v(z)dz =0}
0

(d) Ifu e V solves the variational problem
a(@, 0) = (f,0) YweV,

and if the condition (2.5) holds, then u solves also (2.4).
Hint: Each test function v € H'(0, 1) can be written as v(x) = 0(z) + v with
U= fol v(x)dr and v € V.

In the lecture, the coercivity of the bilinear form
1
a(w, v) = / [a(z) w' () V'(z) + b(z) w'(z) V' (z) + c(z) w(z) v(z) |dx (2.6)
0

on the space Vy = {v € H*(0, 1) : v(0) = 0} has been shown for the special case a(x) = 1,
b(z) =0, ¢(z) = 0. In the following three exercises, we consider more general cases with
a, b, ¢ € Lo(0, 1). Throughout, you will have to use the estimate

1
a(v,v) > aolvliny +/ b(x) v/ () v(z) dz + co 0], 0,1 (2.7)
0
(which is rather easily shown), where ag = inf a(z) and ¢g = inf ¢(x).
z€(0,1) z€(0,1)

Show the coercivity of a(w,v) on Vo = {v € H'0,1) : v(0) = 0} under the
assumptions
ag >O, CFHbHLoc(O,l) < ap, Co 20,

where Cr is the constant in Friedrichs’ inequality.
Hint: Use Cauchy’s inequality to show the estimate

1
/0 b(w) v' (@) v(z) de = —[Ibl| Lo,y [v]ar 1) [0]]2200.1)

and use it to bound the second term on the right hand side of (2.7).

Show the coerivity of a(w, v) on the whole space H'(0, 1) under the assumptions
ag >0, ||b||Loo(0,1) < 2¢/agcg, co>0.

Hint: Using the estimates above you should be able to obtain

a(v, v) > Q(||U||L2(0,1)a |U|H1(0,1)),
with ¢(&, &1) = a0 & — [|bl| 1. (0,1) &1 &0 + ¢ & Show and use that ¢(&o, &) > ag C &
and q(&, &) > o C'&E with C =1 — ||b||%oo(071)/(4a0 Co)-

Show the coercivity of a(w, v) on the space Vo5 = {v € H*(0, 1) : v(0) = 0 under
the assumptions
ag > 0, b(x)=0>0, co >0,

where b is a constant.
Hint: Show and use that

b/olv'(x)v(x)dx = —v(@)? >0 Wwel.



